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Zusammenfassung

Das Hauptziel dieser Arbeit ist der Entwurf effizienter Kalkiile die als
die operationale Semantik einer funktional-logischen Programmiersprache
hoherer Ordnung mit der Féhigkeit zum Ldsen von Constraints dienen
konnen, sowie deren verteilte Implementierung auf einem Computer-Netz-
werk.

Die Hauptvorteile einer Logik hoherer Stufe gegeniiber einer Logik er-
ster Stufe sind die Quantifizierung iber Funktionen und Prédikate und ihre
Abstraktionsmechanismen. Programmieren mit Funktionen héherer Stufe
ist Standard in funktionalen Sprachen und kirzlich entwickelte Sprachen
wie A-Prolog illustrieren die praktische Niitzlichkeit des logischen Program-
mierens hoherer Stufe. Funktional-logische Programmiersprachen sind ge-
genwértig hauptsachlich auf Logik erster Stufe eingeschrankt, obwohl die
letzten Jahre Zeuge eines wachsenden Interesses waren, die operationalen
Prinzipien von funktional-logischen Sprachen auf Logiken héherer Ordnung
auszudehnen.

In dieser Arbeit prasentieren wir verschiedene Kalkiile fiir ”lazy nar-
rowing” fiir eine Logik hoherer Stufe. Wir beweisen, dass unsere Kalkiile
wesentliche Eigenschaften wie Korrektheit und Vollstindigkeit erfiillen, falls
die funktional-logische Sprache gewisse Einschrankungen aufweist. Im all-
gemeinen sind die von uns untersuchten Einschrinkungen in der funktional-
logischen Forschungsgemeinde weit akzeptiert, bzw. sind sie Erweiterungen
von Einschrinkungen, die Standard in der funktional-logischen Program-
mierung erster Stufe sind.

Wir behaupten, dass die in dieser Arbeit vorgelegten Kalkiile bessere
Moglichkeiten fiir eine operationale Semantik fiir funktional-logisches Pro-
grammieren hoherer Stufe sind, als wir bisher in der Literatur vorgefunden
haben.

Um die Losungskapazitit einer funktional-logischen Sprache hoherer
Ordnung zu verbessern, zielen wir weiters auf die Integration der operationa-
len Prinzipien von ”lazy narrowing” hoherer Stufe und vom gleichzeitigem
Losen von Constraints (”concurrent constraint solving”) ab. Concurrent

3



constraint solving ist bereits als ein gangbarer Ansatz bekannt, um die
Losungskapazititen verschiedener Loser in einem System zu integrieren,
das Probleme 16sen kann, die kein einzelner Loser alleine zu behandeln im-
stande ist.

Wir defineren ein Schema CFLP (X, S, () fir constraint logic program-
ming, das die Integration eines lazy narrowing Kalkiils C hoherer Stufe (die
funktional-logische Komponente) mit den operationalen Prinzipien einer
Loser-Kooperation ber einem Constraint-Bereich X beschreibt. Die Loser-
Kooperation ist durch eine Sammlung von Losern CSi, ... , CS, definiert,
die zur LoBung eines gegebenen Problems mittels einer Strategie S zusam-
menarbeiten.

Weiters beschreiben wir ein experimentelles System, das wir in Mathe-
matica geschrieben haben und das die Implementierung einer Instanz des
von uns entwickelten Schemas darstellt. Das System heisst CFLP und besteht
aus einem funktional-logischen Interpreter, der auf einer Maschine liuft,
und einem verteilten Subsystems zur Constraint-Lésung. Das verteilte Sub-
system besteht aus einer Anzahl von Losern, die auf verschiedenen Maschi-
nen laufen kénnen, und einer speziellen Komponente, dem Constraint-
Verwalter, der die Strategie S zur Koordination der Loser implementiert.

Zuletzt illustrieren wir Verhalten und Benutzung von CFLP mit ver-
schiedenen Beispielprogrammen.



Abstract

The main goal of the thesis is the design of efficient calculi that can serve
as operational semantics of a higher-order functional logic programming
language with constraint solving capabilities, and their distributed imple-
mentation on a network of computers.

The main advantages of higher-order logic versus first-order logic are
quantification over functions and predicates and its abstraction mecha-
nism. Higher-order programming is standard in functional programming
languages, and recent languages such as A-Prolog illustrate the practical
utility of higher-order logic programming. Currently, functional logic pro-
gramming is mainly restricted to first-order logic, although recent years
witnessed a growing interest to extend the operational principles of func-
tional logic programming to higher-order logic.

In this thesis we present various lazy narrowing calculi for higher-order
logic. We prove that our calculi satisfy essential properties, such as being
sound and complete, if the functional logic programs satisfies certain restric-
tions. In general, the restrictions investigated by us are widely accepted
by the functional logic community, or are higher-order generalizations of
restrictions which are standard in first-order functional logic programming.

We claim that the calculi proposed in the thesis are better choices for
an operational semantics of higher-order functional logic programming than
what we have found in the literature.

Secondly, in order to improve the solving capability of a higher-order
functional logic programming language, we aim at integrating the opera-
tional principles of higher-order lazy narrowing and of concurrent constraint
solving. Concurrent constraint solving is already recognized as a viable ap-
proach to integrate the constraint solving capabilities of various constraint
solvers in a system that can solve problems that none of the single solvers
can handle alone.

We define a scheme CFLP(X,S,C) for constraint logic programming,
which describes the integration of a higher-order lazy narrowing calculus C
(the functional logic component) with the operational principle of a solver



cooperation over a constraint domain A'. The solver cooperation is defined
by a collection of constraint solvers CSi,... , CS,, which cooperate upon
solving a given problem in accordance with a strategy S.

Next, we describe an experimental system written in Mathematica,
which is the implementation of an instance of the scheme described by
us. The system is called CFLP, and it consists of a functional logic inter-
preter running on one machine, and a distributed constraint solving sub-
system. The distributed constraint solving subsystem consists of a number
of constraint solvers running on possibly different machines and a special
component called constraint scheduler, which implements the strategy S to
coordinate the solver cooperation.

Finally, we illustrate the behaviour and utility of CFLP with several
example programs.
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Chapter 1

Introduction

Many interesting and complex problems from mathematics and sciences can
be reduced to solving systems of equations over various constraint domains.
The design and implementation of theoretical frameworks that support an
easy formulation and efficient solving methods of such problems has received
considerable interest during the last decade.

The most successful paradigms which support solving systems of equa-
tions over constraint domains are the outcome of integrating some form
of declarative programming (e.g., logic programming, functional program-
ming, or functional logic programming) and constraint solving. The declar-
ative programming component provides a means to define one’s own ab-
stractions (user defined predicates and/or functions) over a constraint do-
main. We mention here the CLP(X’) scheme [JL87] for constraint logic
programming, and the proposals of a CFLP(X) scheme for constraint func-
tional logic programming [DGP91b, DGP91a, LF92, LF94].

There have been, among others, two streams of development in the
paradigm of constraint solving:

e cooperative constraint solving, and

e distributed constraint solving.

Cooperative constraint solving [Mon96, Hon92b, Hon94, Hon92a, Rue95]
is concerned with the possibility of combining different constraint solvers
which can solve different admissible constraints, in an attempt to obtain a
more powerful solver that can solve systems of constraints that none of the
individual solvers can handle alone. The central problem in cooperative
constraint solving is the design of a suitable cooperation mechanism.
Distributed constraint solving [Leu93] refers to the following scenario. A
distributed constraint system is composed of several machines called nodes.
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Nodes communicate via message passing. During program execution, con-
straints are generated in the nodes incrementaly and asynchronously. The
problem is to determine whether the constraints contained in the nodes are
collectively satisfiable and determine the values of the variables satisfying
these constraints whenever possible.

In this thesis we aim at the design and implementation of a scheme for
declarative programming with constraints that integrates the advantages of
functional programming, logic programming, cooperative constraint solving
and distributed constraint solving. More precisely, our main goal is to
design and implement a system that integrates:

1. functional logic programming,
2. higher-order equational logic,
3. cooperative constraint solving, and
4. distributed constraint solving.

The outcome is a scheme CFLP(X,S,C) for cooperative constraint func-
tional logic programming. The scheme describes a system consisting of

1. a functional logic interpreter whose operational semantics is a lazy
narrowing calculus C,

2. adistributed constraint solving subsystem for solving constraints over
a constraint domain &X. The distributed constraint solving system
consists of

(a) a number of constraint solvers which may run on different ma-
chines in a distributed environment,

(b) ascheduler, which coordinates the constraint solving process car-
ried out by the individual solvers in accordance with a coopera-
tion strategy S.

Motivation

There are various reasons why we have choosen functional logic program-
ming as the starting point of our development. Firstly, functional logic
programming is already the result of integrating two of the most successful
declarative programing styles: logic programming and functional program-
ming, in a way that captures the main advantages of both [Han97]. Sound
and complete operational principles for functional logic programming have
been identified and efficient implementations [AKP93, Smo95, HS95, Loo95,



HAK™00, SHC96, Nai91] witness its utility for practical applications. Sec-
ondly, our strong cooperation with the members of the SCORE group from
University of Tsukuba, Japan gave us the opportunity to deeply understand
the details of the design and implementation of an efficient functional logic
programming calculus.

One of the most important subgoals in this thesis is to extend the func-
tional logic programming style with higher-order constructs and to identify
calculi for higher-order functional logic programming that can serve as op-
erational semantics. Recent proposals to extend functional logic program-
ming with support for higher-order constructs indicate the high potential
of such a paradigm in modeling complex real-world problems [N195, SNI97,
Pre98, MMIY99]. Higher-order constructs such as function variables and A-
abstractions are widely used in functional programming, and higher-order
logic programming languages, most notably A-Prolog, have shown their
practicality. The main challenge in adopting higher-order constructs in
functional logic programming is the design of an efficient operational prin-
ciple.

By integrating functional logic programming with constraint solving we
aim at extending the functional logic scheme with the capacity of solving
constraints over a given constraint domain. Among the formalisms for a
constraint functional logic programming scheme CFLP(X) mentioned in
the literature we recall the ones proposed by Darlington [DGP91b] and by
Lépez-Fraguas [LF92, LF94]. Tt turns out that defining a CFLP(X’) scheme
is more challenging then defining a CLP(X) scheme, mainly because of the
complications of defining a clear semantics of the integrated model, and of
the fact that constraint solving and the operational principle of functional
logic programming are mutually dependent. Of particular interest is the
scheme proposed by Lépez-Fraguas, which can be formally described as:

CFLP(X,C) = FLP(C) + CP(X)

i.e., as the combination of a functional logic component whose operational
semantics is given by a lazy narrowing calculus C, and a constraint pro-
gramming scheme CP(X’). The CP(&X) scheme is defined by the constraint
domain & and its associated constraint solver.

This scheme can be improved if

1. we extend the scheme CP(X) by replacing the underlying constraint
solver on X’ with a solver cooperation. A similar approach was pro-
posed by Hong [Hon94, Hon92a] who studied this extension from the
perspective of constraint logic programming

2. we define a distributed model for the CFLP scheme extended with a
solver cooperation.
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Our contribution

The main goal of the thesis is to define a suitable operational semantics
for higher-order constraint functional logic programming. Our approach is
to define various higher-order lazy narrowing calculi which are suitable for
higher-order functional logic programming, and to extend their computing
power with a cooperative constraint solving mechanism.

The starting point of our investigation is the lazy narrowing calculus
LNC with leftmost equation selection strategy [MOI96], a sound and com-
plete calculus for functional logic programming. It has been shown [MO98]
that by imposing reasonable restrictions on the functional logic programs
and on the equational goal, the nondeterminism between the inference rules
of LNC can be completely eliminated without losing the important prop-
erties of soundness and completeness . This property makes LNC a good
candidate for an operational semantics of functional logic programming.

Our first contribution relates to the usage of lazy narrowing with ap-
plicative term rewriting systems (ATRS for short). Applicative term al-
gebras are more expressive than first-order term algebras because of the
presence of higher-order variables. The generalization of the calculus LNC
to applicative term algebras is straightforward and its soundness and com-
pleteness results are preserved. Unfortunately, LNC with ATRS is highly
nondeterministic, mainly because of the many choices to perform outer-
most narrowing steps, and thus the search space for solutions is huge. In
Chapter 4 we identify a refinement of LNC, called LNCA, which replaces
the outermost narrowing rule of LNC with inference rules that are applied
more deterministically, and prove that LNCA is sound and complete. We
conjecture that LNCA can be refined towards more deterministic versions
by following an approach similar to the deterministic refinement of LNC.

Our second contribution is in the field of algebras of simply-typed A-
terms and of functional logic programming with pattern rewrite systems
(PRS for short). This theoretical framework is more expressive than the
previous one because it supports A-abstractions. Our development draws
on two sources: the calculus LN with PRS [Pre98] and the deterministic
refinements of the calculus LNC. LN can be viewed as a higher-order gen-
eralization of LNC, and LN satisfies soundness and completeness results
which are similar to those of LNC. Therefore, we considered important
to try to lift the deterministic refinements of LNC to a suitable extension
of the calculus LN. The outcome is a collection of lazy narrowing calculi
for simply-typed A-algebras, which we prove to be sound and complete
for certain classes of PRSs. Since the restrictions that define our classes
of PRSs are higher-order versions of restrictions of TRSs which are stan-
dard in functional logic programming, we claim that they are reasonable



for higher-order functional logic programming. We claim that the calculi
proposed by us are better than the ones proposed so far in the literature.

Our third contribution relates to the possibility to combine the advan-
tages of higher-order functional logic programming and cooperative con-
straint solving. We propose a scheme CFLP(X,S,C) for cooperative con-
straint functional logic programming defined over algebras of simply-typed
A-terms. The scheme describes a system that integrates a functional logic
programming system based on a lazy narrowing calculus C for PRSs with
a cooperative constraint solving system. Formally

CFLP(X,S,C) = FLP(X,C) + CP(X,S)

where C is a lazy narrowing calculus for PRS, X is the underlying con-
straint system, and § is a strategy that defines the way how the individual
constraint solvers cooperate upon solving constraints over X'

Fourth, we propose a distributed model of CFLP(X,S,C). To illustrate
the suitability of our distributed model, we describe the implementation of
an instance of it called CFLP, and give some application examples for the
resulted system.

Structure of the thesis

The structure of the thesis is as follows:

Chapter 2 introduces mathematical preliminaries that are used through-
out the thesis. Basic concepts and properties related to universal
algebra, general logic and equational logic are presented.

Chapter 3 gives a brief account to the functional programming frame-
work.

Chapter 4 describes our first contribution to the field of higher-order
functional logic programming: lazy narrowing with applicative term
rewriting systems. We propose a new calculus called LNCA, which
can be regarded as a deterministic refinement of the calculus LNC for
ATRS, and give a detailed proof of its soundness and completeness.

Chapter 5 describes our second contribution to higher-order functional
logic programming: lazy narrowing with pattern rewrite systems. We
adopt the theoretical framework of higher-order equational reasoning
proposed by Prehofer [Pre98] and define a lazy narrowing calculus
for PRS, called LNg. The calculus LNg can be regarded as an ex-
tension of the calculus LN proposed by Prehofer to solve systems of
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oriented equations. LNg is designed to solve systems of both ori-
ented and unoriented equations, and is extended with inference rules
to perform full unification of higher-order patterns. In Sect. 5.3 we
prove the soundness and completeness of LNg with respect to certain
equation selection strategies. Sections 5.4-5.9 describe refinements of
LNg towards more deterministic versions. Most of these refinements
are inspired by similar refinements of the first order calculus LNC
described in [MO98]. In Sect. 5.10 we define an extension of LNg
to conditional PRSs and discuss how some of the refinements of LNg
described in the previous sections can be lifted to the conditional case.

Chapter 6 gives an account to our third and fourth contributions. We
define a cooperative constraint functional logic programming scheme
CFLP(X,S,C) that combines the advantages of functional logic pro-
gramming and cooperative constraint solving. A distributed model
of the scheme is outlined in order to take advantage of the constraint
solving resources available in a distributed environment.

Chapter 7 describes an instance of the distributed model of the scheme
CFLP(X,S,C) defined in the previous chapter. We have implemented
a system called CFLP consisting of a functional logic interpreter run-
ning on one machine and of various constraint solvers which can run
on possibly different machines. The system is implemented com-
pletely in Mathematica and makes use of the MathLink communi-
cation protocol for interprocess communication via message passing.

Chapter 8 illustrates the practical utility of CFLP with examples.



Chapter 2

Mathematical
Preliminaries

In this chapter we present some preliminary notions and results used in the
thesis. Basic concepts and properties of universal algebra, general logic,
and equational logic are presented. The presentation is carried out for the
case of many-sorted signatures.

Notation

We first establish some notational conventions that will be used from now
on. A (possibly empty) sequence a,, @m+1,-- - ,a, Of syntactic objects is
denoted by @, . The empty sequence is denoted by O. We write @,
instead of @; . The subscript n will be dropped when irrelevant, i.e., we
will write T instead of T,, when n is irrelevant. This notation for sequences
is extended to sequences of function applications and sequences of binary
relations between expressions as follows:

o f(@m,n) denotes the expression f(am,@m+t1,--- ,an),

® a,n(e) denotes the sequence ap,(€), amy1(€),. .. ,an(e),

o If @, 1, by, are sequences and = an infix operator then an, , = by,
stands for a,, = by, @1 = bty Ay = by

Thus, we can write a,, = b,, instead of a; = by,... ,a, = b,.

Given a syntactic domain D, we denote by D* the set of sequences
of objects in D. If rel is a binary relation over D then rel™ denotes the
transitive closure of rel, and rel* denotes the reflexive and transitive closure
of rel.
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2.1 Inductive Definitions

Most objects used in logic and computer science are defined inductively.
By this we mean that we often define a set of objects as the smallest set of
objects containing a given set X of objects, which is closed under a given
set F' of constructors. In this section we give a formal description of this
notion.

Definition 1 (inductive closure) Let A be a nonempty set, X C A and
F' a set of functions f : A" — A.
We say that a subset Y of A is inductive on X iff

e XCVY, and
e for every f: A" — A, for everyy, € Y: f(yn) € Y.

The intersection of all inductive sets on X, denoted by X, is called the
inductive closure of X under F'.

Note that X T is an inductive set on X which is closed under F. Frequently,
XT is called the least set containing X and closed under F'.
Alternatively, we can define the sequence of sets {X;};>o defined by:

X0:Xand
Xipn = X;U{f(@n) | (f: A" = A) € F\T, € X},

and Xy := J;o Xi. It can be shown that X+ = X, .

It is often the case that we define functions inductively over an inductive
closure. The existence and uniqueness of such an inductive definition is
guaranteed if the inductive closure has special properties, like being freely
generated.

Definition 2 (freely generated set) Let A be a nonempty set, F a set
of functions on A and X the inductive closure of X under F'. We say that
X4 is freely generated by X and F' if the following conditions hold:

1. the restriction of every function f: A" — A in F to X is injective,
2. for every f: A" = A, g: A" - Ain F: f(XT)Ng(X}) =0,
3. for every f: A" — A in F and every T, € Xy: f(T,) € X.

In logic, terms, formulae and proofs are given by inductive definitions.
Another important concept is that of a function defined recursively over an
inductive set freely generated.
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Let A be a nonempty set, X a subset of A, F' a set of functions on A and
X4 the inductive closure of X under F'. Let B be any nonempty set, and
let GG be the set of functions over the set B, such that there is a function
d : F — G that associates with every function f: A" — A in F' a function
d(f): B* - B in G.

Lemma 1 (unique homomorphic extension theorem) If X is freely
generated by F and X then for every function h : X — B there is a unique
function h* : X4 — B such that

1. forallz € X : h*(z) = h(z), and
2. h*(f(z1,...,zn)) =d(f)(h*(z1),... ,h* (zy)).

The properties 1. and 2. mean that h* is a homomorphism, called the
unique homomorphic extension of h.

2.2 Universal Algebra

In this section, the notion of universal algebra is briefly outlined. In order
to support typed expressions we consider the formalism of many-sorted
algebra.

Many Sorted Signature

For any set S, an S-sorted set is a family {A4;}scs of sets indexed by S.
The operations and relations on sets are generalized to S-sorted sets in the
componentwise way. For example, {A;}ses C {Bs}ses iff Ay C B, for all
sES.

Definition 3 (signature) A many-sorted signature (signature for short)
is a pair X := (S, F) such that

e S is a set of sorts (or types),
o F is a (possibly empty) set,
e Y is equipped with a mapping
type: F = S* x S

which assigns to any symbol f € F an expression type(f) € S* x S
called the type of f.

A symbol f of sort 7,,7 is to be interpreted as an operation taking n
arguments, the i-th argument being of type 7;, and yielding a result of type
7. We will write f : 75, = 7 whenever f € F with type(f) =7, 7.
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Many-sorted algebra

Suppose ¥ is a many-sorted signature. We assume that w ranges over S*, f
ranges over F, and 7,7y, 7s,... range over S. The arity ar(f) of f:w — 7
is defined as the length |w| of the sequence w € S*. Symbols of arity 0 are
called constants.

Definition 4 (X-algebra) Given a signature ¥ = (S, F), a X-algebra A
is a pair ({A:}res,a) where {A;};cs is an S-sorted family of nonempty
carrier sets and o is a map such that:

alf) € Arif f =,
e aff) is a function a(f) : Ary X ... XA, > A if [T, = T

{A;};es is called the carrier of A and is denoted by |A|.

Just as functions and equivalence relations are defined for sets, we can
extend these notions to their operation preserving counterparts for algebras
and name them homomorphism and congruence.

Definition 5 (homomorphism) A homomorphism h: A — B from a X-
algebra A = ({A;}res,a) to a X-algebra B = ({B;}res,B) is an S-indezed
set of maps h = {h, : A, = B;},cs such that

o for every f: 7, hr(a(f)) = B(f),

o for every f :w — T such that w =T, and a1 € A ,... ,an € A, ,

he(a(f)(ar, - - s an)) = B(f)(hry (@1), - - - B, (an)).

A monomorphism is an injective homomorphism, an epimorphism is a sur-
jective homomorphism, and an isomorphism is a bijective homomorphism.

The class of Y-algebras is denoted by Alg(¥). Together with the X-
homomorphisms, it forms a category denoted by Alg(%).

Definition 6 (initial Y-algebra) A X-algebra A is initial in a class C of
Y -algebras if A € C and for any B € C there exists a unique homomorphism
from A to B.
Subalgebra
A Y-algebra B = ({B; };¢s, 8) is a subalgebra of a X-algebra A = ({A; },res,a)
if

b {BT}TGS - {AT}TESJ and

e for every f: 7, B(f) = a(f), and



2.2. UNIVERSAL ALGEBRA 11

e forevery f:7, = 7: B(f) = a(f)IB,, x..xB., -

Given a X-algebra A = ({A;}res,a), let X = {X;},;es C {A;}res. The
least subalgebra of A containing X is the subalgebra [X] of A whose carrier
is {[X;]}res where [X;] := ;- [X;]; and

[XrJo = X7 U{alf) | type(f) = 7},
[(Xrliva = (X7l U{a(H) (@) | T = om0 € [Xn i oo 20 € [X7 L)

It is easy to see that the carrier of [X] is the inductive closure of X under
Fi={a(f)| f € F}.

We always assume that the carriers A, of a X-algebra A = ({A; }res, @)
are nonempty. To avoid having any carrier [X;] of [X] empty, we assume
that either there exists a constant (f : 7) € F, or there is some (f : 7, —
7) € F such that [X,,]#0ifie€ {1,...,n}.

A set of -variables is an S-sorted set of symbols V := {V;},¢cs such
that VN F = 0.

Term Algebra

Given a signature ¥ and an S-sorted set V = {V;},cg of variables , we
define the following inductive closure of strings on F and V (involving
symbols (", 7)’, ,):

[TT]O =V, u {f | type(f) = T}:
[Tr)ivr = [T U{fE) | f T = mots € [T, - o ta € [T7, i)

and define the set T(F,V) := {T(F,V)}res where T(F,V), := U= o[ T+ ]i-
We observe that if we interpret the variable symbols of V' as mere constants
then 7(F,V) has a structure of Y-algebra which is freely generated by F
and V. This algebra is called the term algebra over ¥ and V. A X-term (or
simply term) is an element of T (F,V).

The fact that 7(F,V) is free on V implies that for every Y-algebra 4
and every S-sorted function v : ¥V — |A| there exists a unique homomorphic
extension v* : T(F,V) — |A|. An S-indexed function v : V — |A] is called
A-valuation.

An important theoretical result is that 7(F) := T(F,{0},cs) has a
structure of initial ¥-algebra in Alg(X). This Y-algebra is called the ground
term algebra on X or the Herbrand universe.

The main operations on Y-terms are replacement and substitution.

The replacement operation can be easily described by using the notion
of position.
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Definition 7 (position) The set Pos(t) of positions in a X-term t €
T(F,V) is the set of sequences of natural numbers defined inductively as
follows:

_J e} iftev,
Poslt) '—{ (YU{ip|1<i<npePost)} ift=Fflt,... tn).

Given a term ¢, we define the set of variable positions of ¢t as Posy (t) := {p €
Pos(t) | t|, € V}, and the set of non-variable positions of ¢ as Posz(t) :=

{pePos(t) [ 1],  V}.

Definition 8 (subterm) Let t € T(F,V) and p € Pos(t). The subterm
of t at position p, denoted by t|,, is:

), = t if p=c¢,
Pl @)lg ift=f(t1,... ,tn) and p=1i-q.

By V(t) we denote the set of wvariables occurring in t, i.e. V(t) := {t|, |
p € Posy(t)}. Positions are partially ordered by the prefix ordering <, i.e.
p < q if there exists an r such that p-r = q. We write p < ¢ if p < ¢ and
p # q. Positions p, q are disjoint, denoted p L g, if neither p < ¢ nor g < p.

Definition 9 (replacement) If p € Pos(t) and s is a term such that
type(s) = type(t|,) then t[s], denotes the term obtained from t by replacing
the subterm at position p by the term s.

A substitution is a function 6 : V — T(F,V) such that D) = {X €
V | 0(X) # X} is finite. The set D(#) is called the domain of 6. If
D(9) = {X,} then we may write 6 as {X; — 0(X1),..., X, — 0(X,)},
abbreviated {X,, — 6(X,)}. The empty substitution, denoted by e, is the
substitution with an empty domain. The émage of 6 is the set Z(6) :=
{6(X) | X € D(#)}, and the range of 8 is Rng(#) := V(Z(§)). 0 is called
ground if Rng(f) = 0, and idempotent if D(F) N Rng(f#) = . We denote
by Subst(F,V) the set of substitutions. If ¢ is a X-term then we write tf
instead of 6*(t). The composition of two substitutions 8,0 € Subst(F,V)
is the substitution o defined by (c6)(z) := (o(x))d. If V' C V then the
restriction oy € Subst(F,V) is

_JoX) fXeDo)nV,
olv(X) = { X otherwise.

We write 0 =0 [V]iff o]y = 0[y.

A renaming is a substitution of the form 6 := {X,, — Y,,} with Y,
distinct variables.

We say that a syntactic object G’ is a fresh variant of a syntactic object
G if G' = GO with 0 a renaming such that D(f) = V(G) and Rng(6)
contains variables which did not occur so far.
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Congruences, Quotient Algebras

Given a XY-algebra A = ({A;};es,a), a congruence relation over A is an
S-sorted equivalence relation ~ on |.A| which is compatible with all function
symbols, i.e. ~ = {~;};es and for all a1,by € A, ,... ,an,by € A, if
ay ~p b1y ooy Gy~ byand fim, ..., 1 — 7 then a(f)(ag, ... ,an) ~¢
a(f)(bla s 7bn)

If ~ is a congruence over |A| then A/. = ({A:/~ }res,a/~) is a
Y-algebra, where

e a/.(f) =[al(f)] for every constant f,

e a/ (f(lar],-.-,[an])) = [a(f)(a1,... ,an)] for every f:7m,..., 7 —
Tand a; € Arp,...,an € A;,.

Here [a] denotes the set {b| b ~, a} if a € A,. The algebra A/ is called
the quotient algebra of A associated with ~ .

Conversely, every X-algebra A4 = ({A;},cs,a) induces a congruence
relation ~“ on T(F) defined by t; ~* t5 if tf‘ = tf‘, where

PA a(t) if ¢ is a constant in F
Tl it = f(T)

2.3 General Logic

General logic is a powerful formalism which is helpful in getting an intuitive
understanding of the main logical notions related to the development of
functional logic and concurrent constraint programming languages.

In this section we review the main concepts and properties of general
logic which are used in this thesis. The main reference is [Mes89).

We will make use of a few basic categorical notions when introducing
the main concepts of general logics, but familiarity with category theory is
not necessary in order to obtain an intuitive understanding of the relevant
logical notions. A reader unfamiliar with category theory may get an infor-
mal but easy to understand reading by translating some of the categorical
concepts into their set-theoretic approximations, for example by translating
”category” to ”class” or ”set”, "functor” to ”function”, and so on. For a
good introduction to the main categorical concepts we refer to [Pie91].

The key ingredients of a general axiomatic theory of logics are: a syn-
tax, a notion of entailment of a sentence from a set of sentences, a notion
of model, and a notion of satisfaction of a sentence by a model. It is desir-
able to have also a notion of proof calculus, which formalizes the proofs of
entailments.
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The syntax of a logic is typically given by a signature ¥ together with
a grammar which describes how to build sentences. For first-order logic, a
typical signature consists of a set of function symbols and a set of predicates,
each with a prescribed type, which are used to build up the usual sentences.
To keep the formalism as general as possible, we only say that for each
logic there is a category Sign of possible signatures for it, and a functor
sen assigning to each signature ¥ the set sen(X) of all its X-sentences.

In general logic, the meaning of sentences can be established in two
ways:

1. by the satisfaction relation between models and sentences, or

2. by the entailment relation between sentences.

Thus, in the framework of general logic, a logic is characterized by an ab-
stract deduction system which defines the entailment relation of the logic,
and a model class, called institution in [Mes89], which provides the inter-
pretation of the sentences of the logic. General logic provides a precise
axiomatization of logic by viewing logic as a harmonious relationship be-
tween its proof-theoretic structure and its model satisfaction structure.

2.3.1 Entailment Systems

The entailment system of a logic characterizes its proof -theoretic structure

by asserting the provability of a sentence ¢ with respect to a set of sentences

I'. The sentences in I' can be seen as assumptions and ¢ as a conclusion.
Formally, an entailment system can be defined as follows:

Definition 10 (entailment system) An entailment system is a triple
E = (Sign, sen, ) with Sign a category of signatures, sen : Sign — Set
a functor, and F: Sign — Set a functor mapping each signature ¥ to a re-
lation Fx C 25en(%) x sen(X) such that the following properties are satisfied:

reflexivity V¢ € sen(X), {¢} Fx ¢
monotonicity ifI'Fy ¢ and T CT' then I by ¢
transitivity if Ty ¢; fori €I andTU{¢;|i €I}y € then by &

Entailment systems define an abstract relation between sentences. By re-
garding the sentences as axioms, an entailment system deduces theorems
with respect to the axioms.

Definition 11 (theory, theorem) Let (Sign, sen,F) be an entailment sys-
tem and T C sen(X). We call theory of T' the set {¢ | T Fs ¢} of deductive
consequences of I'. We denote by T'* the theory of T'. A theorem of T' is
an element of T'*.
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Thus, for a given entailment system, a theory can be represented as a pair
T = (X,I'™), where I are the axioms of T. Whenever a finite set of sentences
I is given, I itself can be regarded as the presentation or the aziomatization
of the theory. For simplicity, we may identify theories with their presenta-
tions, i.e. T'= (X, T') instead of (X, '), since the presentations (programs)
are of interest to us.

We associate to an entailment system (Sign, sen, ) the category Th of
its theories, which has as objects pairs 7 = (%,T) with T' C sen(¥). A
morphism H : (X,T) — (X', T") of Th is a signature morphism H : ¥ — ¥/
such that if ¢ € T then I'' s € H(9).

2.3.2 Models

The model theoretical semantics of a logic system is given by assigning a
meaning to each syntactic entity of the logic. The axiomatization of the
model theory is captured by the notion of institution.

Definition 12 (institution) An institution is a tuple (Sign, sen, Mod, =)
where

e Sign is the category of signatures,

e sen : Sign — Set is the functor which associates to each signature ¥
the set sen(X) of its sentences,

e Mod : Sign — Cat is a contravariant functor associating to each
signature X the category Mod(X) of all its models. We denote by
Mod(X) the collection of objects of Mod(X),

e = is a function associating with each signature ¥ a binary relation
ExC Mod(X) x sen(X) called the satisfaction relation between models
and X-sentences such that the following condition holds:

VM' € Mod(X'),VH : X — X' V¢ € sen(X) :
HP(M') s ¢ & M' s H(¢).

Given a set of sentences I', we denote by Mod(X,T) the subcategory of
Mod(Y) consisting of all models in Mod(Y) satisfying all the sentences in
I ie.:

Mod(,T) := {M € Mod(S) |V € T.M F=x 6}.

It can be shown that the relation =5 C 25¢"(*) x sen(X) defined as
I =3 ¢ iff VM € Mod(S,T).M ks ¢

is an entailment relation. A sentence ¢ is a logic consequence of I' iff I' =5 ¢.
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2.3.3 Logic

A logic system is a sound combination of an entailment system with an
institution. By soundness we mean that all deduced theorems of a presen-
tation I' must be its logic consequences. Formally:

Definition 13 (logic) A logic is a tuple L = (Sign, sen, Mod, -, |=) such
that:

1. & = (Sign, sen,t) is an entailment system,
2. T = (Sign, sen, Mod, |=) is an institution,

3. If (Sign, sen, =") is the generic entailment system associated with T
then the following soundness condition holds: For any ¥ € Sign, and
¢ € sen(X)

VL Chp sen(X).L ks ¢ =T |:§ [0)

L 1is complete if
VL Chp sen(X). L Fy ¢ < T |:§ [0)

This definition emphasizes the proof-theoretic and model-theoretic sides
of a logic. We have seen that any institution Z = (Sign, sen, Mod, =) can
be always associated with an entailment system & :Wgn, sen, ) by tak-
ing Fy:=k% . On the other hand, it has been shown [Mes89] that any
entailment system & = (Sign, sen,I) can be associated with an institu-
tion Z = (Sign, sen, Mod, |=). When the signature ¥ is given, the logic may
be given either as an entailment system (sen(X),bFs) or as an institution

(sen(X), Mod(Y), |=x) where sen(X) is called the language of the logic.

2.3.4 Proof Calculi

A proof calculus realizes the entailment relation of a logic. The entailment
system of a logic can be realized by many different proof calculi. For ex-
ample, in first order logic we have Hilbert style, natural style and sequent
calculi among others, and the way in which proofs are represented and
generated by rules of deduction is different for each of these calculi. There-
fore, it is quite reasonable to axiomatize separately an abstract notion of
deduction calculus, called proof calculus, for a given logic.

What a proof calculus does is to associate to each theory T a structure
P(T) of proofs that use axioms of T' as hypotheses. P(T") has an alge-
braic structure (e.g., a proof tree) that allows to obtain new proofs out of
previously given proofs by operations that mirror the deduction rules of
the calculus in question. Such a structure can be abstractly modeled by a
particular category Struc.
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Definition 14 (proof calculus) A proof calculus is a tuple
C = (Sign, sen, =, P, proof, w)
where
1. (Sign, sen,F) is an entailment system,

2. P : Th — Struc is a functor which associates a structure P(T) to
each theory T,

3. proof : Struc — Set is a functor which associates to each theory T its
proof set proofs(T') := proof(P(T)),

4. a natural transformation w : proofs — sen such that for each theory
T = (X,T) the function 7y : proofs(T) — sen(X) satisfies

¢ € mp(proofs(T)) & T'kFy ¢

i-e., mr(proofs(T)) = T* for any theory T = (X,T). wr is called the
theorem projection function of the theory T'.

Usually, proof calculi have a specialized nature, in the sense that only cer-
tain signatures are admissible as syntax (e.g., finite signatures), only cer-
tain axioms are allowed as axioms, and only certain sentences are allowed
as conclusions. The obvious reason for imposing such restrictions is that
proofs are more efficient under the given restrictions. For example, the re-
striction of axioms to Horn clauses in logic programming makes resolution
much more efficient; the restriction of axioms to confluent rewrite systems
in equational logic programming makes equational deduction enormously
more efficient than unrestricted equational deduction. These considerations
lead to the notion of proof subcalculus, which is just like a proof calculus,
except that appropriate restrictions are imposed as follows:

e a subclass of admissible signatures is specified;

e for each admissible signature ¥, a family of sets I' C 25¢*(®)  called
sets of admissible axioms is also specified;

e for each admissible signature ¥, a subset conc(X) C sen(X), called
sets of admissible conclusions is also specified;

e the assignments P(T'), proofs(T) and mp are similar to those in a
proof calculus, except that they are restricted to theories 7' = (X, T')
having admissible signature and axioms, and 77 maps an admissible
proof p € proofs(T') to an admissible conclusion 7 (p) € conc(X).
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For effective computations, Meseguer proposes the notion of effective proof
subcalculus, which is derived from the formalism of proof subcalculus by
providing additional axioms that are useful in making the calculus mecha-
nizable.

2.4 First-Order Logic with Equality

In this section we define the first-order logic with equality as an instance
of general logic.

Syntax

First we define the language of first-order equational logic. We assume given
a multi-sorted signature ¥ = (S, F U II) with the following characteristics:

e S is a nonempty set of sorts which contains the special sort bool,
e F is a finite (possibly empty) set of function symbols,

e II is a set of predicate symbols; it is assumed that II satisfies the
following conditions:
— if p € II then p: w — bool
— for every 7 € S, the equality symbol ~,: 7,7 — bool is in II

— the constants true : bool and false : bool are in II.
o (F\ {true,false})NII =10

and an S-sorted set of variables V = {V; }csuboor Such that V; is an infinite
set for every 7 € S.

A X-term (term for short) is an element of T(F,V). We write ¢t : 7
whenever ¢ € T(F,V),.

An atomic X-formula is an element of the set defined inductively as
follows:

e if p: bool € II then p is an atomic ¥-formula

e ifty € T(F,V)rs---stn € T(F,V);, and p : 75, — bool then p(t,) is
an atomic X-formula.

An atomic X-formula of the form ¢; &, t2, abbreviated t; & t,, is called
equation. We denote the set of equations by Eq(F,V). The set sen(X) of
Y-sentences is the least set satisfying the following properties:

e every atomic Y-formula is in sen(X),
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o if G, H € sen(X) then (G A H) € sen(X) and —F € sen(X),
e if X € V: and G € sen(X) then (VX : 7.G) € sen(X) and (X :
7.G) € sen(X).
Models, Satisfiability

The models of first-order equational logic are X-algebras. A ¥-algebra over
a multi-sorted signature ¥ = (S, F UII) of a first-order logic with equality
is a X-algebra A = ({A; },es, @) which satisfies the following conditions:

o Ay, = {true, false} where {true, false} is a boolean domain

e a(true) = true, a(false) = false and a(=,;) = =, where =, is the
equality operator over A,.

The institution of a first-order equational logic is (X, sen, Alg, =), where
the satisfiability relation is defined as follows:

Definition 15 (satisfiability) For any ¥-algebra A and A-valuation v :
V — |A| and G € sen(X) the relation A satisfies G w.r.t. v, written as
A,v = G, is inductively defined as follows:

hd A,U |:E p(%) iffa(p)(v*(tl)a s :U*(tn)) h’0ld57
A, v ey G iff (A,v |Ex G) does not hold,
A, v Ex (GAH) iff (Av Ex G) and (A,v |=x H),

Av Es VX : 7.G iff (A,vx Ex G) for all valuations vx : V — |A|
with vx(Y) =Y forallY # X,

Av s 3X .G iff there ezists a € A, such that A,v[X = a] =5
(G) for some a € A,. Here v[X := a] is the valuation defined by
v[X :=a](Y) =v(Y) for allY # X and v[X = a](X) = a.

The relation A |=x, G holds iff for any valuation v:V — |A|: A,jv =5 G
holds, where v ranges over the set of all A-valuations.

Given a Y-sentence G € sen(X) we denote by V(G) the set of free variables
in G. If t is a X-term then V(¢) denotes the set of variables in ¢.

Definition 16 (universal closure, existential closure) The universal
closure of a sentence G is the sentence VX,.G, abbreviated YG, where
V(G):{XlaaXn} _

The existential closure of G is the sentence 3X,,.G, abbreviated 3G,
where V(G) = {X1,... ,Xn}.
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Entailment

Let E be a set of Y-sentences. For testing whether a X-sentence ¢ is valid
(i.e., if E =¥ G) there are two logical results of central importance:

e Godel’s Completeness theorem: there exists an entailment system
& = (sen(X),Fx) such that F |=5 G & E s G.

e Church’s undecidability of validity: there is no decision procedure
(i.e., a procedure which always terminates) for deciding whether a
formula is valid. In another words, any procedure for testing the va-
lidity of a formula (or, according to G6del’s completeness theorem, the
provability in a complete logic) must run forever when given certain
non-true formulae as input.

Proof Calculus

We adopt here a sequent style representation to define an effective proof
calculus. With this formalization, logical deduction becomes a search for
certain sequent proofs. A sequent F Fy ¢ denotes the state of a proof
procedure which attempts to determine whether ¢ follows from E. A proof
calculus which realizes the entailment relation of the logic is based on a set
Cs of deduction rules (also called inference rules) of the form

81 ... Sp
S

which assert the provability of the sequent s from the provabilities of the
sequents si,...,S,. A proof of the entailment of the sequent sy = E Fyx, ¢
is a tree with root sg and empty sequents as leaves. The presence of a
sequent s with sons s1,... , s, in the proof tree is justified by the existence

. Sp

. S1 .. .
of an inference rule € Cs. The construction of a proof tree can

s
be realized with the following search function on sets
search(S U {s}) = {search(S U{st,..-,5n}) | % € Cs} .

The entailment relation of an equational logic is realized by a proof calculus
C = (%, sen, P, proof, ™) where

e P : Th — Struc is a functor mapping each equational theory T' =
(X, E) to the category P(T) whose objects are sets of sequents {5}
and whose morphisms are sequences of elementary steps of the form

SU{s}=55 U {57} where % €C,
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e for each theory T' = (X, E), the functor proof maps P(T') to the set
proof(P(T)) = {({E b ¢}=%"{} | {E k= 9)=57(})) € P(T)}

e for each theory T' = (X, E), we define
mr (proof(P(T))) = {6 | ({E by ¢}=2"{}) € proof(P(T))}.

The generation of a proof with a search function is highly nondeterministic,
because of:

1. the choice of the node which is expanded next,
2. the choice of the inference rule to be applied to the selected node.

For programming purposes, effective proof subcalculi which refine the naive
generation of proofs by search have been developed.

2.4.1 Effective Proof Subcalculi

We recall here the most popular proof subcalculi used in first-order equa-
tional deduction: demodulation, unification, paramodulation, term rewrit-
ing, and narrowing.

Demodulation

Demodulation is an effective proof subcalculus which realizes entailment
relations of the form E Fy s &~ t where F is a set of equations and s ~ ¢ is
an equation. From the soundness condition of equational logic, the following
implication must hold E |=}, s~ t => EFyx s~ t.

An important theoretical result is that Alg(X)/.= is an initial algebra
in Alg(¥, E), where ~F is the congruence induced by E on T(F,V). (See
[MG85] for a detailed proof.) Therefore, deciding whether E =% s ~ ¢
amounts to deciding whether Alg(X)/ & Ex s &~ t.

G .Birkhoft [Bir35] gave the following system of inference rules for real-
izing the entailments of the form E =% s = ¢:

[G].] El—zt%t

El‘zS%t

[G2] El—gt%S

El‘zS%t El—zt%u
EI—ES%U

[G3]
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E+ ~t; ... Ebss,~t,
[Gq) = =57 - x5
EFs f(3,) = f(tn)
if f:7, — 7 is an operator of appropriate type
E |—2 st
Ety s6 ~t0

[G5] where 6 € Subst(F,V)

and showed that Alg(X)/ e Ex s ~ t iff E Fy s =~ t. Based on this
theoretical result, we can prove an entailment E Fx s ~ t by using the
search function with the inference rules (G1)-(G5). This method is very
nondeterministic, and thus too inefficient for computation purposes: a bet-
ter method is the one based on demodulation. The demodulation calculus
consists of two deduction rules: [G1] and [dem], where

E l_Z s~t
Ets siré], ~t
where (I ~r) € E, p € Pos(s), and s|, = 0. Here, s ~ t stands for s = ¢
or t &~ s. Note that a [dem]-deduction step requires the computation of a
substitution 6 such that s|, = If. A substitution 6 for which D(f) C V(t)
and s = tf is called matcher of t with s. The existence of matchers is

decidable; moreover, if a matcher exists then it is unique and computable.
A demodulation refutation is a sequence of demodulation steps

[dem)]

s~ t%[dem]sl ~ 1 %[dem] - %[dem] U U %[Gl] O.
Such a refutation corresponds to the following proof by demodulation of
E l_Z s~ t:

{(Etysmt}) =3 Eby sy mty =5.. . =${E Fy umu} =${}.

Demodulation is a sound and complete proof calculus, i.e. E by s &t
DM 3*

if and only if there exists a proof by demodulation s ~ t = 0.

Unification

Unification is concerned with realizing entailments of the form @ Fy 3G,
where G is a sentence of the form (s; & 1) A... A (s, & t,), abbreviated
Nizi(si & t;). Because T(F) is initial in Alg(¥), we have that 0 =5 3G
ift T(F) | 3G iff there exists a ground substitution 6 € Subst(F,V) such
that 7(F) Ex G0, or equivalently, that s;0 ~ t;6 for alli € {1,... ,n}.

We call unifier of \!"_(s; & t;) any substitution § € Subst(F,V) such
that s;6 = ¢;6 for all i € {1,...,n}, and denote by U(G) the set of unifiers
of G. Tt is not difficult to see that U(G) is an ideal of Subst(F,V), i.e. if
0 € U(G) and y € Subst(F,V) then 6y € U(G). This suggests to define the
following relation on Subst(F,V):



2.4. FIRST-ORDER LOGIC WITH EQUALITY 23

Let V CV and 61,62 € Subst(F,V). We say that 8, V-subsumes 62,
notation #; <V @ if there exists v € Subst(F,V) such that 6, =
017y [V]. V is omitted when V = V.

It is easy to see that <Y(%) is a quasi-order on ¢/(G) and that
0 ecUG) NI <VD =~ elq).

We denote by <V the partial order induced by <V. An important theo-
retical result is that <" is well-founded. A minimal element of U (G) with
respect to <V(&) is called most general unifier of G, and most general uni-
fiers are unique modulo renaming. We write § = mgu(G) to express the
fact that @ is a most general unifier of G.

Proving that () by 3G amounts to proving that G' has a most general
unifier. Most general unifiers can be computed with the inference rules of
the calculus UN shown in Fig. 2.1. The expression s ~ t stands for s ~ ¢

Dby AGLA(t=t)AG2)
0 Fs 3(G1 AG2)
Phs A(G1 A (X =t)AG)
A O ks 3(G1 AG2)0
D bs (G A f(32) = f(tn) AG2)
ldee] o3 A AL (51 ~ £) A Ga)

[del]

where X ¢ V(t) and § = {X — t}

Fig. 2.1: The calculus UN: inference rules for unification

or t & s. A convenient representation of an unification step resulted from

% with label o € {[dec],[del]}
b))

and computed substitution 6 is' G gmg G'. The subscript « is omitted
when irrelevant. A UN-refutation is a sequence

the application of a deduction rule

UN

G%gl G, %92 ... =y, 0
abbreviated G %; O where 6 := 6, ...60,,. It is well known that 0 Fy 3G
iff there PU-refutation G ==, 0. Moreover, 6 = mgu(G).
Paramodulation

Paramodulation is an effective proof subcalculus which realizes entailment
relations of the form E sy 3G where E is a set of equations and G is of the

Lthe substitution computed upon a [dec] or [del] inference step is assumed to be &
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form (s; & t1) A...A(sn & t,,), abbreviated A", (s; & ¢;). Such a sentence
G is called a goal.

According to Birkhoff’s theoretical result, proving E bty 3G amounts
to proving that there exists a substitution 6 : V(G) — T (F,V) such that
E Fy GO. In the literature, such a substitution 6 is called E-unifier or
E-solution of G. We denote by Ug(G) the set of unifiers of a goal G.

The set Ug(G) is an ideal of Subst(F,V), i.e. if § € Ug(G) and v €
Subst(F, V) then 6y € Up(G). It is easy to see that <V(%) is a quasi-order
on Ug (G)

For programming purposes it is desirable to compute a complete set of
E-unifiers of G, i.e. a set ddg(G) C Ug(G) which satisfies:

e if v € Ug(G) then there exists # € Ur(G) such that § <V(@) ~.

Paramodulation is an effective proof subcalculus which generates proofs
from which a complete set of E-unifiers can be extracted. It consists of
only two inference rules:
[u] E l_Z El(Gl A (S ~ t) A Gz)
E Fy 3(G10 A G20)

E |—2 H(Gl N (S ~ t) /\Gz)
E I—E EI(G16 A ((S[’I"]p)e ~ t0) AN G26)

if 0 = mgu(s,t),

[pm]

where | ~ r is a fresh variant of an equation in E, p € Pos(s), and s|, =
0. Given E C Eq(F,V), a paramodulation step (PM-step for short) is

an expression of the form G ==4 G’ where o is either a [u]-step with

computed substitution 6 or a [pm]-step with computed substitution 6.

Note that performing a [u]-step requires the computation of an mgu :
this can be achieved with the unification calculus. Thus the unification
calculus is a subcalculus of paramodulation. A proof by paramodulation of
the entailment E Fy 4G is a sequence of steps:

PM PM PM
G =y, G1 =, ...—p, 0O,

abbreviated G %; O where 6 := 6, ...60,,. The main properties of paramod-
ulation are:

Soundness if G ==, O then # € Up(G), and

Completeness if v € Up(G) then there exists G ==, O with § <V(©) 4.

Soundness guarantees that paramodulation is an effective proof subcalculus
which realizes entailments of the form E s I\, (s; = t;), and complete-
ness ensures its appropriateness for computing a complete set of E-unifiers.
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Term Rewriting

The demodulation deduction rule is inconvenient for an operational seman-
tics because of the high nondeterminism due to the choice of the axiom to
be used and of the term position where demodulation takes place. Term
rewriting is a specialization of demodulation which is designed to reduce
these sources of nondeterminism.

Term rewriting is based on the idea of replacing equals by equals. Fol-
lowing this idea, equations between terms are oriented into rewrite rules.
For instance, the equations 0+ X &~ X and X + succ(Y) =~ suce(X +Y") form
an algebraic specification of the function + assuming the term constructors
0 and succ. We can orient these equations and obtain two (rewrite) rules:
04+ X — X and X + suce(Y) — suce(X +Y). With orientation, we gain
an operational model: reduction. We can reduce a term with the rules of
+, e.g.

a + succ(0 +b) = a + succ(b) — succ(a + b).

Formally, a rewrite rule is an oriented equation written in the form
I - rwith I,r € T(F,V),1 &V and V(r) C V(I). A term rewriting
system (TRS for short) is a finite set of rewrite rules. The rewriting relation
—rC T(F,V) x T(F,V) with respect to a TRS R is defined as follows:

s =g s[r0], if s|, =16 for some p € Posx(s) and (I - r) € R.

The term 16 is called a redex and we say s rewrites to t by contracting
redex 0. The expression s —x t is called a rewrite step. Alternatively, we
can write s =, 51—y t Or 5 —p 1, t When we want to make explicit the
position, substitution and variant of the rewrite rule involved in performing
the rewrite step. When no confusion can arise, we will omit to specify R
as prefix or subscript.

Notice that upon rewriting in the presence of a TRS axiomatization,
the axioms are applied in only one direction. The rewrite rules can be
interpreted as partial definitions of the head symbols of their left-hand
sides. That is, in the presence of a term rewriting system R we can regard
the set of operators F as the disjoint union of two sets of symbols: the set
Fa:={f € F | f =root(l) for some rule | — r € R} of defined symbols, and
the set F.:=F \ Fyq of constructors. Constructors are injective, i.e. if c € F,
then c(5,) = c(t,) iff s; = ¢; for all 1 < i < n, and different constructors
build different terms, i.e. if ¢,d € F. with ¢ # d then ¢(5,) # d(t,).

A term s is an R-normal form, or R-normalized, if there is no term
t with s =g t. A term s has an R-normal form if there exists an R-
normal form ¢ such that s —% ¢. If s has a unique R-normal form then
we denote this unique normal form by slz. A term t is R-normalized if
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there is no rewrite step t —x t'. A substitution 6 is R-normalized if X0 is
R-normalized for all X € D(6).

Two terms s and ¢ are R-joinable, notation s | t, if there exists a term
u such that s =% v and t =% u.

Term rewriting systems are convenient axiomatizations of equational
theories. The most important properties of term rewriting systems which
are useful in defining effective proof subcalculi for the entailment system of
equational logic are confluence and termination. A TRS R is terminating
if there are no infinite reduction derivations t; —x t2 —gr t3 =g -
R is confluent if for all terms s,%1,t> with s =% ¢ and s =% t» we have
t; lr to. Note that termination implies the existence of normal forms,
whereas confluence implies uniqueness of normal forms.

Proving entailments of the form E Fy s ~ t is greatly simplified if we
know that F is the axiomatization of a theory which can be presented with a
confluent and terminating TRS R: we compute the (unique) normal forms
sdr and t]x and compare them syntactically. Because of the confluence
property, the computation of a normal form is a deterministic process since
both the choice of the rewriting position and the choice of of the rewrite
rule are don’t care nondeterministic. A rewriting proof of an entailment
R Fx s &~ t can be represented by a sequence of steps

SRt IR SIRE DR ... 2R Spdr X inlr
abbreviated s = t =% splr =~ tlr, where
setors mt o (s=sAtort)V(sorsAt=t)

Term rewriting can be used as operational semantics of functional pro-
gramming languages. A functional program is a set R of confluent and
terminating rewrite rules. Typical queries in functional logic programming
are: R by s~ tand R Fy 3X. X = t. Queries of the first type are proven as
shown above, whereas queries of the second type are proven by computing
u = tlg and binding X to u. In such languages, reduction of a term to
normal form is called evaluation.

Due to its simplicity, term rewriting became a research field of its own,
where essential properties such as termination and confluence are being
deeply investigated [Klo90, Klo92]. One important application is the fol-
lowing: for a given a theory T' = (¥, E) find a presentation (X,R) with
R a confluent and terminating TRS. If such a presentation exists, the en-
tailment relation F Fx s & t is equivalent with R ks s &~ t, which can be
realized with the proof subcalculus that has been outlined here.

Term rewriting is also at the core of well developed applications of theo-
rem proving, program synthesis via completion and algebraic specifications.
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Among the other properties of TRSs which are relevant for equational
deduction, we recall left-linearity, right-linearity, orthogonality and con-
structorness. A rewrite rule | — r is left-linear (right linear) if I (r) does
not contain multiple occurrences of the same variable. A TRS R is left-
linear (right-linear) if it consists only of left-linear (right-linear) rewrite
rules. In order to define orthogonal TRSs we first introduce the notion of
critical pair.

Definition 17 (critical pair) Let R be a TRS and l; — r; and ly — o
be variants without common variables such that there exists p € Posz(ly)
and a most general unifier 6 of (I1)|p, and la. The pair (I1[r2]po,m10) of
reducts of ly0 is a critical pair of R.

Definition 18 (orthogonal TRS) A TRS R is orthogonal if it is left-
linear and has no critical pairs.

Definition 19 (constructor TRS) A TRSR is constructor if it consists
of rewrite rules of the form f(l,) — t with l,, € T(F., V).

Narrowing

We already described how the restriction of axioms to confluent and termi-
nating TRSs greatly simplifies the design of an effective proof subcalculus
for entailments of the form R Fyx s ~ t. In this subsection we describe
how this restriction can make the realization of deductions of the form
R Fs IAL, (s; = t;) much more efficient than with paramodulation.

A syntactic object G' is a fresh variant of a syntactic object G if:

(i) V(G") do not occur in any syntactic object constructed so far, and

(ii) there exists a renaming 6 such that G' = G6.

For instance, the rewrite rule R’ = Z + succ(W) — succ(Z + W) is a fresh
variant of the rule R = X + succe(Y) — suce(X +Y') because V(R)NV(R') =
{X,Y}n{Z,W} =0 and R = RO where § = {X — Z,Y —» W} is a
renaming substitution.

Narrowing, proposed originally as a theorem proving tool [Fay79, Hul80],
is an effective proof calculus for entailments of the form

n
R l_Z = /\(Sl ~ ti)
i=1
where R is a confluent term rewriting system. It can be viewed as a special-
ization of paramodulation which is a natural combination of term rewriting

and unification. The narrowing relation defined below was introduced by
Hullot [Hul80].
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Definition 20 (narrowing) We say that a term s is narrowable into a
term t if there exist a position p € Posr(s), a fresh variant | — r of a
rewrite rule with V(1) N V(s) =0, and a substitution 6 such that

e 0 is a most general unifier of s|, and l, and
o t=(s[r]p)0.
We write s ~p, 1.0 t or simply s ~¢ t. The relation ~ is called narrowing.

When confusions may arise, we underline the subterm or side of the equa-
tion to which narrowing is applied. We write s ~; t if there exists a
narrowing derivation

§ =11~ g by =t

with § =6;...6,. If n =0 then § = ¢.

The narrowing relation can be used to define an effective proof subcal-
culus which realizes the entailment relation R Fx 3G where G is a sentence
of the form A}, (s; & t;). The calculus is called NC and it consists of two
inference rules: [u] and [n], where the syntactic unification rule [u] is the
same as for paramodulation, and the narrowing rule [n] is defined by

REx I(GA(s=t) NG
W R EGoA G =) A GO

if s ~sg s,

Here s ~ t stands for s &~ t or t &~ s. A narrowing step (NC-step for short) is

. NC, . . .
an expression of the form G —>y G' where —; 1s an instance of an inference

rule of NC with computed substitution 6.
An NC-derivation is a sequence of NC-steps

NG NG N
Go =0, G, =0y .- :%gn Gn

abbreviated G:N:C>; G, where 8 = 6;...6,,. An NC-refutation is an NC-

NG *

derivation of the form G =, 0. The most important properties of the
calculus NC are:

NG *

Soundness If G =, O then 0 € Ur(G).

Completeness If v € U} (G) then there exists an NC-refutation G ==, O
such that § <V(%) .

Similar to a paramodulation proof, a narrowing proof of R Fx 3G is an
NC-refutation G ==, 0. We denote by Ans¥C(G) the set of substitutions
computed upon NC-refutations, i.e. AnsN®(G) :={f | G =, O}.
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Note that the completeness property of narrowing differs from the com-
pleteness property of paramodulation. Whereas paramodulation guarantees
that any R-unifier of a goal is subsumed by a computed substitution, nar-
rowing can only guarantee that any R-normalized R-unifier is subsumed
by a computed substitution.
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Chapter 3

Functional Logic
Programming

Functional logic programming [Han97] is a declarative programing style
which offers features from functional programming and logic programming.
Each paradigm complements the other; e.g., logic programming contributes
partial data structures whereas functional programming contributes infinite
data structures. Functional evaluation is more efficient and offers better
control. Logic evaluation supports existential variables and inversion. Early
research in this area has been concentrated on the definition and improve-
ment of appropriate execution principles for functional logic languages. In
recent years efficient implementations of these execution principles have
been developed.

The fundamental problem of functional logic programming is how to
execute a program which may lead to the evaluation of a functional expres-
sion containing uninstantiated logical variables. There are currently two
operational principles to deal with this problem:

Narrowing. Narrowing solves this problem by making guesses on the val-
ues of these variables for a seamless integration of logic and functional
computations.

Residuation which delays the evaluation of expressions containing unin-
stantiated variables.

The rest of this chapter is structured as follows. In Sect. 3.1 we give a
description of the requirements which must be satisfied by a functional logic
programming language. Section 3.2 describes the lazy narrowing calculus
as operational semantics of functional logic programming. Section 3.3 gives

31
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a short account to two extensions of first-order lazy narrowing which are of
interest in improving the expressive power of functional logic programming:
lazy narrowing with conditional term rewriting systems, and higher-order
lazy narrowing.

3.1 Preliminaries

A program in a functional logic programming language is a theory P =
(¥,R) axiomatized with a confluent term rewriting system R. When spec-
ifying a program P, the user has a specific model Mp in mind, which is
called in the literature standard model or intended model of the theory. After
specifying the program, the user can ask questions about his/her program.
These questions are called queries, and belong to a specified class quer(X)
of sentences in the language of logic of P. In the case of functional logic
programming, the intended model is Mp = T (F)/..= where ~™ is the con-
gruence relation induced by R on 7 (F,V), and the queries are existential
closures of the form 3G where G is a conjunction of equations A, (s; = t;).
Since Mp is an initial algebra in Alg(X, R) we have that Mp |5 3G if and
only if R =% 3G.

When the user submits a query 3G, if it is the case that Mp Fy 3G,
the system will return a set Ansg(G) of substitutions for the existentially
quantified variables of the query as its associated answers.

The most satisfactory way of exploiting provability as a method of set-
tling facts about the intended model of a functional logic program is to
guarantee the following property:

Query completeness For any program P = (X,R) and query 3G €
quer(X):

Mp s 3G & Yy € Ur(G) 30 € Ansg(G) . 0 < 7.

The restriction to R-normalized solutions is reasonable in functional logic
programming, where we are usually interested in computing value bindings
for the existentially quantified variables of the goal. From the functional
point of view, a value is an R-irreducible term. Therefore, the query com-
pleteness requirement is often weakened by replacing Uz (G) with UR(G),
where U7 (G) is the set of R-normalized solutions of G. Henceforth, when-
ever we will refer to completeness we will understand the weakened require-
ment for query completeness.

We have already mentioned narrowing as an effective proof subcalculus
which generates proofs for entailments of the form R s IAL, (si & t;).

Any NC-refutation G g; O yields as answer the substitution 6y ¢, thus
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AnsiC(G) = {81y (q) | (G,e)=>*(0,0)}. The soundness and completeness
properties of narrowing ensure that

o AnsiC(G) CUR(G), and

e for any v € UR(G) there exists a substitution § € Ansy(G) such
that # <Y(%) 5. (i.e., query completeness holds.)

Most of the functional logic programming languages available nowadays
have an operational semantics based on narrowing or lazy narrowing. Nar-
rowing makes use of mgu computations to decide whether an instance of a
subterm can be rewritten. Lazy narrowing overcomes the mgu computation
by integrating it in its deduction rules.

3.2 Lazy Narrowing

The main disadvantage of NC is the costly operation of term unification.
Lazy narrowing calculi avoid the unification operation by decomposing the
inference rule of NC into a smaller number of more primitive inference rules
[H6189, Sny91]. The main disadvantage of these calculi is that the search
space of proofs for the entailment relation becomes larger because of the
nondeterminism between the inference rules which can be applied to the
selected equation.

Preliminaries

It is customary to describe the inference rules of a lazy narrowing calculus
!
) e?
"

C by expressions of the form where G,G’,G" are sequences of

equations, e is an equation, and 6 is a substitution. The corresponding
sequent style representation is

RbEs I Accge NeANoca €)
Ribs (O] A Ao cgn €'0)

where [0] := A ycpg) (X & X0). 0 is called the substitution computed upon
the application of the inference rule.

A C-step is an expression of the form G :C>9 G' where gl is an infer-
ence rule of C with computed substitution #. Additional subscripts may be
provided, depending on the calculus under consideration.

A C-derivation is a sequence of C-steps G0:C>91G1 :C>92 e :C>9n Gr,

abbreviated Gg :C>; G, where 6 = 61 ...6,. We denote by |II| the length
of a C-derivation II, i.e. the number of C-steps of II.



34 CHAPTER 3. FUNCTIONAL LOGIC PROGRAMMING

. . . __c
According to our convention of notation, a C-step €, =>ge!, corre-

sponds to a deduction step R Fs, (A, ei)éﬁl(/\?:l e}).
We write s ~ ¢ for s & t or t & s. It is assumed that the inference rules
of the calculi described in this thesis preserve the orientation of ~ .

The Calculus LNC

Our presentation of the lazy narrowing calculus LNC follows [MOI96]. The
calculus LNC consists of the inference rules shown in Figure 3.1. The

[0] outermost narrowing

G f(Bn) > t,G

G,sp R lp,r =t,G

if there exists a fresh variant f(I,,) — r of a rewrite rule in R,
[i] émitation
G, f(5n) =~ X,G
(G, s, = X,,G")0
if = {X — f(X,)} with X1,...,X, fresh variables,
[d] decomposition

G f(Bn) = f(tn), G

5
Sn X tn, G’

G,

[v] variable elimination
G,s~XG
(G,G"e
it X €V(s) and 8 = {X — s},
[t] removal of trivial equations
G,X~X,G
G, G

Fig. 3.1: The inference rules of LNC.

equations s, ~ [, created by the outermost narrowing inference rule are
called parameter-passing equations.

Note that none of the inference rules of LNC requires mgu computa-
tions.

An LNC-refutation is an LNC-derivation of the form Gy ==, 0. Addi-
tional subscripts may be specified, such as the label of the selected inference
rule or the rewrite rule variant used in the application of the [o]-rule.
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LNC is a suitable model of computation for functional logic program-
ming because of the following properties:

LNC *

Soundness If G =, O then 0 € Ur (G).

LNC *

Completeness If vy € U (G) then there exists an LN C-refutation G =, O
such that § <V(&) ~,

Soundness implies that AnssN®(G) C Ur(G), and completeness implies
that Ans?"©(G) is a complete set of normalized R-unifiers.
There are three sources of nondeterminism in the usage of LNC:

1. selection of equation in the current goal,
2. selection of inference rule to be applied to the selected equation, and

3. selection of rewrite rule to be used upon applying the [o]-inference
rule.

The second source of nondeterminism does not appear in NC because NC
has only one inference rule. It is also well known that NC is strongly
complete, in the sense that the first source of non-determinism is don’t care,
i.e. we are free to chose any equation without influencing the soundness
and completeness results. In contrast, LNC is not strongly complete, as
one can see from the example below. The terms underlined in the example
are the ones selected in the corresponding inference steps.

Example 1 Consider the TRS
R ={f(X) = g(h(X),X),9(X,X) = a,b— h(b)}

and the goal G = f(b) = a. Confluence of R can be proved by induction
on the structure of terms and some case analysis. The normalized empty
substitution € is a solution of G because

f(b) ~a—r g(h(b),b) =~ a—r glh(b),hb) ~a—raxa

By adopting the selection function selign, which always selects the rightmost
equation in a goal, we can only compute infinite LNC-derivations

f(b) = agg[oLf(Xl)—)g(h(Xl),Xl br X1,9(h(X1),X1) =a

%0] (Xz,Xz)—Hﬂ.b%Xlah(Xl) X27X1 Xlaa/""a/
g
LNC

i],02 b~ Xz,h(Xg) ~ X3

05 "

L

[
[d]%[v] glb%Xz,h(XQ) X2
[
[
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where 01 = {Xl — Xz},eg = {Xz — h(Xg)},03 = {X3 d h(X4)}, .. We
see that we can not generate any LNC-refutation starting from G if we use
the selection function seligns. Thus LNC with selection function selign s
not complete. Hence LNC is not strongly complete.

Because of the properties mentioned before, NC seems to be a better model
of computation than LNC. In [MOI96] it is shown that the first source of
nondeterminism can be dropped if we adopt a leftmost equation selection
function. This means that in each LN C-step we select the leftmost equation
which appears in the current goal.

Example 2 Consider R = {0+ X — X,s(X)+Y = s(X +Y)} and
the goal G = X +Y = s(0). It is easy to see that R is confluent and
that the only R-normalized solutions of G are {X — 0,Y — s(0)} and
{X +~ 5(0),Y — 0}. Both solutions can be computed with LN C-refutations:

G g[o],0+><1—>X1M,Y ~ X1,X: = s(0)
g[v]7{x,_,0} Y~ X, X~ S(O)gg[v],{y_,xl}Xl ~ s(0)

LNC

=[] {X1s(0)} J

G BB s(Xi)+Y1osXityn) X & 5(X1),Y & Vi, s(X; + Y1) » s(0)
LNC«
:>[2v],{X»—)s(X1),Y»—)Y1} s(X; + Y1) = s(0)
C C
g>[d] X1 + Y1 ~ 0%[0]7()4&(2*,)(2 X1 ~ 0, Y1 ~ XQ,XQ ~0

LNC 3 D
[V {X1—0,Y1—X2,X2—0}

The nondeterminism of LNC due to the selection of the inference rule
to be applied to the selected equation is depicted in Fig. 3.2. Practical

root(t)
root(s) y Fe Fa
4 vLIe] VLA VD[]
Fe [v],[i] [d] [o]
Fa___ [vLillo]  [o] [d],[o]

Fig. 3.2: LNC: nondeterminism between the inference rules for selected
equation s &~ t

refinements of LNC which reduce the nondeterminism between its inference
rules are given in [MO98]. These refinements fall in one of the following
two categories:
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1. they are realized by imposing suitable restrictions on the underly-
ing term rewrite system. Among the restrictions proposed in [MO98]
we recall: left-linear, orthogonal, and constructor term rewriting sys-
tems,

2. they are realized for particular classes of equations. Successful deter-
ministic refinements of the calculus LNC have been obtained for:

e equations which descend from parameter-passing equations,

e equations which descend directly from equations in the initial
goal,

e equations with strict semantics. By adding equations with strict
semantics to the family of equational sentences, we actually re-
strict the class of solutions of a goal: we say # is a solution of an
equation s & t with strict semantics iff s =% v and 0 =% u
with u € T(F.,V). Alternatively, we say that 6 is a strict solu-
tion of s ~ t.

0 is a strict solution of a goal G iff it is strict solution of any
equation in G.

It is shown that by restricting the goals to conjunctions of equations with
strict semantics, and the functional logic program to a left-linear confluent
constructor system, all the nondeterminism due to the selection of the in-
ference rule to be applied next can be eliminated. The calculus resulted in
this way is called LNCy.

3.3 Extensions

Two extensions of the first-order lazy narrowing calculus are of particular
interest in the design of a powerful operational principle of functional logic
programming:

1. lazy narrowing for conditional TRS,

2. higher-order lazy narrowing.

3.3.1 Lazy Conditional Narrowing

The first extension adds to functional logic programs the expressive power
of conditional term rewrite systems. Formally, a conditional term rewriting
system (CTRS for short) over a signature F is a set R of (conditional)
rewrite rules of the form I — r < ¢ where [,r € T(F,V), | ¢ V, and
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the conditional part ¢ is a (possibly empty) sequence s,, = t,, of equations.
If ¢ = O then we may simply write [ — r instead. CTRSs are classified
according to the distribution of variables in rewrite rules as follows [MH94]:

e a 1-CTRS R contains no extra variables, i.e. V(r) U V(c) C V(I) for
everyl > r<ceR,

e a 2-CTRS R may contain extra variables in the condition only, i.e.
V(r) CV() for every I - r < ceR,

e 3 3-CTRS R may also have extra variables in the right hand side pro-
vided these occur in the corresponding conditions. Formally, V(r) C
V(1) UV(c) for every conditional rewrite rule I — r < ¢ € R.

The rewrite relation — associated with a conditional term rewriting sys-
tem R is obtained by interpreting the equality signs in the conditional part
of a rewrite rule as joinability. Formally, R is the smallest (w.r.t. inclu-
sion) rewrite relation with the property that loc — ro whenever there exist
a variant | = r <= ¢ of a conditional rewrite rule in R and a substitution o
such that s'c | t'o for every equation s’ &~ ¢’ in ¢. An inductive definition
of — is given below.

Definition 21 (conditional term rewriting) Let R be a CTRS. We in-
ductively define the TRSs R,, as follows:

Ro = {z = = = true}
Ruy1={lo = ro |l =r<<ceR and ec =% true for all e in c}

We define s =g t if and only if s —-x, t for some n > 0. The minimum
such n is called the depth of the rewrite step s - t.

With this understanding, all the notions defined for TRSs extend to CTRSs.

The extension of lazy narrowing to CTRS has been stated by Hamada et
al. [HMS99], who propose a new calculus called LCNC. LCNC is obtained
from LNC by replacing the outermost narrowing rule [o] with the inference
rule

[o] outermost conditional narrowing

G, f(Gn) >t G

GJSn %lnd’ri:t)C)Gl

if f(I,) = r < cis a fresh variant of a conditional rewrite rule in R.
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Thus the only difference between LCNC and LNC is in the outermost
narrowing rule: in LCNC we add the conditional part of the applied con-
ditional rewrite rule to the new goal.

The following definition is useful in stating the completeness results
known so far for LCNC.

Definition 22 (level-confluent CTRS) A CTRS R is level-confluent if
every term rewrite system R, is confluent.

It has been shown [HMS99] that LCNC is complete for arbitrary confluent
CTRSs without extra variables with respect to normalized solutions and
for terminating and level-confluent CTRSs without any restrictions on the
distribution of variables in the conditional rewrite rules.

3.3.2 Higher-order Lazy Narrowing

The design of a higher-order lazy narrowing calculus is one of the most chal-
lenging problems for the functional logic programming community. While
reduction has long been studied and deep theories related to reduction
have been amassed in literature, enough theories of narrowing of compara-
ble richness and depth have not been developed yet. This is particularly so
in higher-order theories for narrowing.

Recently, proposals of higher-order lazy narrowing calculi started to
appear in an attempt to define a suitable operational semantics for a func-
tional logic programming language enhanced with higher-order constructs,
such as functional variables and A-abstractions.

We mention here two directions of research:

1. One direction of research tries to lift the first-order lazy narrowing
calculus LNC and its deterministic refinements to higher-order logic
by preserving as much as possible the main properties of LNC which
makes it attractive for computational purposes. We mention here the
calculus HLNC proposed by Suzuki et al. [SNI97], which aims at
combining LNC with S-reduction. It is shown that the combination
yields a sound and complete calculus for a particular class of higher-
order term rewriting systems called TRSy,. Unfortunately, this class
of term rewriting systems is too restricted to make HLNC of much
practical interest.

2. Another approach is the one followed by Prehofer, which proposes
a higher-order lazy narrowing calculus called LN [Pre98] for solving
systems of oriented equations. The calculus LN is based on the higher-
order rewrite system of Nipkow [NP98]. The main disadvantages of



40

CHAPTER 3. FUNCTIONAL LOGIC PROGRAMMING

LN are the high nondeterminism due to the inference rules to be
applied to a selected equation, and the selection of the rewrite rule to
be used upon performing outermost narrowing of terms with variable
at root position. Proposals to reduce these sources of nondeterminism
have already been proposed [Pre98], but the results are still too weak
to make LN of much practical interest.



Chapter 4

Lazy Narrowing for
Applicative Term Rewrite
Systems

In this chapter we introduce our first lazy narrowing calculus extended with
higher-order constructs. The results presented here are revised versions of
earlier results reported in [MMIY99).

4.1 Introduction

A straightforward way to use lazy narrowing for higher-order equational
reasoning is via applicative term rewriting systems. The following example
illustrates the expressiveness of such a term rewriting system.

Example 3 Consider the term rewriting system R.:

plus(0,Y) =Y

plus(S(X),Y) — S(plus(X,Y))

double(X) — plus(X, X)
map(F,[]) =[]

map(F, [X | Y]) = [F(X) | map(F,Y)]
compose(F,G,X) — F(G(X))

Here [ ] is syntactic sugar for the empty list nil, and [ h | t ] stands for
the list cons(h,t) with head h and tail t.

The functions map and compose are higher-order. For instance, solving
the goal

41
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G = map(F, [8(0),0,8(0)] ~ [S(S(8(0))), 5(0),5(8(s(0)))]

means finding substitutions like { F — Az.compose(S, double, z)} which can
not be done with LNC.

We can make use of LNC if we encode G and R with applicative terms.
Such a transformation yields the applicative term rewriting system R':

ap(ap(plus,0),Y) —-Y
ap(ap(plus,S(X)),Y) — ap(S,ap(ap(plus, X),Y))
ap(double, X) — ap(ap(plus, X), X)
ap(ap(map, F'),nil) — nil
ap(ap(nap, F), ap(ap(cons, X), Y)) —+ ap(ap(cons, ap(F, X)),
ap(ap(map, F),Y))
ap(ap(ap(compose, F'),G), X) — ap(ap(F, G), X).

and a corresponding applicative goal G'. The translation encodes each term
t = f(ti,ta,... ,tn) by t* := ap(---ap(f,t}), --),t%), where t¢ are the
applicative encodings of t;. The special symbol ap is the only function symbol
used, all the other function symbols are interpreted as mere constants.

The LNC calculus can now be used to solve the translated goal.

Obviously, LNC is very inefficient for applicative term rewrite systems:
while just one inference step extracts all arguments of a first-order term,
for applicative term rewriting systems we need one inference step for each
argument. In other words, we have to extract all arguments step by step
before we even know whether, e.g., we are using the appropriate rewrite
rule, even in the case that the head-symbol is a known function.

Starting from this observation, we define a new calculus which we call
LNCA (LNC for Applicative term rewriting systems). The main advantage
of LNCA over LNC is the specialization of the [o]-rule: if the selected term
in an [o]-step has a function symbol f at leftmost-innermost position then
we consider only [o]-steps with respect to rewrite rules which that define f,
i.e. have f at the leftmost-innermost position of the lhs. In this way the
nondeterministic application of an [o]-step is drastically reduced.

This chapter is organized as follows. In Section 4.2 we introduce the
basic notions and notations for applicative term rewriting systems. Section
4.3 introduces our calculus LNCA for applicative term rewriting systems
and contains a detailed proof of its soundness. The completeness of LNCA
is given in Section 4.4. The proof is based on a thorough analysis of the
structure and properties of a class of complete LNC-refutations (Subsection
4.4.2) and on the design of a lifting process of such a refutation into an
LNCA-refutation. Finally, in Section 4.5 we draw some conclusions about
the usefulness of LNCA and how to reduce further its high nondeterminism.
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4.2 Preliminaries

We assume given a signature F U {ap} of function symbols and a count-
able set V of variables. We distinguish the symbol ap with ar(ap) = 2. An
applicative term is a term built from variables, the binary function symbol
ap and the symbols of F interpreted as constants. Thus, the applicative
representation of a term f(¢,) € T(F,V) is ap(...ap(f,t1) ... ,t,). Given
two applicative terms s and ¢, the juxtaposition s ¢ denotes the applicative
term ap(s,t). Parentheses are omitted under the convention of association
to the left, so (plus (S 0)) 0 and plus (S 0) 0 denote the same applicative
term. The head symbol of an applicative term is the symbol that occurs
at the leftmost innermost position. The notions of subterm, position, sub-
stitution and replacement defined for first-order terms are carried over to
applicative terms.

In the sequel we denote head symbols which are either in F or V by the
possibly subscripted letters a, b, ¢, variables by x,y, z, symbols from F by
f, g, h, arbitrary applicative terms by [,r, s, ¢, u,v and integral numbers by
iy, k.

Definition 23 (applicative TRS) An applicative rewrite rule is a pair
I — r between two applicative terms such that

o [ is of the form f Iy ... I,
o f € F with ar(f) =n,
e V() DV(r).

An applicative term rewriting system (ATRS for short) is a set of applica-
tive rewrite rules.

We abbreviate an applicative term a t; ... t, to a t,, and to a if n = 0.
By the same convention, b 5, t,, stands for b sy ... sp, t1 ... t, and ¢ t;;
forct; ... tj.

All the other notions and definitions defined in Sect. 2.4 for first-order
equational logic are lifted to the applicative case by replacing the notion of
term with that of applicative term.

4.3 Inference Rules

One reason why LNC does not handle applicative terms efficiently is because
the rewrite rule used in an [o]-step is determined by the outermost symbol
of an applicative term. This symbol is almost always the binary symbol ap
which does not impose any restriction on the choice of the rewrite rule to be
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considered. We overcome this problem by specializing the inference rules
of LNC to look at the head symbol rather than at the outermost symbol of
the term under consideration and, if that symbol is a function symbol, to
choose only the rewrite rules which define it.

LNCA consists of the inference rules [of], [ov], [if], [iv], [v{], [vv], [df],
[dv] shown below.

[of] outermost narrowing for head-function terms

fBm bty > t,G

S N Um,T 1, = t,G

if f @, — r is a fresh variant of a rewrite rule in R.

[ov] outermost narrowing for head-variable terms

TS, t, ~t,G
(5m = U, tn = t,G)0

if there exists a fresh variant f ug v, — r of a rewrite rule in R,
m >0, and § = {z — f ug}.

[if] imitation for head-function terms

[ Bm ta R Uy, G T Un X f 3m t, G
Sm R Tm,tn R up, G0 (Sm & T, Un & by, G)0

itm>0,0={zw— fzT,} with 1,...,z,, fresh variables.

[iv] émitation for head-variable terms

Y S T X T Ty, G T Uy X Y 5 tn, G

Sm R Tm,tn R up, G0 (Sm & T, Un & by, G)0
ifm>0,z#yand 8 ={zw— yT,} with z1,... ,z,, fresh variables.
[df] decomposition for head-function terms

fonm G
tn, G

X

Sn

[dv] decomposition for head-variable terms

TS, T t,, G

Sp by, G
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[vl] wvariable-elimination for head-function terms

[Fmtn R, G ¢y~ f 5, t,,G
(tn = un,G)0 (up, = t,,G)0

ifx g V(fsn) and 0 ={z— f5,}.
[vv] wariable-elimination for head-variable terms

mIn BT U, G @ Un R Y b, G

5
(tn, = u,,G)0 (up, & t,,G)0

ifx g V(ysy) and 0 ={z— y sy}

We write G1 S[4),0 G2 to denote an LNCA-step corresponding to an in-
ference rule a with a € {[of], [ov], [if], [iv], [df], [dv], [vf], [vV]}, upper goal
G4, lower goal G2, and computed substitution §. We assume § = ¢ when
a € {[of], [df],[dv]}. A goal G is a solved form (in LNCA) if G = 0.

We denote by LN CA the class of LNCA-refutations. A [V]-step is either
a [vi]-step or a [vv]-step. An [I]-step is either an [if]-step or an [iv]-step. An
[o]-step is either an [of] or an [ov]-step.

The soundness of LNCA is stated in the following theorem.

Theorem 1 (soundness) Let R be a confluent ATRS and G a goal. If
there exists an LNCA-refutation A : G =} O then 8 is a solution of G.

Proof. The proof is performed in two steps. We first prove that for every
LNCA-step of the form G; =¢ G2 then the following property holds: if 6’
is a solution of G5 then 66’ is a solution of GG;. Next, we prove by induction
on the length of the LNCA-refutation that the LNCA calculus is sound.

Let G1 =¢ G2 be an arbitrary LNCA-step and 6" a solution of G5. We
prove that 86’ is a solution of GG;. The proof is by case distinction on the
nature of the step from G; to G>. Let G; =9 G2 and 0’ be a solution of
Gs.

e Assume
G, :fﬁaztaGg[of‘],s Gy =5, Numﬂ“ﬁwt,G

where f @,, — r is a fresh variant of some rule in R. Then § = ¢ and
06’ = 0'. We have to prove that 8’ is a solution of G;. Since 6’ is a solu-
tion of G2, the following conditions hold: (1) Vi € {1,... ,m}.s;8' <%
uif', (2) (r t,)8" <% t0', and (3) €' is a solution of G. Because of (3),
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we only have to prove that 8’ is a solution of the equation f 5,, t,, ~ t.
We note that:

(f 5 T8 <% (f T E)0 ={f oy (1 )0 NG

and hence 6’ is a solution of the equation f 5., t, ~ t.

Assume G = 2 55 b 2 1,G S(ov]9 G2 = (50 R Uy T & 1,G)0
where f Uy U,, — 7 is a fresh variant of a rewrite rule in R, m >
0and 8 = {& — f ug}. Then (1) Vi € {1,...,m}.5;00" <% v;6¢,
(2) (r tn)00" <%, t06', (3) 06" is a solution of G. Because of (3), we

only have to prove that 66’ is a solution of the equation = 5, t, ~ t.
We note that:

(x5 E)00' = (f Tk 5o £)060" 2% (F Wk T B)06" =14 7 71
(r T0)06" <25 100"

and hence 66’ is a solution of the equation z 3, £, ~ t.

Assume G| = a 55 by ~ & Uy, G D09 Go = (S B Ty by ~ U, G)9,
where a € VU F, a € {[if],[iv]}, § = {z — a T}, with @1, ... ,zp,
fresh variables. Then we have: (1) Vi€ {1,... ,m}.s;00" <% x,0¢,
(2)Vjie{l,... ,n}t;00" <% u;f6, (3) 66’ is a solution of G. Because
of (3), we only have to prove that 88’ is a solution of a 5., &, ~ T u,.
Since:

T Up =Ty Upn G Sm Un a3mtn
66’ gor 2 W)x g 23 66’
the substitution 66’ is a solution of the equation a 5, &, ~ = Un.

Assume G1 = a5, R aty,,G =4 Go = (sp R tp, G where a € VUF
and a € {[df],[dv]}. In this case § = ¢, 00" = §', and we have:
(1) Vie{1,...,n}.s0 &% 0, (2) 6 is a solution of G. Because of
(2), we only have to prove that ' is a solution of a 5, =~ a t,, which
is obvious because of property (1).

Assume G1 = a 5y, by = @ Uy, G D40 G2 = (tn = upn,G)8 where
a € VUF, ae{v],[v]}, 2 € V(f ) and § = { — a 5, }. Then:
(1) Vie{l,...,n}.t;00" &% u00', (2) 66’ is a solution of G. Because
of (2), we only have to prove that 66" is a solution of the equation

f Sm tn = x W,. We have:

(& @)00' = (a 57 w00 2% (0 5 7))
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We prove now that LNCA is sound. The proof is by induction on the
length of the LNCA-refutation. First we prove that all LNCA-refutations
of length 1 are sound. The only possible LNCA-refutations of length 1 are
the following:

f~f=ug:0,
r =T 3[dv],s O,
[3m oS00, wherex € V(f 5,) and 0 = {z — f 5,}
YSm 2T S, O, where x € V(y 55) and 0 = {z > y sy}

Obviously, all these LNCA-refutations are sound.

Assume now that A : G; =7} Ois an LNCA-refutation of length |A| > 1.
Then we can write A : G1 =9 G2 3;‘, O where 80’ = 0. We want to prove
that o is a solution of G;. By the induction hypothesis for A, €' is a
solution of G2. According to our first proof step, this implies that 66’ is a
solution of G1. Thus, o = 66’ is a solution of G;. O

4.4 Completeness

In this section we prove the completeness of LNCA for confluent ATRSs
with respect to normalized substitutions. Subsection 4.4.2 contains an
analysis of the structure of LNC-refutations generated from normal NC-
refutations. Based on this analysis, we introduce the class of well-formed
LNC-refutations and prove the completeness of LNC with respect to this
class. Subsection 4.4.3 is concerned with the study of LNC-refutations
for ATRSs. In Subsection 4.4.4 we state some properties of well-formed
LNC-refutations for ATRSs. Finally, in Subsection 4.4.5 we prove the com-
pleteness of our calculus.

4.4.1 Preliminaries

We first recall some well known theoretical results that are relevant to our
analysis of LNCA.

We denote by LANC the class of LNC-refutations. We say that an NC-
derivation II : G ~»j T is normal if it respects the leftmost equation selec-
tion strategy and for every representation of II in the form

II:G=G1,82t,Gy~p T,(s2t,Ga)0 ~p, T

the substitution 62[y(,,) is normalized.
We denote by NC the class of normal NC-refutations. The following
result was proven in [MH94]:
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Theorem 2 For every normalized solution 6 of a goal G there exists II €
NC such that I1 : G ~3, T and §' <0 [V(G)].

Lemma 2 There exists a well-founded order < C NC x NC such that:

VII: G =e,G' ~F T € NCI(¥y,1L).
U, :G=,G NI :Gl’\");r TENC/\Hl <<H/\R61(H,\I»'1,H1)
Aot <6 [V(G)]

where Rel(Il, ¥,,11;) is defined as follows:

1. The descendants of G' are narrowed in 11 at the same positions and
in the same order as the descendants of G'o in 11;.

2. If ©y is a [d]-step:
U, G = f(3) ~ f(t,),G =[] Sn & th, G’

then i-j-p is a narrowing position to a descendant of e in I iff i-p is
a narrowing position to a descendant of s; ~ t; in II,.

3. If ©y is an [o]-step:
G = f(5a) ~t,G' = ol k. f () Sn R Iy T 2 t,G'
then:

(a) T narrows a descendant of e at position k.

(b) II; does not narrow descendants of s; ~ l; at positions in the
rhs.

(¢) 1-p is a narrowing position to a descendant of s; ~ l; in I, iff
k-j-p is a narrowing position to a descendant of f(s,) ~t in IL.

(d) 2-p is a narrowing position to a descendant of r =~ t in II iff
(3—k)-p is a narrowing position to a descendant of f(5,) ~t in
II.

4. If ¥, is an [i]-step:
G= f(%) ~ m,G' =[i],k,o={e—f(@n)} SnT R Tn, G'o
then:

(a) T starts with an NC-step at a position of the form k-j-p with
1<j<n
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(b) i-j-p is a narrowing position to a descendant of e in I iff i'-p is
a narrowing position to a descendant of s;o ~ x; in 11, where
i'"=iifk=1landi =3—iifk=2.
5. If Oy is a [v]-step then I1 starts with an NC-step at root position.

Corollary 1 Let Il : G M;' T € NC. Then the successive applications of
Lemma 2, starting from 11, yield an LNC-refutation ¥ : G :>'9", Oe LNC
such that 6" <0 [V(G)].

Proof. The result of successive applications of Lemma 2, starting from II,
is depicted in the figure below:

H:H()Z GOZG’\/);roon

Yoo
H1 . G1 ’\/>3_1 T
Hi . Gl 'v);_l T
Yo,
ILiyq : Git1 MZZ_H T

U’0'i+1

Since Vi.Il;;; < II;, this process will eventually terminate with an NC-
refutation I,y : Gy = 0O MgnH:s T. The LNC-refutation generated in
this way is:

U Gy =00 G, =05 T =0 GnJrl =0

According to Lemma 2, Vi € {1,... ,n}.0:6;41 < 6; [V(G;)]. Then ¢’
0001 ...0p = 0'00'1---0'n6n+1 S 0'00'1...0'n_10n S S 0'091 S 90 =

9 V(G)]. o

4.4.2 Well-formed LNC-refutations
We first introduce some useful notations. Let: II : G ~* T € NC and
e € G. We define:

P(e,II) the property that narrowing is never applied at positions of
the rhs of a descendant of e in II.

E,(II)  the longest prefix of G such that Ve € E,(II).P(e, II).

P (II) the LNC-step constructed from II as shown in Lemma 2.

7 (IT) the NC-refutation constructed from II as shown in Lemma 2.
U (II) the LNC-refutation constructed from II as described in Corol-

lary 1.
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First we prove the following lemma:

Lemma 3 LetI1: Gy = ¢,G' ~§ T € NC and assume m(I) : G; ~}, T.
Then the following conditions hold:

1. If (1) is an [i]-step:
Go=f(3n) 2 2,G' 2 o—(os@ny G1 = G ® 7,,G' )0

then in w(IT) narrowing is applied to at least one of the descendants
of the equations s, 0 ~ x,, at a position of the lhs.

2. If E,(II) # 0 and y(I1) : Gy = E,(I), G, =, G1 = (G',G})o then:
(a) If Y(II) is an [i]-step then it is applied to the lhs of e,
(b) G'o = E,(x(I1)),
(c) if Yv(II) is an [o]-step then it is applied to the lhs of e.
Proof.
1. If ¢(II) is an [i]-step:
Y1) : Go = f(5n) 2 @, G = ko={emf@n)} G1 = 500 = T, G'o

then w(Il) : 5,0 8z, G0 ~* T. According to Lemma 2, 4.(a), the
first NC-step of II is applied at a position of the form k-j-p where
1 < j < n. Then, according to Lemma 2, 4.(b), «(II) narrows a
descendant of s;jo &~ x; at position 1-p, which is a position of the lhs.

2. Since E,(IT) # O there exists e € E,(II).

(a) Assume 9 (II) is an [i]-step. Then e is of the form = ~ f(5;,) with
xz €V and n > 0. We want to prove that the rhs of e is x. If this is
not the case then e = x & f(3,). By Lemma 2, 4.(a), IT starts with
an NC-step at a position of the form 2-j5-p in e where 1 < j < n.
Since e € E,(II), this case is impossible and therefore we must have
e=f(5,) =~ z.

(b) Let e’ € G'o. We have to prove that e’ € E,(w(II)), i.e. that the
property P(e', 7w(II)) holds. We distinguish two cases:

(bl) €' is a descendant of e in ¢(II). Then ¢(II) is an [o]-, [d]- or
[i]-step. If ¢(II) is an [o]-step then it is applied to the lhs since,
by Lemma 2, 3.(a), the existence of an [o]-step to the rhs would
imply e € E,(II). Therefore, we can write:

YD) () B 1, G S 00 S0 N byt G
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(b2)

such that e/ = r &~ ¢. If property P(r = t,n(II)) does not hold
then there is a narrowing position to a descendant of r ~ t in
7(IT)) of the form 2-p. From Lemma 2, 3.(d) results the existence
of a narrowing position of the form 2-p to a descendant of e in II.
Since this contradicts the condition e € E,(II), we deduce that
property P(e,m(II)) holds.

If (1) is a [d]-step:

f(n) = f(ﬂ)aGl =[d] Sn N tn,G'

then ¢’ = s; = t; for some j € {1,... ,n}. Because e € E,(II),
IT does not perform narrowing at positions of the form 2-j-p to
descendants of e. From Lemma 2, 3.(b) we deduce that = (II)
does not narrow descendants of s; = t; at positions of the rhs.
Thus, P(s; =~ t;, 7(I1)) holds.

If o(II) is an [i]-step then, according to 2.(a) of this lemma, e is
of the form f(3;) ~ « with € V and n > 0. In this case we can
write:

f(%) ~ m,G' =[i],o={a—f (@)} SnO R wn,G’U

and assume €' = sjo = x; for some j € {1,...,n}. We want to
prove that 7 (II) does not narrow descendants of ¢’ at positions
of the rhs. If narrowing is applied to a descendant of e’ at a
position of the rhs then from Lemma 2, 4.(b) we deduce that
narrowing is applied to a descendant of e at a position of the
rhs. This contradicts our assumption that e € E,(II). Therefore,
P(e', (1)) must hold.

e’ is not an LNC-descendant of e in ¢(II). Then ¢ is either a
parameter-passing equation of e or an LNC-descendant of some
e € E,(II)NG". The case when €’ is a parameter-passing equa-
tion of e is covered by Lemma 2, 3.(b). The other case is an
immediate consequence of Lemma 2, 1.

Hence e’ € G' implies €' € E,(o(II)).

If e’ ¢ G' then €' is a one-step descendant of an equation € ¢ E,(II).
Then narrowing is applied to the rhs of a descendant of €' in IT and
by Lemma 2, 1. narrowing is applied to the rhs of ¢’ in 7(II). Thus,
e ¢ Ep(o(ID)).

(c) Assume ¥(II) is an [o]-step. From e € E,(II) and Lemma 2 3.(a)
we deduce that (II) is applied to the lhs of e. a
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Lemma 4 Letl’[:G«»(}+ T e NC.

1. If an [i]-step is applied to o descendant €' of an equation e € E,(II)
in U(II) then it is applied to the lhs of €'

2. If an [o]-step is applied to a descendant €' of an equation e € E,(II)
in U(II) then it is applied to the lhs of €'.

Proof. In the proof we will make use of the following notations:

Ppu(Il) :  If an [i]-step is applied to a descendant e’ of an equation
e € E,(II) in W(II) then it is applied to the lhs of €.

Pro)(I) = If an [o]-step is applied to a descendant e’ of an equation
e € E,(II) in ¥(II) then it is applied to the lhs of €.

We prove by induction with respect to the order < on A'C that the prop-
erties Py (IT) and P (II) hold.

Let ITI; = w(II). Because II; < II, from the induction hypothesis we get
that P[;)(ITy) and Py, (II;) hold. According to Lemma 3, 2.(b), all one-step
descendants of equations of Ep(II) are in E,(II;). Then, by the induction
hypothesis for II;, all [o]-steps to descendants of equations of Ep(II) in
U(II;) = ¥(II)s, are applied to the lhs. Moreover, if ¢(II) is an [o]-step
then, by Lemma 3, 2.(c), ¥ (II) is applied to the lhs of e. We conclude that
Ppo)(IT) holds.

It remains to prove that Pp;)(II) holds. Assume e € E,(II) such that an
[i]-step is applied to a descendant of e in W(II). We distinguish two cases:
(i) ¥(II) starts with an [i]-step to e. Then, by Lemma 3, 2.(a), [i] is applied
to the lhs of e.

(ii) [¢] is applied in ¥(II;) to a descendant of an immediate descendant e’
of e in II. According to Lemma 3, 2.(b), we have e’ € E,(II;) and the result
follows from the induction hypothesis applied to II;. a

Definition 24 Let ¥ € LNC. We define:

Pro)(¥) = if an [o]-step is applied to a descendant e of a parameter-
passing equation then it is applied to the lhs of e.

Pu(¥) :  if an [i]-step is applied to a descendant e of a parameter-
passing equation then it is applied to the lhs of e.

The following theorem summarizes the main properties of LNC-refutations
obtained by lifting normal NC-refutations.

Theorem 3 Let I1: G ~% T € NC and ¥o = ¥(II). Then ¥, satisfies the
following properties:
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1. If Uy contains a sub-refutation ¥' that starts with an [i]-step:
V' f(5n) 2, G =i e={os @0} 00 & Tp,G'o =4 O
then:

(a) The first step is of ' not directly followed by n [v]-steps.
(b) If x € V(55,) then xzo8' is normalized.

2. The properties P)(¥o) and P(Yo) hold.

Proof. If |II| = 0 then there is nothing left to prove. Otherwise, we can
write IT : G =>;r 0. By Corollary 1 we have ¥y : G =}, O where §' <
o [V(G)].

Assume that ¥y contains a sub-refutation ¥’ that starts with an [i]-step.
Then we have the following situation:

Hg =1II: GO == G ~T T
U*

I, = ﬂ'(Hk_l) : G = f(%) ~z, G ~tT
Yo

Oy =7(Mg) : Gre1 =500 B Ty, G'o ~+T T
U*
| ~0 T

where 0 = {z — f(z,)}. Since lI; € NC, according to Lemma 3, 1.,
narrowing is applied in II;;; to at least one of the descendants of the
equations s,0 ~ T, at a position of the lhs. Suppose s;o &~ z; is narrowed
at a position of the lhs.

Assume now that the first step of ¥’ is followed by n [v]-steps. Then
the construction of WY, is as depicted below.

Opy1:  Gry1 =Spo =y, G0 ~T T
i—1
] S
Oiyi: Giti =5in0i 8 Tin,Goy ~T T
unfiJrl
[v] , N
Oiins1 Grignyr =G'oy ~TT
U*
O
where 01 = o{z1 — s10}, ..., op = op_1{®n — Spon_1}. According to

Lemma 2, 1., the descendants of the equation s;oc &~ x; are narrowed at a
position of the lhs in Ig4q, ..., Hgy,. Since ¥(gy,) is a [v]-step, from
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Lemma 2, 5. we deduce that II;4; starts with a narrowing step at root
position. This contradiction proves the validity of condition 1.(a).

We next prove condition 1.(b). Assume that z € V(s,). We want to
prove that zo# is normalized. By Lemma 2, 4.(a), I}, starts with a step
at non-root position. Since IIj is normal, 6 [y(s(s;)) is normalized. In
particular, zf is a normal form. Since §' < 6 [V(G)] and z € V(G), we
deduce that zf is an instance of z6’', and therefore z6’ is normalized.

We prove now that P, (¥ (I1)) and P (¥(I)) hold. Let e be a parameter-
passing equation in ¥(II). Then the construction of ¥(II) from II looks as
follows:

HO =1II: GO == G ~T T
U*
I = ﬂ'(Hk_l) 1 G = f(%) ~ t,GI ~tT
V9ol r @)
Hk+1 :ﬂ'(Hk)i Gk+1 = S1 %ll,... ,Si%l,‘,... ,Sn%ln,T%t,Gl ~tT
——"
e
U*
O '\”2 T

By Lemma 2, 3.(b) we have that s1 =~ l1,...,sy, = lp € Ep(Il41). In
particular, e € E,(IIx41). From Lemma 4, 1. for II;4; € N'C we know that
if an [i]-step is applied to a descendant e’ of e in ¥(II)s k41 = U(Ilg41) then
it is applied to the lhs. Hence Ppj(¥(Il)) holds. Also, from Lemma 4, 2.
for Iy, € NC we know that if an [o]-step is applied to a descendant e’ of
ein Wypqy = ¥(Ig41) then it is applied to the lhs of e’. Hence P (¥(I1))
holds. a

It is now appropriate to characterize the LNC-refutations generated by ¥
from normal NC-refutations.

Definition 25 (Well-formed LNC-refutation) ¥ € LNC is well-formed
if it satisfies the following properties:

1. If U contains a sub-refutation that starts with an [i]-step
V' f(5n) @ 2, G =i o={asf(70)} Sn0 R Tn, G'o =5 O
then:

(a) the first step of ¥’ is not directly followed by n [v]-steps.
(b) if x € V(5,) then xob' is normalized.

2. Properties P (¥) and Pio)(¥) hold.
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We denote by W the class of well-formed LNC-refutations. An immediate
consequence of Theorem 2 and Theorem 4 is:

Corollary 2 For every normalized solution 8 of G there exists ¥ : G =,
O e WF with 8 <8 [V(G)].

At the end of this subsection we state some useful properties of well-formed
LNC-refutations.

Lemma 5 If U € WF then ¥s; of U is well-formed for all 1 <i < |¥|.

Lemma 6 Let ¥ € WF such that Uy, : s, R 4, G' =} O, where 5, = u,
are descendants of parameter-passing equations. Then

V1 <i<n.(s;0 =" u;f) (4.1)

Proof. Let ® = ¥.. The proof is by induction on |®|. If |®| = 1 then
n = 1 and ¥ consists of a [d]-, [v]- or [t]-step. In each of these cases,
property (4.1) holds. Assume now |®| > 1. We distinguish the following
cases:

e & starts with a [v]- or a [t]-step. Then s;6 = u16. From the induction
hypothesis for ®-; we have s;60 =" u;0 if 2 <i < mn.

e @ starts with an [o]-step to the lhs. Then s = f(s},) and:

S5, B un, G = o], £ (@) —>r sh R U, T R UL, 82, R Uy, G =) 0.
From the induction hypothesis we have s;8 —* w8 (1 <1 < k), rf =
w1, 50 =, u;0 (2 < j < n). It remains to prove that 516 —; u6,
which is obvious because 516 = f(s}.0) =* f(u},)0 = r0 = u0.

e O starts with a [d]-step. Then s; = f(s}),u1 = f(u}), and:
®: f(s)) ~ f(u)), 52,0 R a0, G =) 8 X upy 520 ® Unn, G =5 O

From the induction hypothesis we have s,0 —* u/f (1 <14 < ¢) and
50 —=* u;0 (2 < j < n). It remains to prove that s16 —} u16, which
is obvious because 510 = f(s,0) = f(u})f = u,6.

e & starts with an [i]-step. By Lemma 3, 2.(a), ® is of the form
f(s_i,) R Uy, 52, R Uz, G =[il,0r S[01 R Tg, 52 001 ~ Uzn, G0y = O
with 09 = {u; — f(Zn)}. From the induction hypothesis we have

;0 = sjo10" =" ;0" (1 <i < () and s;0 = s010" =" ujo10 = u;6

(2 <j < n). It remains to prove that s16 — u16, which is obvious
because s160 = f(s,0) =* f(20') = f(T0)8' = w1010’ = u19. O
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Note that property 1. of well-formedness is not necessary to prove Lemma
6.

Corollary 3 If ¥ : s ~ t,G" =)=, O € WF then s is not a normal
form.

Proof. ¥ can be written as:
fGER) ~t,G’' :>[0]7f®_,,,m,r ~t G
By Lemma 6 we have Vi € {1,... ,n}.s;6 —* [;6. This implies:
s = f(5n)0 =" f(la)0 — 10
and hence sf is reducible. |

Lemma 7 Let ¥ : Gi,s & t,G2 =5 O € WF such that s = t is the n-th
equation in the initial goal of . We denote by

Gswap(¥,n) : G, t & s,Gy =5 O

the LNC-refutation obtained from U by performing the same inference steps
in the same order at corresponding positions. Then Pswap(¥,n) is well-
formed.

Proof. From the construction of ¢gywap(¥,n) we see that Psyap(¥,n) ver-
ifies condition 1. of well-formedness. The validity of condition 2. of well-
formedness for ¢swap (¥, n) follows from its validity for ¥ and the observa-
tion that, due to the asymmetry of the [o]-inference rule, the descendants
of parameter-passing equations are identical in ¥ and @swap (¥, n). a

In the sequel we confine our attention to the case of ATRSs.

4.4.3 LNC-refutations for ATRSs

In this subsection we analyze the structure of LNC-refutations for the par-
ticular case of ATRSs. We first introduce the notions of immediate a-
descendant and a-descendant of an equation.

Definition 26 (immediate a-descendant) Let A : G =e,G' = G" be
an LNC inference step.

o IfG =515 2t,G" =1, 1,00 G =51 R 11,80 = 2,7 = t,G' then
s1 &~ 1y in G" is the only immediate a-descendant of e.

o IfG=f~t,G =)o G" =1 ~t,G then there is no immediate
a-descendant of e.
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¢ IfG =515 ~2,G" [ o—fose, v2) G =510 R 71,520 8 12,G'0
then s10 =~ x1 in G" is the only immediate a-descendant of e.

L IfG =51 So R 1 t27G’ ﬁ[d] G" = S1 = tl,SQ ~ t27G’ then s1 Rt
in G" is the only immediate a-descendant of e.

e If Ais a [v]- or a [t]-step then e has no immediate a-descendants.

Definition 27 (a-descendant) The relation of a-descendant is the reflex-
ie-transitive closure of the relation of immediate a-descendant.

Note the difference between the notions of a-descendant and descendant.

Lemma 8 Let ¥ : G = s~ t,G' = O. If the first [o]-step of ¥ is applied
to an a-descendant of s = t then there exists ¥' € {V, pswap(¥, 1)} such
that:

(i) all [i]-steps before the first [o]-step in ¥’ are applied to the left-hand
side,

(ii) the first [o]-step of ¥' is applied to the lhs of an a-descendant of s =~ t.

Proof. A simple case analysis reveals that if an [o]-step is applied to an
a-descendant of s & ¢ then A starts with m > 0 [d]-steps, followed by p > 0
[i]-steps, followed by an [o]-step.

If p =0 then we can write ¥ in the form:

U:G=alysm 22 tn,G =l =2,5n = tn, G =) kisr=p, O
Then ¥/ = W if k = 1 and ¢Psywap (¥, 1) if k& = 2 obviously satisfies conditions
(1)-(ii).

If p > 0 then we can write:

P G:amﬂzmtm,G’:ﬁg]am:m,sm:tm,G’

p — ~

=1k (6 Un—p = Tpn—p, Un—pii,n = Tn—piin,
s~

Sm R tm,G )01 = [o] k.1l >r=>;2 a.

If the first [i]-step is to the lhs (i.e., & = 1) then we can take ¥' = ¥,
otherwise we can take ¥’ = @gyap (¥, 1). a

Lemma 9 Let G = f 5, = g tn, G such that f # g or m # n. Then for
every A : G =* O € LNC there exists an application of an [o]-step to an
a-descendant of f S ~ g ty,.
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Proof. By induction on n + m. Obviously, A starts with an [o]-step or
with a [d]-step. If A starts with an [o]-step then there is nothing more to
prove. Assume now that A starts with a [d]-step. If m = 0 then the only
possibility is n = 0 and g = f. Since this contradicts our hypothesis, we
must have m > 0. By a similar argument we infer that n > 0 and therefore
A can be written as:

A:G =d] f Sm—1~ gth—1,5m ~ tn,Gl.

We can now apply the induction hypothesis to As; and get the desired
result. a

Lemma 10 Let A be an LNC-refutation f s, ~
are no [o]-steps applied to a-descendants of f s, ~
the form:

[ tn, G' =% O. If there
ft,in A, then A is of

A f sy m f1,G = sn R, G = 0.

Proof. By induction on n. If n = 0 then the first step must be [d] and we
are done. Suppose n > 0. Then A starts with a [d]-step. Therefore A can
be written as A : f 5, & f 0, G =ja) [ ot R [ tae1, 50 R 1, G =5 O
and the conclusion follows from the induction hypothesis for As;. O

Lemma 11 Let G = z 5,, ~ g t;,,G' such that m < n. Then for every
LNC-refutation A : G =* O there exists an application of an [o]-step to an
a-descendant of T 5, ~ g tp,.

Proof. By induction on n +m > 0. Since 0 < m < n, A starts either with
an [o]-step or with a [d]-step. If A starts with an [o]-step then we are done.
If not, then A starts with a [d]-step:

A:G =) T 571 2 g bme1,50 Xy, G =7 0.

From the induction hypothesis for A5, we infer the existence of an [o]-
step which is applied to an a-descendant of the immediate a-descendant of
T %, ~ gty in Asq, and therefore to an a-descendant of z 5,, ~ g £,,, in A.

O

Lemma 12 Let A: G = f 5, = g tp,G' =* O such that m < ar(f) and
n < ar(g). Then m=n, f =g, and G =>EZ]+1 Sm R ty, G =* 0.

Proof. By induction on |A|. If [A| = 1 then A must consist of only a [d]-
step. This implies f = g and m = n = 0. Assume now that |4 > 1. We
distinguish three cases for the first step in A:
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L.G= femirgtn,sm~t,G =0
From the induction hypothesis for As; weget f = gandm—1=n—1,
and we are done.

2. A starts with an [o]-step. Note that we can not have m = 0 in this
case because there are no rewrite rules in R with lhs f. Hence m > 0
and we can assume that the first step of A is:
fSm~ gty G = o]k Teosr fosma~hl_1,8m~l,r~gt,, G =
O
where k = ar(h). From the induction hypothesis for A<, we get f = h
and m — 1 = k — 1. This implies ar(f) = ar(h) = k = m. This case is
impossible because we assume that m < ar(f).

*

3. fem~gty,G =t T 9 b1 Rt ty B lyr = f Sm,G' =¥
O.

This case is also impossible and the proof similar to the previous one.

O

Lemma 13 Let A: G = f 5, ~ t,G' =* O such that it contains an [o]-
step which is applied to an a-descendant of f 5., = t. If the first [o]-step to
an a-descendant of f 5., =t is applied to the lhs then m > ar(f).

Proof. By induction on |A|. If |[A| = 0 there is nothing more to prove. If
|A| =1 then A consists of a [d]- or a [v]-step and the lemma trivially holds.
Otherwise we distinguish the following cases for the first step in A:

1. A starts with a [v]-step. Then there are no more a-descendants left.

2. A starts with an [o]-step to the lhs. If m = 0 then A this case is
possible only if ar(f) = 0 and then we are done. Otherwise m > 0
and we have:

A:f%%t,G, ﬁ[o],hﬁ%rfsm—l %hlk_l,sm%lk,T%t,G, =0

where ar(h) = k > 0. If m < ar(f), then by Lemma 12 we must have
h = fand m — 1=k — 1. But this implies m = k = ar(h) = ar(f),
which contradicts the assumption that m < ar(f). Thus, m > ar(f).

3. A starts with a [d]-step. If m = 0 then t = f and there are no
a~descendants left. If m > 0 then A can be written as:

A:fﬁng:Gl =[d] [ Sm-1 =g ln1,5m ~t,,G' =" 0.

From the induction hypothesis for A~ we deduce m —1 > ar(f), and
hence m > ar(f).
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4. A starts with an [i]-step. Then m > 0 and A has the form:
A: [ ma,G = o={omar oo} (f Fmol R T1,5m ~ 22,G')o =" 0.

The induction hypothesis for A~ yields immediately the desired re-
sult. a

Lemma 14 Let A : f 3, = t,G" =g 1-,=" O where n = ar(f). Then [
has the form f 1,.

Proof. If n = 0 then | = f. Otherwise [ is of the form h [} with ar(h) =
k > 0 and A is of the form

A:fs,~tG = lolh Tomsr § 1 R li1, 50 ~l,r~t,G =0,

From Lemma 12 for A5, we have f = h and n = k. |

Lemma 15 Let A:z 5, = t,G' =, ; 7o,,=" O such that n. > 0 and [0]
is never applied to an a-descendant of x 5, ~t in A<, .Then k > n.

Proof. Without loss of generality, A can be written as:

RS NCEEE RIS i il P e L A N
71 7
ﬁﬁi] e flj,s1~li,...,spRl,r~t,G =50

such that 7 > 0 and £ = 7 +n. Then k > n. O

Lemma 16 If A € LNC is of the form
A:G=a E ~ .’L',G, :>[v]7o'={1»—>a [y G'o :>; O
where n > 0 then there exists a refutation:

A G =aty 2,0 2o ={oma; o2} (0 ta_1 X T1,t, R T2,G" )0y
:>[V]7U2={1:1>—>a tn_1} (tn ~ T2, GI)O'10'2
2 [V],os={zata} G'o10203 =p 0.

such that As, = ALy and 010203 [y(G)= 0.

Proof. From the applicability of a [v]-inference step to the equation a t,, ~
x we infer that = € V(a t,,). Let x1, 22 be fresh variables and o3 = {z5 —
t,}. Because x, z1, z2 € V(a t,) we can construct an LNC-derivation:

A G i[i],(ﬁ ath_1 RT,t, R iL“z,G’O'l
Soe tn R T2, 0109 =)0y G'O10203
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Let G; =t,, = x2,G'0102. Note that we can apply a [V]-step (with n = 0)
to G1:

G1 2 v),0, G'010203
We have 010203 = {& + a tp,x1 = a tn_1, 22 — tn}. Then 010203 [y(@)=
o because z1,z2 € V(G). Since V(G') C V(G), we have G'oy0305 = G'o.
Therefore, we can replace the second [v]-step of A’ with a [V]-step and
obtain the (mixed) refutation A'. O

4.4.4 Well-formed LNC-refutations for ATRSs
Lemma 17 Let A : G = a 5, t, ~ ¢ @,,G' = O € WF. If the [o]-

inference rule is never applied to an a-descendant of a s, t, ~ x U, then
there exists an LNCA-derivation B : G =) Gy and A’ : G; =, 0 € WF
such that |A'| < |A] and 6 = o0’ [V(G)].

Proof. Because the [o]-inference rule is never applied to a-descendants of
@ Sm tn ~ T U, of G, the first n LNC-steps of A must be [d]-steps. Hence,
A can be written as:

A:G=a5y, ty, =20y, G bf’d]aﬂzm,tn:un,G' =, 0.
We distinguish the following situations:

(1) a==. We prove that in this case we must have m = 0. Assume m #
0. Then the only possibility is to start A, with an [i]-step. We notice
that in this case all the subsequent LNC-steps are [i]-steps and A is non-
terminating. Therefore m = 0 and the first step of A, is a [t]-step:

Asp iz R oty X up, G =ty up, G =5 0.
In this case we can replace the first n + 1 LNC-steps of A with a [dv]-step:
B : G S th 2 un, G =5 0.
We can take A" = As 41 with 6/ =0, 0 =¢.

(2) a # x. Then the only possibility is to start As,, with a sequence of i [i]-
steps, where 0 < ¢ < m, followed by a [v]-step. There are two possibilities:

(2a) i=0. In this case A, can be written as:
aSm 2Tty 2 Uy, G =y (t 2 u,,G')o =p O

with o = {& — a 5,,}. This implies that € V(a 3,,) and therefore
we can perform the [V]-step:

B:GZy,e (th = up,G")o

In this case we can choose G = (t,, ~ u,,G")o and A’ = A5, 11.
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(2b) i > 0. In this case As,, can be written as:

aSm =Tty = Up, G

2 - a— ! T ~ .
:>[i],¢71---¢7i (a Sm—i X Tpy_jir1> Sm—it1,m = -Tm—i+1,m:tn = Un,
Goy...0;
— ! ! *
=>[v],¢72 G = (Sm,iJrl’m R Tm—itl,m,bn > Unp, G )0’1 - O30 =y O
_ ! L — ! ! .
where 0y = {z = 2], Ty}, ..., 00 = {T), ;10 & Th_it1 Tmoit1}
[ ! H ! !
and o} = {z), ;11 = a sy} With @ 11,20, ;0,0 Tm, 2, €

V —V(G,) fresh variables. By applying Lemma 16 mn — i times to the
first [v]-step of A, we obtain:

A" G ﬁ[@] aS, ~2x,t, = u,,G'
Wb (m—i) —
i1 (a x|, 5m ™ Tmytn 2 Uy, G oy ..o
=+ ~ o ! !
= vl (Sm R T, bty = Uy, G o1 ... Omo,
m—1 _ T~ . ! !
3[\/]’0./ Gl - (smfiJrl,m ~ xm7i+17m7tn = Up, G )Ul ... 0405

=1l a

! ! !
where o' = {71 = s1,...,Zm i = Sm_i}, O1...0m0,0" [y@)=

! " !
op...ooand AL o= Aspyipr. Wehave oy .. ooy, [ya)=

{z = a7z} Welet p={z — a Z,} and the LNCA-step:
aSm bty 2@ Un, G S, 5m R Ty by = un, G')p
replace the first n +m + 1 LNC-steps of A”. Now we can choose:
B:G E[I]mEF\Hé' Gy
and A" = A5 p1i41- By 2., we have 6 = pa'6’ [V(G)]. O

The following lemma is of importance when lifting a well-formed LNC-
refutation to an LNCA-refutation requires the introduction of an [i]-step.

Lemma 18 Let A: G = (G}, r = &1,s = x2,G5)o =} O, be a well-formed
LNCA-refutation where 0 = {x — 1 z2} and such that:

(i) 1,20 €V =V(r,s,2,G},GY),
(it) if © € V(GY,r,s) then xof is normalized.

Then there exists A" € WF of the form: A' : G' = (G,r s = z,GY) =4 O
such that 0 = 6’ and |A'| < |A| + 1.

Proof. We distinguish two cases:
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1. A has a sub-refutation (z; x2 ~ t,G1,7 = 21,5 X z2,G4)o6; =* O
which does not start with a [v]- or an [o]-step applied to tob,

2. A does not have such a sub-refutation.

First we prove case 1. Let
A = Asi, Gy = (;1;1 To ~t, G, r X x1,8~ $2,G{2)0'91 =*0

be the longest sub-refutation of A which does not start with an [o]- or
a [v]-step applied to to6;. Then obviously « € V(G]) and, according to
hypothesis (ii), zof is normalized. This implies that (x; x2)6@ is a normal
form.

We notice that the only way a term of the form z; x5 is decomposed
in the sub-derivation B : G = G, of A is by applying a [d]-, [i]- or [o]-
step to an equation of the form z; zo ~ v where v is any term. From the
definition of A" we deduce that such steps do not appear in B and therefore
the following conditions hold:

® T1,T2 i/ D(el)a

e if 1 and x» appear in Z(#;) then they appear in subterms of the form
r1 Io.

As a consequence (z; x2)o0; = 1 x2. Because A € WF, from Corollary 3
we obtain by contraposition that A" does not start with an [o]-step applied
to x1 xo. If A” starts with an [i]-step then we must have tof; = z € V and
A" is of the form:

A" 1 w9 =2, G" =>[ T Ry, T2 Ry, G o’

i],a’:{z»—)y1 ya2}
:>[2V]7U” Glla.la.ll :>* D

with G = (G1,r ~ 1,5 & z3,G}%)ob;. Since this contradicts the assump-

tion that A" is well-formed, we have that A" does not start with an [i]-step.

Hence the next step of A must be a [d]-step. In this case to6; = vy vy for

some terms vy, v and G is of the form G{,z ~ ¢,GY such that we can

write:

A:G= (Gf,xz~t,G!,r =x1,s & x2,Gh)0
ig11 Gi, = @1 &3 2 vy 02, (GY, 7 R 21,5 B 22, GY)ob,
= T1 U1, T 2, (GY, T R T, 8 R T2, Gh)ob)
=S¢ (GY,r = 1,5 = 12,Gh)00:6;
:>233 Giytistist1 = (1 & 11,5 ~ T2,GY)0010203
=g 0O
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Starting from A, we construct A’ as follows. Let By € LNC be of the form:
By:(r s~ @ xy,G)0010203 =) Giytintiz+1 =4 O

such that (Bs)>1 = As (i) 4is+is+1)- Then By € WF because A (i, yip+iz+1) €
WUEF. Let B} € LNC be of the form:

r, ~ ~ " ~ / io+iz+ig+1
Bs 2 ~ v, 20 > v, (GY, 7 s & @ T2,G5)00; = ta0a O

such that:

e The first iy + i3 steps of B} coincide with the first iy + i3 steps of
Asii41,

b (B§)>(iz+i3) = By.
Then B; € WF. From Bj we construct
B3 U R T,V R T2, (Glll,T‘ SR T .'I/'Q,EQ)Uel =>222;;S;H4+1 O
by permuting, if necessary, the sides of the first two equations and applying
the same inference steps in the same order at corresponding positions. Since
B € WF, from Lemma 7 we obtain that B; € WF.

Since z1,x2 ¢ G} we have that z1,2> ¢ GY. We already noticed that
x1,x2 & D(01) and if z; and x2 appear in Z(#;) then they appear in sub-
terms of the form x1 x». Therefore we can remove all occurrences of x; and
xo from Z(6;) by replacing all the occurrences of z; x5 by z. Assume that
by this transformation we obtain §; from 6,. Because 0, = §,0 we can
consider the LNC refutation

Bi: G"=(x=tG rs=~zGh)on

=[ilo V1 R T1,02 R T2, (G],7 8 2 11 22, G3)o0)

S
where (Bf)s1 = Bs. Then ©6,06020304 = x06165056, = x06 is normalized.
The only case when Bj ¢ W is where the first [i]-step is followed by two
[v]-steps. In this case we define By as the LNC-refutation obtained from
B!, by replacing the first three steps by a [v]-step. Otherwise we assume
By = B),. Then By € WF and |Bs| < i2 + i3 + i4 + 2. We finally define:

A G = (G, rsma,GYy) =3 G'=(rrv v,G,rsxx,Gh)0
Lintigtiat2
7020304

where the first iy steps coincide with those of A and are applied in the

same order at the same positions, and A%; = B,. Then A’ € WF and

|A'| =iy + |By| iy +ip +is +ig + 2= |A] + L.
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We now prove case 2. In this case A can be written as:
i i
A:G=(G,rrr,sm2,Gh)o =4 Gy = (r ®x1,8 % 12,Gh)00, =2 O

such that x;,z2 € D(06;). From A we construct the LNC-refutation B as

follows: ) )
A: G=y (reo,s®o,Gh)ot =@ 0

. il
B: G=3 G} =(rs~z,G)H

where d; is defined like in case 1, the first 4, steps of B coincide with the first
i1 steps of A and are applied in the same order and at the same positions,
and Bs; 41 = As;, . If Ay, starts with two [v]-steps then we define A’ to
be B in which the sequence =>jj=>,j=y] of steps to G}, is replaced by a
[v]-step. Otherwise A" = B. Then A’ € WF and |A’| < i1 +ix+1=|A|+1.

O

Lemma 19 Let A: f 5, ~t,G =} O € WF such that:

(i) There ezists a first [o]-step of A which is applied to the lhs of an
a-descendant of f 5, ~ t,

(ii) All [i]-steps before the first [o]-step are applied to the lhs.
Then there exists a fresh variant f W, — r of a rewrite rule such that:

(a) The last [o]-step to an a-descendant of f S, =t is of the form

Ay (fSmrt)o G

 — _— e — ] '
=>f amor (f Sm1 = [ Um—1,5m R Um,T Smy1,n = t')o, G
where m < n,

(b) There exists A" € WF of the form

A S R Uy, T Smyin & t,G =>4 0
such that |A'] < |A|.

Proof. We first prove (a). Because of (ii), the a-descendant e’ of f 5, ~ ¢
to which the first [o]-step is applied is of the form e’ = (f 5, ~ t"")o’ where
p < n. Since the a-descendants of e’ are descendants of parameter-passing
equations and the conditions Py, (A) and Ppj(A) of well-formedness hold,
we deduce that the a-descendant of e to which the last [o]-step is applied
is of the form (f 5, ~ t')o where m < p < n. It remains to prove that the
rewrite rule variant employed in this last [o]-step is of the form f @, — r.
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By Lemma 14, it suffices to prove that m = ar(f). By Lemma 13 for the
well-formed sub-refutation A" of A starting with A; we have m > ar(f). If
m = 0 then also ar(f) = 0 and there is nothing more to prove. If m > 0
then we can write A" as follows:

(fsm=t)o,G" =hwror (f Sm—1 & h Up—1,5m & Uk, T Smyin ~ t)o, G’
=*0

where k = ar(h) > 0. Since AZ, does not contain [o]-steps applied to a-desc-
endants of f 5,7 ~ h Ur_1, we can apply Lemma 9 to AY, and obtain by
contraposition that f = h and m—1 = k—1. Hence ar(f) = ar(h) = k = m.

We prove now (b). We prove by induction on n —m the existence a
well-formed LNC-refutation

A5 R U, " Sn~t,G =50
which in addition to |A'| < |A]| it also satisfies the condition:
C(A,A"): TIf A:e G =" O then for every ¢ € G the following implication

holds: if [o] is never applied to the rhs of the descendants of e’ in

A then [o] is never applied to the rhs of the descendants of €' in
Al

This condition is used in the proof of case 2., where we construct an LNC-
refutation with a new parameter-passing equation.
Case I. Assume n = m. Then we distinguish two subcases:

(a) m =0. Because property (a) holds, A is of the form A : f =~
t,G =[], f»r r = t,G =, O and we can take A’ = A-;. Obviously,
C(Asq,A’) implies C(A, A").

(b) m > 0. Because of property (a), the first LNC-step of A coincides
with the last [o]-step to an a-descendant of f 5., = t. Therefore, we
can write:

A [ mt,G =0 amar [Sm 1 fUn—1,5m R Un,r & t,G =7 0.
From Lemma 12 we know that A~ contains a sub-refutation:
A5 Ry, r 2 t,G=,0

such that |A'| < |Asi1] < |A] and C(Asq, A"). Also, C(As1, A") implies
C(AA".

Case II. Assume n > m. We distinguish the following situations:
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1. A starts with a [d]-step. Then ¢ = ¢; t5 for some terms ¢;,t5 and we
have:
A: fsp=t ta,G =[d] f spn—1 ®t1,sn Rt G :>; O.

Since A1 has properties (i) and (ii), from the induction hypothesis
we infer the existence of B € W of the form:

!
B:G] = (Sm R Um, T Smiin1 R t1,5, B t2,G) =5 O

such that |B| < |As1| and C(Asq, B) holds. Also, C(As1, B) implies
C(A, B). Let Bs; be the sub-refutation of B such that

B>,' Gy = (’I“ Sm+1l,n—1 ~ t1,8n R t2,G)01 =>§2 .
We construct the LNC-refutation

A Gl' =5m = Um,T Sm+in St t2,G
ibl GIQ = (T’ m ~ t1 tz,G)Gl
=) G2 = (r Smran—1 & t1, 80 & t2,G)01 =], O
where the first 7 steps of A’ coincide with those of B and A’>(i+1) =
Bs;. Then A" e WF and |A'| =i+j+1=|B|+1 < |As1|+1=|A]
Since B € WF, we deduce that A" € WF. Moreover, C(A4, B) implies
C(AA".

2. A starts with an [o]-step to the lhs. Then A is of the form:
A:f5umt,G >0 h moor [ 1 R BT 1,80 R vp, 1’ & E,G =5 0

where k = ar(h) > 0. From the induction hypothesis for A, there
exists B € WF of the form

. I— v v ~ ,N *
B:G] =55 8 Um, " Smpin-1 R h V1,8, R g, 7 & t,G =5 0

such that |B| < |As1] and C(As1, B). From the validity of property
Pio)(A>1) we deduce that [o] is never applied to the rhs of descendants
of the equation t, & vy in As;. From C(As1, B) we have that [o] is
never applied to the rhs of the descendants of ¢,, ~ v in B. Let Bx; be
the sub-refutation of B such that Bs; : Gy = (r 5,-1 ® h Tp—_1, 5, &
vg, ' & t,G)o, ﬁgz 0. We construct the LNC-refutation:

Ay Gi=5n B Uum,T Sman=tG
=0, Gh = (r Sy~ t,G)0;
=>[p],h T Gy = (T‘ Sm+l,n—1 = h U, 1,8, ~ ’Uk,’l“’ 4 t,G)el
=9, O
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where the first 7 steps of A’ coincide with those of B and A
B-;.

Then |A'| = |B|+1 < |As1|+1 = |A|. From our previous remark that
no [o]-steps are applied to the rhs of descendants of ¢,, & vy we deduce

A" € WF. From the construction of A" and the fact that C(As,, B)
holds we infer that C(A, A") holds too.

S(it1) =

. A starts with an [i]-step to the lhs. Then:

A: [~ 2,G =) o—famer oo} (f Fn1 R T1, 8, R T2,G)o =4 0.

An application of the induction hypothesis to As; reveals the exis-
tence of a B € W of the form:

B : (5m ® Um,T Smilin_1 N %1, S, & T2,G)o =3, O
such that |B| < |As1] and C(As1, B). We distinguish two subcases:

(a) = € V(f 35). Then zo¢’ is normalized because A € WF. We can
now apply Lemma 18 to B and obtain A" € WF of the form:

A5 B U, T S 2 T, G =g O

such that 06’ = 0" and |A'| < |B| + 1. But 06’ = 6 and hence
0" = 6. Also, |A'| < |B|+1 < |A51] +1 = |A|. From the
construction of A’ from B given in the proof of Lemma 18 results
that if [o] is never applied to the rhs of descendants of e € G in
B then [o] is never applied to the rhs of descendants of e in A’.
This observation together with C(Ax1, B) implies C(A4, A").

(b) & & V(f sn). Then @ & V(Sm = Um, " Smiin-1,Sn) and we can
again apply Lemma 18 to construct from B the desired A’ € WF
with property C(4,A"). a

Lemma 20 Let A € WF be of the form

A:G=z35,~t,G =, 0 (4.2)

such that there exists a first [o]-step of A which is applied to the lhs of an
a-descendant of x 5, =~ t and all the [i]-steps which precede it are applied
to the lhs. Then there exists a fresh variant f Uy U, — r of a rewrite rule
such that:

(a) 0 <m <n,
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(b) The last [o]-step to an a-descendant of x 5,, = t is of the form

A1 . (iL“ Sm N t’)91,G"
=0l ax vm—or (f Sm—1 = f Uk Um—1, Sm R Um, T Smyin = t')01,G"

(c) There exists a A" € WF of the form:

A" (S R U, T Smmin 2 t,G)o =5 O (4.3)
with 0 = {x — f Tr} such that o8’ =0 and |A'| < |A|.

Proof. We notice that the a-descendants of parameter-passing equations
are parameter-passing equations. Since the first [o]-step to an a-descendant
of z 3, ~ t is applied to the lhs then, because of property Pjo(4), all the
[0]-steps to a-descendants of x 5, ~ t are applied to the lhs. Also, because
of property Pp;(A), all [i] steps between the first and the last [o]-step to
an a-descendant of z 5, ~ t are applied to the lhs. Therefore, the last
a-descendant of = 5, & t to which an [o]-step is applied is of the form
(z 5)01 = t'6; with m <n.

We prove now that m > 0. Assume that m = 0. Then from the applica-
bility of an [o]-step to the lhs of (x 5,,)01 ~ ') we deduce that € D(6;).
Also, by Corollary 3, the term 6, is reducible. Since this contradicts prop-
erty 1.(b) of well-formedness for A, we must have m > 0. From Lemma 15
we deduce that the variant of the rewrite rule employed in the [o]-step to
the lhs of (z 5,,)01 ~ t'6; can be written as f uy U,; — r. Thus, conditions
(a) and (b) hold.

We prove now that condition (c) also holds. Consider the sub-refutation
A" of A that starts with an [o]-step applied to the lhs of the a-descendant
(z Sm =~ t')0, of x 5, ~ t. This refutation starts from a goal of the form
Go = (x5 ~ t')01,G". Since A" € W, it is of the form:

G2 =(o).f ur vmor (@01) 81 1 & f Uk Uy1,8), X U, 7 R 1'0,,G" =* 0

where s} = s;6; for 1 < i < m. Since the first step of this sub-refutation
is also the last one to an a-descendant of z 5, =~ t, we deduce that the
following m — 1 steps must be [d]-steps. Therefore we can write:

A:G =>;1 Go = (x 5 = t")01,G"
=[o],f Tk Tm—r (x01) s, 1 = f U V1,5, R Vm, 7~ t'0,G"
=>7£]*1 zb, ~ f uy, A, G = 0. (4.4)

! !
51 R Uy S & Um

yeeey

The equations displayed within boxes are descendants of the parameter-
passing equations generated from the equation (z 5., =~ t')f; € G2. They
are used in specifying the property C2(A, A’) defined below.
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We now prove by induction on |A]| the existence of A’ € WF. In the
proof we make use of the property that the condition C(A4, A") = C1 (A4, A")A
C2(A, A") holds in each induction step. Here, C1(A4, A") and C2(A4, A") are
defined as follows:

Let A and A’ be the LNC-refutations under consideration of the forms given
in (4.2) and (4.3). Then:

Ci(A,A"): for every €' € G, if [o] is never applied to the rhs of de-
scendants of €' in A then [o] is never applied to the rhs of
descendants of ¢’ in A’

C2(A, A"):  assuming A is written in the form (4.4) described above then
for every i € {1,...,m} the following implication holds: if
[v] is the only LNC-step applied to a descendant of s} ~ v;
in A then [v] is the only LNC-step applied to a descendant
of s; ~v; in A'.

First we note that because of assumption (ii) A can not start with a [v]-step
or a [t]-step. We distinguish three possibilities for the first LNC-step of A:
Case I. A starts with an [i]-step. Then ¢ € V. Because of assumption (ii)
we must have n > 0. In this case A can be written as:

A: G =0, (too) si_ ) R 21,8, R T2,G'og =" 0

where 09 = {t — x1 z2} with z1,22 € V fresh variables, s = s;00 for
1 <i < n. We further distinguish two subcases:

1. t = z. Then A is of the form

A:G =)o 71 T2 8| R T, 8, X Ty, G'og =50 O
where 0g6” = 6, and the sub-refutation A"’ of A can be written as:

A G2 = (2131 Ty Sy R t’)91,G"
=lol,f @ T (T1 T2 Spo1 A f U U1,
Sm & U, T R t)0, G’ =* 0.
The equation (z; x2 S, & t')6 is an a-descendant of x; x» ﬂ SE
obtained by applying a sequence of [d]-, [i]- and [o]-steps. Since [i]-
and [o]-steps of this sequence are applied only to the lhs, we have
V(.’L'l T S%_l ~ xl)ﬂD(Ql) = {:Ul} and V(.’L'l o Slri—l ~ xl)ﬁI(Ql) =
(. Therefore zo & D(61) U V(2161). From Lemma 15 we deduce that
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k > 1. Since A" € WF, we can write it in the form:

G2 = (2131 T2 Sm ~ t’)01,G”
! —_ ! ! n
=(o).f r Tmor T1 T2 8y 1 AR f Uk U1, Sy R O, ¥ R0, G

S ot~ T R ]

R t’91,G” =*0

!
Sy R Uy

i
S RUL}---, ,

where the equations displayed within boxes are descendants of the
parameter-passing equations generated from the equation (z1 z2 5, =
t"0, € Gy. Since xo & V(11601 =~ f Ur—1), we can further write

U1 : 01 & f U1, (T2 R Uk, 5 R O, 7 R )01, G

=5, T2 R ugby, (Sm R U, r & t)0102, G0y =[)=" 0.

We can now apply the the induction hypothesis to As; € WF and
deduce the existence of a well-formed LNC-refutation A" of the form:

A" (22 ™ Uk, S R Uy T S ln—1 & T1, Sy, & T2, G )ogoy =5 O

where 01 = {z1 — f up_1}, |A"] < |As1|, and C(As1,A"), and
010" = 0", From the assumption C2(As1,A”) and the observation
that [v] is the only inference step applied to an a-descendant of x»
ug, in A we conclude that the first LNC-step to (z2 & ug)ogo; = x2
uy, must be a [v]-step. Hence:

~
~
~
~

n ! *
01 (5m R U, T Sitin1 R 1,8, R T2,G oo {xs = up} =" 0.

Note that opo1{zs — ur} = {& — f Ur,z1 — [ ug_1,22 — up}.
Because 0 = (0001{72 = Uk }) [V (smmvm.r smria=T.G'), We can write:

n . !
Uy (sm R Um,T Smrin_1 ~ [ Up_1, 5, & ug,G')o

~ ~ !
= (P Syt 1 R f Uk 1,80 A ug,G'orn =7, 0.

We perform the following construction of A’ from AZ, :

A" (5 R Um, T Smrin =z, G)o :>31 (rty, =~ fug,G)on
=1a (7 Smrtne1 & f Ur—1, 5n R ug,G"on =7, O

where the first ¢ LNC-steps of A’ coincide with the first i« LNC-steps
of AY; and AL, , = AY, ;. Then A’ is well-formed and satisfies
the requirements of our lemma. The validity of C(A4, A’) results from
the way in which A’ is constructed from A” and from the property

C(Asq, A").
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2. t # z. Then A is of the form
A:G = @ sh_y R 1,8, N X2,G 00 S5, O

where 096" = #. By the induction hypothesis for As; there exists a
A" € WF of the form:

n ., ! *
A" (S B U, T Bt in 1 R T, 8n R T2, G oo =5 O

such that o6y = 0", |A"| < |As1| and C(As1,A"). Since ogo = ooy,
we can write A" in the form:

A" (S B U, T S Lin—1 R %1, 50 R T2, G )oog =, O.
An application of Lemma 18 to A" yields the desired A’ € WF.
Case II. A starts with an [o]-step. We distinguish two cases:

e 1. = m. Then this step is also the last [o]-step to an a-descendant of
T 5, ~t. We have then:

A:xs,=t,G

s o~ f UL T ~ ~ !
=[ol,f Tk Tm—r T Sn 1 R f Uk U1, 8m R U, 7 R G
:>Eg]71 T~ fu_kasm %’Um,’r‘%t,Gl

=[], o={z—~f wr} (Sm R U, T & t,G')U =>;, O
and we can choose A’ = A< y1.
e 1 > m. In this case we have:
A: x5, R t,G S0, 1o TSl R, sy R, =G =7, 0.

By the induction hypothesis for As; we infer the existence of A" €
WUEF of the form:

A" (5 B Uy 7 St R 1, 8p R oy & t,G')o =5, O

such that o6’ = 0, |A"| < |As1| and C(As1,A"). Let iy > 0 such
that:

A" (S R Umy T Smrin—1 R l1,5n R 2,7 = t,G")o

:>f,1, (r Smyinci =i, bty =, r' = t,G" oo’ =* 0.

We construct:

A (50 R Um, T Smrin ~t,G o =, (rSprin ~t,G)oo’
— ~ I Nerer!
:>{0]711 lo—r! (7“ Sm+1,n—1 ~ ll; Sn N lz,T‘ ~ t, G )0’0’ =*0
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such that the first i; steps of A’ coincide with the first i; steps of A”
and AL; ., = AY; . We notice that |A'| = [A"|+1 < [As1]+1 =
|A|. We must show that A" € WF. Because A” € WF, we only
have to show that in A’ there are no [o]-steps applied to the rhs of
descendants of the parameter-passing equation (t,, = ly)oo’. We note
that (s, & l2)o is a parameter-passing equation in A-; and therefore
[o]-steps are never applied to the rhs of the descendants of (¢, ~ l3)o.
From C(As1,A”) we infer that in A" [o]-steps are never applied to
the rhs of the descendants of (s, & l2)o. From the construction of
A’ it is easily seen that also in A’ [0] is never applied to the rhs of
(sn & ly)o0’.

The validity of C(A, A") results from C(As1, A”) and the construction
of A’ from A".

Case III. A starts with a [d]-step. Then n > 0, t = ¢; to for some terms
t1, t2 and:

Az sy Rty b2,G g @ 5L Rt s, X b2, G =5 0

and we can apply the induction hypothesis to A, and obtain a well-formed
LNC-refutation:

A" (S B U, T Smgin—1 R t1, 8, R t2,G')o =¢ O

with 08’ =6, |A'| < |As1| and C(As1,A"). Let iy > 0 such that:

A”' : (5m R U, T Smdlin—1 R b1, Sn R to, ' & 1,G)o
= (r S Ry, $p R te,Goo’ =* 0.

Then we define A’ as follows:

Al (Sm R Um,T Smtln N t,G’)g- :}fl_l, (7« Smiin At tg,G')a’a"
=) (T Smrt,n—1 R 1,8, R t2,G' oo’ =* 0

where the first i; steps of A’ coincide with the first i; steps of A” and
AL, o =AY, . Then A" € WF and |A'| = |[A"| +1 < |Asi| +1 = |A]
Also, property C(A, A") follows from C(As1, A’") and the construction of A’

from A". O

4.4.5 The Completeness Theorem

Lemma 21 Let R be a confluent ATRS and G be a goal. For every well-
formed LNC-refutation A : G =} O there exists an LNCA-derivation B :
G =% Gi1 and o well-formed LNC-refutation A’ : G1 =}, O such that
o' =6 [V(G)] and |A'| < |4|.
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Proof. Let G = s &~ t,G'. We distinguish the following cases:

(1) No [o]-steps are applied to a-descendants of s &~ ¢t in A. We have to

consider the following cases:

(la) s = f S, and t = g t,,. According to Lemma 9, we must have
f =g and n = m. According to Lemma 10, there exists a A" €
WF of the form A’ : s, = t,,G =} O such that |[A’| < |A]|.
Then, for:

B:G:fsn%ftn,GIE[df]Gl
G1 :Sn%tn,Gl,
0 =0,0=c¢

the conclusion of Lemma 21 holds.

(1b) s =~ t is of the form a 5, ~ z t,, with m > n. This case is covered
by Lemma 17.

(1c) Otherwise, s & t must be of the form f s, ~ x u, with m < n.
According to Lemma 11, there exists an [o]-step in A which is
applied to an a-descendant of s ~ t. Since we assumed the
contrary, this case is impossible.

The first [o]-step is applied to the lhs of an a-descendant of s ~ t. By
Lemma 8, there exists A" € {A, ¢swap(A,1)} such that all [i]-steps
before the first [o]-step are applied to the lhs and the first [o]-step is
applied to the lhs. According to Lemma 7, A” € WF. Assume:

[ Ry TN
A" rasp=r,G' =50

where a € F UV. We distinguish two cases:

(a) a = f € F.Let m = ar(f). From Lemma 19 we infer the existence

of a fresh variant f u,, — 7 of a rewrite rule with m < n and of an
A" € WF of the form

A S R U, T Smyin ~ G =5 0

such that |A'| < |A|. We note that we can choose B to be:

Ry — 1o 1o
B:fs~r,G S 0of],f Gt Sm N U, T Smrin~r,G

(b) a =z € V. By Lemma 20 we can assume the existence of a fresh
variant f ug v, — r of a rewrite rule such that 0 < m < n and of an
A" € WF of the form:

A" (5 B Um, T Sy~ t,G)o =}, 0
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with o = {z — f 1y} such that 08’ = 0 and |A'| < |A|. We can now
consider the [ov]-step of LNCA:

B: G=(z35,=1r,G")
3[ov]7o,f Tp Tm—T G = (Sm X Um, T Sm+1i,n N TI:GI)U'

(3) The first [o]-step is applied to the rhs of an a-descendant of s = .
Then obviously the first [o]-step is not preceded by [i]-steps, and in
Gswap (A4, 1) the first [o]-step is applied to the lhs. This case reduces
to case (2). m|

Theorem 4 (completeness theorem) Let R be a confluent ATRS and

G a goal. For every normalized solution 8 of G there exists a successful
LNCA-derivation A : G =}, O such that 8" <0 [V(G)].

Proof. By Corollary 2 and induction on |A| using Lemma 21. O

4.5 Conclusion

The completeness proof of LNCA for confluent ATRSs is by induction on
the length of well-formed LNC-refutations: any well-formed LNC-refutation
can be replaced with a sequence of LNCA-steps followed by a shorter
well-formed LNCA-refutation, such that the computed answer is the same.
Schematically, the lifting process of a well-formed LNC-refutation into an
LNCA-refutation is depicted in the figure below. Notice that the length of

situation of | well-formed LNC-refutation partially lifted refutation
Lemma 21 G=s~t,G =N0O G=>*G'"=*0
(1a) fon~ft,, G =2N0O G S sn R by, G 2V 10
(1b) T 5, th ~x U, G =N O G=2uq @ =V"10

a5, ty =T Uy, G =N O G=v G =10

with a # x or
G 3[113?]]—1' G" :>N—i—1 O

(2a) fspe=r, G =>N0 G = [of] G" =><N-1[Q
(2b) r5, ~r,G' =N 0O G = [of] G" =<N-1pg
(3) similar to cases (2a), (2b)

Fig. 4.1: Lifting of a well-formed LNC-refutation to an LNCA-refutation

the LNCA-refutation corresponding to a well-formed LNC-refutation may
be longer (case (1b) of Lemma 21). This means that LNC may sometimes
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be more efficient than LNCA if we compare them in terms of refutation
length. Intuitively, the advantage of LNCA versus LNC is the reduction of
the width of the search space of solutions because of the inference rule [of]
of LNCA which is a specialization of the [o]-inference rule of LNC.

A possible direction of further research is to analyze how the determinis-
tic refinements of LNC to LNCy can be carried over to LNCA. By following
a similar approach we expect to find a deterministic calculus for applicative
term rewriting systems.



Chapter 5

Lazy Narrowing for
Higher-Order Pattern
Rewrite Systems

In this chapter we study the possibility to extend the equational reason-
ing capabilities of lazy narrowing to languages of simply-typed A-terms.
The expressive power of the higher-order constructs available in A-calculus
is widely recognized by the equational logic community. In particular,
higher-order term rewriting supports symbolic computation with complex
structures, and the underlying kernel of the language of computer alge-
bra Mathematica™ [Wol96] is based on a particular version of higher-
order rewriting. In [Pre98], Prehofer develops a powerful higher-order lazy
narrowing calculus LN which is based on the notion of higher-order term
rewriting introduced by Nipkow [Nip91, Nip93, NP98]. For alternative no-
tions of higher-order term rewriting we refer the reader to [Klo90, Klo92,
v094, Wol93]. The advantage of adopting Nipkow’s rewrite relation instead
of the others proposed so far stems from its similarity with first-order term
rewriting, but still it is quite general. Because of this fact, several notions
and results from first-order term rewriting and narrowing can be lifted to
the higher-order case.

Motivation

Our experience with the with the first-order lazy narrowing calculi pro-
posed by the members of the SCORE group during recent years [NI95,
Suz95, MOI96, MO98] helped us to detect many similarities between first-

7
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order lazy narrowing calculus LNC and LN even though they are based
on different theoretical frameworks. Therefore we considered worthwhile
to try to extend to LN the deterministic refinements of the calculus LNC
which make it suitable for practical applications.

Another reason for our research was that this area of research is still at
its infancy. The practical utility of higher-order constructs in declarative
programming has already been explored in logic programming languages
such as A-Prolog [MN86], but useful and powerful functional logic pro-
gramming languages are still missing. This is mainly so because of the lack
of an efficient operational principle as it is lazy narrowing in the first-order
logic case. Proposals for higher-order lazy narrowing calculi have started to
appear [Pre98, SNI97] but unfortunately they are of little practical interest
either because they are too restricted or too nondeterministic.

Our investigation draws on two sources: the calculus LN, and the de-
terministic refinements of the first-order lazy narrowing calculus LNC. The
outcome is a series of lazy narrowing calculi equipped with suitable equation
selection strategies, each of them tailored for a particular class of higher-
order term rewriting systems and satisfying certain completeness proper-
ties. These calculi are more deterministic than LN, and thus more suitable
for solving complex problems. Most of the calculi proposed by us are the
outcome of our attempt to lift to LN the deterministic refinements of the
calculus LNC.

Before setting up the theoretical framework of our work, we mention
some of the main reasons why the higher-order setting of lazy narrowing
more difficult than first-order logic:

e The terms of the language are simply typed A-terms, which are iden-
tified modulo the «, 8 and n conversion rules of the A-calculus.

e The narrowing and rewriting operations require a correct treatment
of the locally bound variables,

e Both pattern-matching and unification of simply-typed A-terms are
highly intractable operations.

To overcome the complications mentioned above, we adopt the following
restrictions:

1. The terms of our language are represented in long An-normal form.

Motivation: the long fn-normal form representation is convenient
because of the following well known theoretical result [HS86]: two
simply-typed A-terms are afn-convertible iff their long An-normal
forms are a-convertible. Another important theoretical result is that
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a-convertible A\-terms can be identified at the syntactical level [dB72].
Thus, this representation of simply typed A-terms simplifies the test
of afn-convertibility.

2. The equational theories are axiomatized with confluent pattern rewrite
systems, i.e. sets of rewrite rules between A-terms of base type whose
left-hand sides are patterns.

Motivation: patterns [Mil91] are elements of a restricted class of
simply-typed A-terms which has the following important property:
pattern unification is unitary. As a consequence, matching with a
pattern is unitary. This property simplifies the formal treatment of
term rewriting [Nip91, Nip93], making it more similar to the first-
order case. The restriction to rules of base type is motivated by the
Nipkow’s observation [Nip91] that term rewriting with rules of non-
base type becomes problematic if we want to work with terms in
B-normal form. To illustrate, consider the rewrite rule of non-base
type Az.f(G(z),z) — Ax.g(x) and the A\-term ¢ = f(g(a),a). The
A-term ¢ is B-equivalent to (Az.f((g(x),z)))(a). If B-reduction is not
implicit then we can rewrite ¢ to (Az.g(x))(a) which is equivalent
by f-reduction to g(a). However, the representation of terms in #7-
normal form prohibits the reduction of ¢. These problematic situation
is eliminated if we restrict the rewrite rules to be of base type.

Structure of the chapter

The rest of this chapter is structured as follows. In Sect. 5.1 we introduce
the main concepts, notions and theoretical results that are relevant to our
study: the algebra of simply-typed A-terms, the notions of preunification
and higher-order term rewriting, and the equational logic which supports
reasoning in theories axiomatized with pattern rewrite systems. A brief
account to the main properties of the lazy narrowing calculi for pattern
rewrite systems is given in Sect. 5.2. In Sect. 5.3 we introduce LNg, our
first calculus for pattern rewrite systems, and analyze its main properties.
In Sect. 5.4 we introduce the refinement LN; which addresses the most
critical source of nondeterminism of the calculus LNg: outermost narrow-
ing at variable position. This refinement is realized by adopting a suitable
equation selection strategy and a criterion which eliminates the application
of outermost narrowing at variable position for certain equations, in a way
that makes LIN; sound and complete. The following sections describe de-
terministic refinements of the calculus LNg. In Sect. 5.5 we address the
higher-order counterpart of the eager variable elimination problem, and de-
fine a method to reduce the nondeterminism of solving certain parameter-
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passing equations without losing completeness of LN;. Starting from Sect.
5.7 we define deterministic refinements of the calculus LN; for left-linear
pattern rewrite systems. In Sect. 5.7 we define a criterion to detect and
eliminate equations which do not contribute to the computation of a so-
lution and propose the calculus LN, with strategy S, to realize it. Lazy
narrowing with constructor PRSs is analyzed in Sect. 5.8: the outcome
is the calculus LN3 with strategy S., which is a deterministic refinement
of LNy with strategy S.. Equations with strict semantics are introduced
in Sect. 5.9 and a suitable subcalculus is defined for solving them. An
approach to extend the calculus LNg to conditional rewriting is outlined
in Sect. 5.10. Finally, in Sect. 5.11 we draw some conclusions and outline
directions of further research.

The results presented in this chapter are further developments of the
results reported in [MIS99c].

5.1 Preliminaries

This section introduces basic definitions and results related to higher-order
equational reasoning.

5.1.1 The Language

In this subsection we introduce the language of simply-typed A-terms.

We assume given a set Sy of sorts called base types. The set S of
types is defined as the inductive closure of Sy under {—} where — is the
function type constructor. We assume that — is right associative and that
7,7 ,71,T2,... range over S.

A simply-typed signature is a tuple ¥ = (Sp, F) where Sy is a set of base
types and F = {F,},cs is an S-sorted set of symbols such that F, # 0
for all 7 € S. We assume given an S-sorted set {V;},ecs with V, countably
infinite for any 7 € S. The elements of V are called variables. The sets F
and V are assumed to satisfy the conditions F, NF =V, NV, = F NV, =
Fr NV =0 for any 7 # 7. We define opns(X) := F and sorts(X) := S.

The following definition introduces the class of simply-typed A-terms
and their associated types.

Definition 28 (simply typed A-term) A type judgement stating that a
A-term t is of type T is written as t : 7. The following inference rules induc-
tively define the set T(F,V) of simply typed A-terms and their associated

type:
x€e€V, feF s:11 o1 t:mm  x:T STy
T:T for (st):m A\z.s) i1 = 1
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We denote by T (F,V) the class of simply typed A-terms, by type(t) the type
of a simply typed A-term t, and write t : T, — T whenever t is a simply-typed
A-term with type 71 — ... = T, = T.

In the sequel by term we understand a simply-typed A-term and adopt the
following naming conventions:

e X, Y, Z, H, possibly primed and/or with a subscript, are free vari-
ables,

e z,y,z, possibly primed and/or with a subscript, are bound variables,
e f, g are function symbols,

e h denotes a free variable or function symbol,

e v denotes a bound variable or function symbol,

e s,t,l,r, possibly primed and/or with subscript, are terms.

Given two A-terms s, t and a variable x, we denote the abstraction of s
over x by Az.s, and the application of s on t by (s t). We will use n-fold
abstraction and application, written as AT,.s for Az; ...=x,.s and s(t,) for
((...(s t1)...) tp) respectively. Free and bound variables of a term ¢ will
be denoted by V(t) and BV(t), respectively.

The conversion rules in A-calculus are:

Ry : Azt = My (tH{z—y})ify eV -V(t) (a-conversion)
Rg: (A\z.s) t —» s{z — t} (B-conversion)
Ry,: Az.(tz) =, tifz eV —V() (n-conversion)

A simply typed A-term of the form (Az.s) t is called S-redex. We denote by
=, the congruence relation induced by the a-conversion rule on T (F,V).
In the sequel we will identify syntactically two a-convertible A-terms', and
thus write s = t whenever s =,t.

In the sequel we denote by —4 the reduction relation induced by Ry
on T(F,V). (¢ € {a,B,n}.) The Bn-reduction relation —3,, is defined by
s =gy tifs =g tor s —, t. For every w-reduction relation (w € {a, 8,n}*)
we define the corresponding w-conversion relation =,, as the reflexive, sym-
metric and transitive closure of —,, . It is well known [Bar84] that the
reduction relations —g, —,, and —3, are confluent and terminating. We
denote by t|g, tl, and t}g, the corresponding normal forms of a term t¢.

IThe identification of two a-convertible A-terms can be achieved by comparing their
de Bruijn [dB72] encodings.
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A term ¢ in B-normal form can be uniquely written as AZ,.h(t,) where
h € VUZF. We call h the root of t and denote it by root(t). The appli-
cation of a ¢-conversion rule (¢ € {8,n}) in the other direction is called
¢-expansion.

Definition 29 (n-expanded form) Let ¢t € T(F,V) = AZ,.v(5,) be a
B-normal form, where v = root(t). The n-expanded form of t, written t1,,
is defined by

= Tk V(Sm Ty, Tnt1 Ty - Ttk Ty)
where t : Tpr = 7 and Tpy1, ... ,Tpyr ore fresh variables.

Given a term ¢, we call t|g1, the long fn-normal form of t, also written as
t3%. It is well known [HS86] that s =agy t iff s3T5 =4 113

We will in general assume that terms are in long Sn-normal form. For
brevity, we write variables in n-normal form, e.g. write X instead of
AT X (T) whenever X € V\ {z1,...,zr}. We assume that the trans-
formation of a A-term ¢ into long An-normal form is an implicit operation.

A Aterm ¢ is flex if root(t) € V(). A rigid A\-term is a A-term which is
not flex. A flex/flex equation is an equation between flex terms. The notions
of flex/rigid, rigid/flex and rigid/rigid equation are defined similarly.

Like in the first-order case, the basic operations on A-terms are sub-
stitution and replacement. Similar to the first-order case, we denote by
Subst(F,V) the set of substitutions from V to Ty (X%, V).

The result t6 of applying a substitution 6 on a term t is defined as
follows:

o X0=0(X)if X €V,

fO=fif f € opns(X),

o (st)f = (s6th),

(/\213.8)9 = /\213.(89 rD(Q)—{z})-

Definition 30 (position) The set Pos(t) of positions in a A-term ¢ is the
set of sequences of natural numbers defined inductively as follows:

{e} iftev,

Pos(t) := ¢ {e}UUl,iq|q€ Pos(t;)} if t =v(ty),
{eyU{lp|p € Pos(\Tz,.5)} ift=ATp.s.
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Definition 31 (subterm) Lett be a A-term and p € Pos(t). The subterm
of t at position p, denoted by t|,, is defined by:

t ift =-¢,
tly =< tilg ift=v(t,) and p =i-q,
(ATzn.5)lq ift=ATpn.s and p=1q.

If pis a position in a term ¢ then BY(t, p) denotes the set of all A-abstracted
variables on the path to p in s.

Example 4 If t = \x1,z2.f(Av3.g(z1,23),b) and p = 111 € Pos(t) then
tlp = Ars.g(@1,x3) and BV(t,p) = {x1,22}.

All the other definitions and notations pertaining to substitution, posi-
tion, replacement, equational theory, and provability are carried over from
the first-order case to the higher-order case.

5.1.2 Higher-order Unification

Similar to first-order unification, higher-order unification is concerned with
solving problems of the following type: given a goal s, = t,, find a repre-
sentation of the set of unifiers

UG) = {0 € Subst(F,V) | Vi€ {1,... ,n}.5:0 = t:6}.

Whereas in the first order case there exists a most general unifier § =
mgu(G), i.e. a substitution # € U(G) such that § <@ « for all v € U(G),
the situation is different in the higher-order case. Huet has shown [Hue76]
that there exist higher-order equations s & t € £q¢(F, V) which do not have
most general unifier: there may exist an infinite chain of unifiers 64, ...,
0, € U(s ~ t) such that

01 >V(G) 0 >V(G) 03 >V(G)

For such goals it is not possible to specify a complete set of unifiers of G,
ie. aset dd(G) CU(G) such that

Vy e U(G) 30 € cU(G).0 <V .

A practical way to remedy this situation is to weaken the requirement of
an unification calculus to compute a complete set of unifiers, and to ask for
computations of so-called preunifiers.

The main idea of preunification is to avoid solving flex/flex equations,
since an attempt to solve them may never end.
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[t] Deletion
G,t=t G
G, G
[d] Decomposition
G, T.v(5,) = A\T.0(tn), G’
G, N\T.59, = \T.ty,G"

[v] Variable elimination
G, z.X(Z) ~ \z.t, G
(@, Gne
where 0 = {X — A\z.t} if X € V(AT.t)

[i] Imitation

G, \T.X(5) = Xz.f(tm), G’
(G, \T.Hp,(57) = A\Ttm, G0

where 8 = {X +— A\gn.f(Hn (7))} and H,, are new variables of appropriate
types
[p] Projection
G, \7.X(3,) = \T.t),G’
(G, \T.s5:(Hp(57)) ~ A\z.t),G")0

where 1 < ¢ < n, AT.t is rigid, 8 = {X — Agn.yi (Hp(gn))}, s : T — T,
and H, : 7, are new variables.

Fig. 5.1: System PT for higher-order preunification

We present in Fig. 5.1 a set of inference rules for preunification which
is a version of the system PT for preunification proposed by Snyder and
Gallier [SG89]. Note that the substitution # involved in the inference rules
[i] and [p] is not written in long fn-normal form. The long An-normal form
of the substitution computed for [i] can be written as

{X = AT f (N2, - Hin(Tn, Z5))
and that of the substitution computed for [p] can be written as
{(X & N f(OF, Hin (¥, 75,)) }-

The substitution computed upon an imitation step is called imitation bind-
ing, and the one computed upon a projection step is called projection bind-
ing. A partial binding is an imitation or a projection binding.

The notions of step and derivation for the calculus PT are defined sim-
ilarly to LNC. A PT-refutation is a PT-derivation of the form G%; F
where F' is a flex/flex goal.
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Definition 32 (preunifier) A preunifier of a goal G is a substitution 6
for which there exists a flex/flex goal F such that 60" € U(G) for any
v € U(F).

The soundness and completeness properties of PT are stated below.

PT *

soundness If G =, F is a PT-refutation and v € U(F) then 6y € U(G).

completeness If y € U(G) then there exist a PT-refutation G = F with
v = 60" [V(G)] for some ~' € U(F).

Thus, the set AnstT(G) := {# | G==}F is a PT-refutation} is a set of
preunifiers of G. An important theoretical result which is relevant in this
thesis is the next lemma.

Lemma 22 (Lemma 4.1.6. in [Pre98]) For any flex/rigid equation
e = \T.X (5;) =~ A\T.t with § € U(e) there exists a PT-step e ==, G' with
a € {[i], [p]} and v € U(G") such that

e D(v) = (D(y) \ {X}) URng(6),
e Xv=X6v, and
e v=7"[D(y) \{X}].

We note that PT is an effective proof calculus which realizes the entail-
ment ) Fx 3G. Each PT-refutation G ==, G ...==4 G, = F with F a
flex/flex goal corresponds to a sequent proof:

INeZ=AN 0= 3N o).
ecG e€G1 ecF

It is easy to see that ) by (A, cpe) iff O Fx I A e. This is a consequence
of the following observations:

e 0 Fy 3(A.cpe) holds because F is flex/flex goal. Thus § Fx A, ;e =
0 ks I(Accpend]).

e Dby I(A.cpe=0bFx I e (by soundness of PT).

Huet [Hue76] has shown that the calculus PT is strongly complete, i.e.
that completeness of PT does not depend on how equations are selected.
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5.1.3 Higher-order Term Rewriting

Our definitions for higher-order TRSs are inspired from [Pre98]. In order
to simplify the notion of rewriting, we will restrict the rewrite rules to be
of base type only.

Definition 33 (general higher-order rewrite system) A rewrite rule
is a pair (I,7) of terms written as | — r, such that

o [ is not n-equivalent to a free variable,
e [ and r are long Bn-normal forms of the same base type, and
e V(r) C V().
A general higher-order rewrite system (GHRS) is a set of rewrite rules.

Since we work with terms in long @n-normal form only, we can always
write a rewrite rule in the form f(I,,) — r where f € F. This allows us to
distinguish between defined symbols and constructors in the same way as
in first-order term rewriting.

A generalization of the first-order term rewriting relation must take
into consideration the presence of bound variables in the subterms that are
rewritten. Note that a subterm s|, may contain free variables which were
bound in s. To get a formal handle of these variables, we introduce the
notion of lifter.

Definition 34 (lifter) Let t be a term and W C V. An Tg-lifter of t away
from W is a substitution § = {X — p(X)(Tg) | X € V(t)} where p is a
renaming such that D(p) C V(t), Rng(p) "W =0 and p(X) : 7 — 7 if
T1 Ty, - X =Tk and X @ T.

For simplicity, we will always assume that W contains all the variables
used so far and leave W implicit. A term ¢ is T-lifted if an Z-lifter has been
applied to t. Similarly, we say a rewrite rule [ — r is T-lifted if [ and r are
z-lifted.

Definition 35 (rewrite step) Let R be a GHRS and s a term. A rewrite
step from s is a relation s —, 91—, t such that

o {z1,..., x5} = BV(s,p) and | — r is an Tg-lifter of a rule in R, and
o (AT.s)|p, = AZ.(10) and t = AT.s[r6)],.

We will often omit the parameters p,# and I — r of a rewrite step s —p 91—
t and write instead s —x t. If the GHRS R is understood from the context
then we may omit R as well.



5.1. PRELIMINARIES 87

Example 5 Consider the term s = Az.f(z) and the GHRS R = {f(X) —
g(X)}. By choosing the position p = 1 we have {z} = BV(s,p). An z-
lifter of the rule f(X) — X is f(X1(z)) — 9(X1(x)). Then s|p = f(z) =
f(X1(x))8 where 8 = {X; — Ay.y}, and therefore we can perform the
rewrite step

§ 10.1(Xa (2))~g(Xa(2) A-8[9(X1(2))0] = (Az.f(2)).[9(2)]1 = Aw.g(x)

Notice that whereas first-order term rewriting is closed under substitu-
tions, higher-order term rewriting is not: reducibility of s does not imply
reducibility of sf. (E.g., if R = {a — b} then the term ¢t = A\x.X(a,b) is
reducible, but the term t{X — Az,y.y} = Az.b is not.) However, the re-
flexive, transitive closure of —x is stable, that is, if s =3 ¢ then s —7, t6.
Also, a higher-order rewriting step is parameterized w.r.t. the substitution
6. In the first-order case, § was omitted because of the uniqueness property
of a matcher. Unfortunately, the uniqueness property of a matcher does
not hold for simply typed A-terms, as one can see in the example below.

Example 6 Let a € F with ar(a) =0, X € V, s = F(a), t = a. Then both
02 = {X = \x.x} and 0y = {X — Az.a} are matchers of s with t because
891 = 892 =t.

To ensure the existence of a unique matcher, we restrict the matching prob-
lem to a particular class of A-terms.

Definition 36 (pattern) A relaxed higher-order pattern is a simply typed
A-term s in B-normal form with the property that all free variables in s have
only bound variables as arguments, i.e. if X (t,) is a subterm of s, then all
til, are bound variables. A (higher-order) pattern is a relazed pattern where
the arguments to free variables are distinct bound variables.

Patterns behave like first-order terms in many respects. For instance, two
patterns have a unique mgu modulo renaming [Nip91]. Since ground A-
terms are patterns, matchers of patterns with ground terms are unique,
and thus term rewriting with rewrite rules having patterns to the left-hand
side is similar to first-order term rewriting.

Definition 37 (PRS) A pattern rewrite system (PRS for short) is « GHRS
where all rewrite rules have patterns to the left hand side.

In the sequel, if not stated otherwise, we assume that R is a PRS.
A suitable calculus for pattern unification is PU, which consists of the
inference rules of PT plus the inference rules [ffs] and [ffd] shown below.
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[ffs] flex/flex same
G, 2. X (T) = AT X (y],), G
Go,G'0
where 6 = {X = Ayn . H(z)}, {7} = {yi | (1 < <n) A (yi = 43)}
and H is a fresh variable

[ffd] flex/flex different

G, 2. X (Um) = X2.Y (y),), G’
Go,G'0

where 0 = {X = ANy, . H(%),Y — )\E.H(%)}, {Z={Um} N {E}
and H is a fresh variable.

Theorem 5 (Miller [Mil91]) If U(G) # O then there exists a PU-
refutation G ==, 6. Moreover, 6 = mgu(G).

A rewrite rule (I — r) € R is left (right) linear if I (r) does not contain
multiple occurrences of the same free variable.

All the other notions defined for TRSs are extended to PRSs in the
obvious way.

5.1.4 Higher-order Equational Logic

A PRS R induces an equivalence relation ~® on 7(F,V). Similar to the
first-order case, there exists [Pre98] a set of deduction rules which realize
the entailment R F s ~ t iff s ~™ t.

It is known [Wol93] that there exists an institution (sen(X), Mod(X), =)
such that R =& s ~ tiff s ~ ¢,

The following result of Nipkow [Nip91] states the correspondence be-
tween higher-order equational provability and higher-order term rewriting.

Theorem 6 If R is a PRS then R s s ~ t iff s{} <5 t15.

According to this theorem, we can decide the validity of an equation s & ¢
in the equational theory generated by a confluent PRS R by showing that
there exists a A-term u such that s =* w and ¢ =% wu. Like in the first-order
case, we can represent such a rewrite proof by a sequence of steps

SRt—IRSI Rt 2R ... 3 RUR U

where s ®t =g ' =t & (s=s At 2g t')V (s or s At =1t'). The
construction of a rewrite proof for the entailment R Fyx s & t requires the
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search for a suitable sequence of rewrite steps from s ~ t to u =~ u. The
choice of the rewrite step is a source of nondeterminism which is

e don’t care if R is confluent and terminating, and

e don’t know if R is only confluent.

5.2 Higher-order Lazy Narrowing for Pattern
Rewrite Systems

In the first-order case, the lazy narrowing calculus LNC is an effective proof
subcalculus which realizes entailments of the form R by IAL (s; & t;).
An LNC-proof corresponds to an LNC-refutation

LNC *

Sp Rt ==y U

which guarantees that R Fx A, (s:8 = t;0) or, equivalently, that 6 €
Ur (sn = t,). For programming purposes it is desirable to have a calculus
which computes a complete set of normalized R-unifiers, and LNC is right
on place: the set AnsiNC(@) == {8y (G) | G =3, O} is a subset of Ur (G)
which is complete for U} (G).

A higher-order lazy narrowing calculus should preserve as much as pos-
sible the properties of LNC, lifted in an appropriate way to a higher-order
equational logic. But what are these properties? What are the higher-order
counterparts of soundness and completeness of a lazy narrowing calculus for
equational theories axiomatized with confluent PRSs in the simply typed
A-calculus?

First we take a look at the higher-order counterparts of the notions of
unifier and R-unifier.

For the calculi presented in this chapter we found useful to extend the
syntax domain of equations with a new construct: oriented equations. An
equation is a pair of terms (s,t) of the same type, written as s =~ ¢ if it
is unoriented, and as s > t if it is oriented. An R-unifier of an oriented
equation s [> t is a substitution 6 such that s§ =% t0. An R-unifier of an
unoriented equation s & t is a substitution # such that s6lxtf. A goal is a
logical conjunction of oriented and/or unoriented equations. A substitution
# is an R-unifier of a goal €, if it is an R-unifier of any of its component
equations e; (1 <i < n). Alternatively, we say that 8 is solution of €,. Like
in the first-order case, we write Ur(G) := {0 | 0 € Ur(e) for all e € G}
for the set of R-unifiers of a goal G, and UL (G) = {8 € Ur(G) | 8 is
R-normalized} for the set of R-normalized R-unifiers of G.
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We have already mentioned that the computation of a unifier of two
A-terms is highly intractable: instead, we demand only the capability to
compute preunifiers (e.g., by using the calculus PT.) Since the computation
of higher-order unifiers is not practical, the computation of R-unifiers is
even more unpractical. Therefore, we weaken the requirement of a calculus
to compute R-unifiers to the requirement to compute R-preunifiers.

Definition 38 (R-preunifier) An R-preunifier of a goal G is a substitu-
tion 6 for which there ezists a flex/flex goal F such that Vy € Ur(F').0 €
Ur(G).

The notions of C-step and C-derivation for a given a higher-order calculus
C are defined like in the first-order case.

A C-refutation is a C-derivation of the form G :C>; F such that F'is a
flex/flex goal and there is no C-step starting with F. The superscript C will
be omitted when the calculus is understood from the context.

The notions of soundness and completeness are generalized to a higher-
order calculus C as follows:

e C is sound if for any C-refutation G =} F' and R-unifier v € U (F),
we have (07)[y(q) € Ur(G)

e C is complete if for any goal G with unifier v € U (G) there exists a C-

refutation G :C>Z F with F a flex/flex goal, such that v = 6’ [V(G)]
for some +' € Ur(F).

We define Ans%, (G) := {(F,0) | Gé; F is a C-refutation}.

Most often, the lazy narrowing calculi are not strongly complete. This
means that the order in which the equations are selected affects the com-
pleteness of the calculus. One possibility to overcome the loss of com-
pleteness is to define a suitable equation selection strategy. Intuitively, an
equation selection strategy defines a criterion that rules out the selection
of all equations whose selection could generate the loss of completeness. In
general, such a criterion is dependent on the ”history” of the C-derivation
up to the current goal:

C C C
GO 9, G1 0y - - —0n GN.

We denote by HisLn,, the set of all C-derivations, and by HisLn, (Gn) the
set of all C-derivations which end with G .

In the sequel we give the formal notions related to equation selection
functions and equation selection strategies.
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Definition 39 (selection function) LetC be a calculus. A selection func-
tion for C is a function

sel: Hisng = Eq(F,V)U{L}

which, when applied to a C-derivation II : Gé; G' yields either L, or an
equation sel(Il) € G'. In addition, we assume that

o if sel(Il) = e € G’ then there ezists a C-step w : G’ =559 G in which
the selected equation is e.

The symbol L denotes undefinedness. If I1 € Hispn, (G') and sel(Il) = e €
G' then e is called the equation selected with selin G'.

Our definition of selection function is very similar to the notion of selec-
tion rule in first-order logic programming [Apt90]. The main difference is
that in our setting the selection function may be undefined for nonempty
goals as well. We adopt a weaker condition than in logic programming
because we want to avoid solving certain higher-order equations for which
the computation of a solution is highly intractable.

We will often write C-steps in the form G, e, G’ :C>9 G" to express the
fact that e is the equation selected in the goal G, e, G' upon the C-step.

Definition 40 (strategy) Let C be a calculus. A strategy for C is a
nonempty set of equation selection functions for C.

Let A be a strategy for a calculus C and II : Gé; G' € Hisun,(G'). A
(C, A)-step for II is a C-step

C =
G1,e,G2 :>97G”
N———
G/

such that e = sel(Il) for some sel € A. A (C, A)-derivation is a C-derivation
Go =59, Gy ==y, ... =55 Gy

such that for any ¢ € {1,... ,N}, G;—1 :C>9i G; is a (C, A)-step for the
C-subderivation Go =5, Gi.

A (C, A)-refutation is a (C, A)-derivation of the form IT : G é; G' such
that sel(IT) = L for all sel € A.

A calculus C with a strategy A is complete if for any substitution vy €
UR(G) there exists a (C, A)-refutation G:C>; G' and v € Ur(G') such
that v = 84’ [V(G)] for some ' € Ur(G'). C is strongly complete if it is
complete with any strategy.
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5.3 The Calculus LNg

We represent LNg as the disjoint combination of two subcalculi: LN% and
LN%. The subcalculus LN% consists of the inference rules for selected equa-
tions which are oriented, and LN consists of the inference rules for selected
equations which are unoriented.

The subcalculus LN§

The inference rules of LN% are shown in Fig. 5.2. The design LN§ is
inspired by the calculus LN, which was proposed for computing solutions
of oriented goals. The notable difference is that LN does not contain the
inference rules [ffs], and [ffd], for higher-order pattern unification. [ffs],
and [ffd], have been added to improve the computing power.

The subcalculus LNZ

The subcalculus LNF can be viewed a generalization of the subcalculus
LN% to the case when the selected equation is unoriented. Its inference
rules are shown in Fig. 5.3.

5.3.1 Main Properties

In general, the humble addition of new inference rules to a calculus affects
its main properties, such as soundness and completeness. We already men-
tioned that the calculus LNg was inspired by the calculus LN by adding
the missing inference rules which are necessary for performing full pattern
unification. With this addition we can perform further inference steps on a
flex pattern/flex pattern equation, thereby computing more concrete solu-
tions than with LN, but we may lose some of the important properties of
LN such as soundness, completeness, and strong completeness.

Soundness

We first observe that LNg is a sound calculus.

Lemma 23 Let Il : G =} G’ be an LNg-derivation. If v € Ur(G') then
Oy € Ur(G).

Proof. The proof is by induction on the length of the LNg-derivation. The
case when |II| = 0 is trivial. Assume |II| > 0. Then we can write

II:G =0, G" =a,0, G’
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[del], deletion
G, t>t,G
G, G
[d]s decomposition
G, T.v(5,) > A\T.0(tn), G’
G, N\T.5y, > \T.ty, G

[i]> imitation

G, 2. X(3,) > M\2.9(tm), G’ G, \T.g(tm) > A\T.X(5,), G’
(G, A\T.Hp(57) > A\T.tm, G0 (G, ATty > AT.Hp(57),G')0

where § = {X = \Tp.g(Hn(Tn))} and H,, are fresh variables.

[p]s> projection

G, \T.X(5,) > \z.t,G’ G, \T.t > \T.X(5,)),G’
(G, 2T.si(Hp(57)) > \T.t,G")0 (G, Tt > AT.5:(Hp(57)), G')0

where 1 < i < n, AT.t is rigid, § = {X — Xyn.yi(Hy(Un))}, vi : T — 7,

and H,, : 7, are fresh variables.
[on]. outermost narrowing at nonvariable position

G, \T.f(5,) > A\T.t, G’
G, \T.sp D> AT.l,, A\T.r > AT.t, G’

if f(1,) — r is a fresh variant of an Z-lifted rule.
[ov]s outermost narrowing at variable position

G, T.X(5m) > Xz, G’
(G, T.Hy(5m) > AT.ln, AT.r > AT.t,G')6

if ATt is rigid, f(I,) — r is a fresh variant of an Zz-lifted rule and
0 ={X — A\gm.f(Hr(Ym))} with H, fresh variables of appropriate types.

[ffs]s> flez/flex same

G, \T.X (n) > NT.X (y}), G’
(G,G")8
where 6 = {X — A\yn.H (%)} with {Z} = {yi | 1 <i <nandy =y}
[ffd]. flex/flex different

G, \T.X(m) > AZ.Y (y,), G’
(G,G")8

where § = {X = . H(7),Y = Ni-H(%)} with {75} = {Fm} 0 {1}

Fig. 5.2: The calculus LN%: inference rules
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[del]~ deletion
G,t=tG
G, G
[d]~ decomposition
G, T.v(5,) = A\T.0(tn), G’
G, N\T.5y, = XT.ty,G"

[i]~ “mitation

G, \T.X(5n) ~ X
(G, \T.H,,(35)

S

(tm), G’ G, \T.g(tm) = AT X (50),G'
t

T.
AT.tm, G')6 (G, \T .t = XT.Hp(50),G")0

Q

where § = {X = \Tp.g(Hpn (Tn))} and H,, are fresh variables.
[p]~ projection

G, \7.X(5,) = \z.t,G’ G, \T.t = X\7.X(5,)),G’
(G, \T.5:(Hp(5)) = \z.t,G')0 (G, Tt = \T.s;(Hp(3n)), G')6

where 1 < i < n, AT.t is rigid, § = {X — Xyn.yi(Hy(Wn))}, vi : T — 7,
and H, : 7, are fresh variables.

[on]x outermost narrowing at nonvariable position

G, \T.f(5,) 2 M\T.t, G’
G, \T.sn D> AT.1,, A\T.r 2 A\T.t, G’

if @€ {~,~7'}, f(In) — r is a fresh variant of an Z-lifted rule.
[ov]~ outermost narrowing at variable position

G, \z.X (5m) = \z.t, G’
(G, AT.Hy(5m) > AT.ln, AT.r 2 AT.t,G')0

if e {~,~7'}, ATt is rigid, f(I») — r is a fresh variant of an F-lifted rule
and 0 = {X = AJm.f(H.(Tm))} with H,, fresh variables of appropriate

types.
[ffs]~ flex/flex same

G, . X (Tn) = X=X (y},), G’
(G,G")o
where 6 = {X — Xy H (%)} with {Z} ={y: | 1 <i<nand y; = yi}.

[ffd]~ flex/flex different

G, 2. X (ym) = X2.Y (y,), G’
(G,G")0

where § = {X = . H(%),Y = Ng-H(%)} with {5} = {m} 0 {5}

Fig. 5.3: The calculus LN : inference rules
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where 8 = 0,0, and a € {[d],[on], [ov], [i], [p], [ffs], [{fd]}. Assume that v €
Ur (G"). We want to prove that 8y € Ur (G).

We first prove that 62y € Ur(G"). This proof is by case distinction
on a.

If € {[d],[i]} then we can assume that

G”02 = Gl, )\fv(ﬁ) = )\f’l}(ﬁ), Gz,
G = Gl,)\f.sn = )\f.tn, G2

where =€ {~,~" ! >}

o If a € {[d]s,[i]o} then v € Ur(G") implies v € UR(AT.s,, > AT.tp) N
Ur(G1) N Ur(G2). From v € Ur(AT.sp > AT.t,) we deduce that
AT.s;y =% ATty for all ¢ € {1,...,n}, and thus A\T.v(5;) =%
AZ.0(ty,), i.e. v € Ur(AT.0(5,) > AT.v(t,)). We conclude that v €
Ur(G1) NUR(AT.0(5,) > AT.0(t,)) NUR(G:), i.e. v € Ur(G"62).
This yields 62y € Ur(G").

o If a € {[d]x, [i]~} then v € Ur(G") implies v € Ur (AT.sp, = AT.t,) N
Ur(G1) N Ur(G2). From v € Ur(A\T.s,, = AT.t,) we deduce that
AT.s;7 % AT.tyy for all ¢ € {1,...,n}, and thus A\Z.0(5;) <%
AZ.0(ty,), i.e. v € Ur(AT.0(5,) = AT.v(ty,)). We conclude that v €
Ur(G1) NUR(AT.0(5,) =2 AT.u(t,)) NUR(G2), ie. v € Ur(G"62).
This yields 63y € U (G").

If o € {[on], [ov]} then we can assume that

G"0y = G1,\E.f(3,) 2 AT t, Gy
G' =G, \T.8n D> A\Euly, A\T.r = \T.t, G

where =€ {~,~", >}, f(I,) — r is an Z-lifted variant of a rewrite rule in
R. From v € Ur(G") we obtain

(1) v € Ur(G1) NUR(G>),
(2) A\T.s;y =5 AT.Lyy for all i € {1,... ,n}, and
(3) AZ.ry =% Az.ty if a € {[on],, [ov],},

and AZT.ry <% AZT.ty if a € {{on]x, [ov]x}.

Then Az.f(5w7) B2AT.fT7) == ATy B2ty if o € {[only, [ov]s ),

and \Z.f (577) Do Nz (Tn7) —r ATy STty if o € {[on]x, [ov]e -
Thus, v € Ur(G"'6>), and therefore 5y € U (G").
If o = [p] then G' = G"'65, which yields oy € Ur(G").



96 CHAPTER 5. LAZY NARROWING FOR PRS

If o € {[ffs],[ffd]} then we can assume that G"68; = G1, AT.t = A\T.t, G
with 2€ {=~,>} and G' = G;,G,. Obviously, v € Ur(G') implies v €
Ur (G"03), and thus Oy € Ur (G").

The case o = [del] is trivial.

We have shown that 62y € Ur (G"). From the induction hypothesis for
the LNg-derivation G =} G" results that 616>v(= 0v) € Ur(G). O

Complete Strategies

We first note that LNg is not strongly complete.
Example 7 Assume R = {f(X) = ¢(X,X),a — b} and the goal
G = f(a) > c(a,X),b> X.

It can be verified that R is confluent and that v = {X — b} is an R-unifier
of Go. Consider the LNg-derivation

II: G=fla)p>caX)b>X
=lon], f(X1)—e(X1,X1) G1 = a > X1, ¢(X1, Xy) > (e, X),b> X
S G=a> X1, X1>a,X; > X, b> X
= Ifd{X1~H XoH} G3 =a > H, H>ab>H
=[i],{H—a} &> a,b > a =qe b > a.

IT is a mazimal LNg-derivation, and in each step we can choose only one
inference rule. II computes the substitution § = {X; — a, Xy — a,H — a},
and there is no y' € Ur (b > a) such that v = 60+'. (Actually, it can be shown
that Ur (b > a) = 0.) Thus LNg is not strongly complete.

Note that 6 can be computed with LNg if we select any other equation of
G+ except the third one. Thus, this example does not refute the completeness
Of Lfo.

This example illustrates that LNg is not strongly complete. This does not
imply that LNg is incomplete.

We recall that the first-order lazy narrowing calculus LNC also lacks
strong completeness, but it was proven that LINC is complete for the com-
putation of normalized solutions if it is adopted the leftmost equation se-
lection function. We will try to do a similar thing with our lazy narrowing
calculus LNy, i.e., to define equation selection functions which make LNg
complete for the computation of normalized solutions.

We first introduce some terminology that will be used in stating our
results.
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Definition 41 Let G = €, be a goal. We define Repr(G) as the set of
triples of the form (G,6, R,,) with € Ur(G) and R, a sequence of rewrite
proofs of the fact that 0 € Ur(e;), for i € {1,...,n}. More precisely, for
each i € {1,... ,n} we have R; : 5,0 = t;0 =% u; = u; if e; = s; = t;, and
R;: 50 > ;0 =5 t:0 > t,0 if e; = s; > t;. In the last case, only the term
to the left-hand side of the equation is rewritten.

We denote by |R| the length of a rewrite proof R. If ¢ € T(F,V) then |t
denotes the size of ¢, i.e.

s if t = Az.s,
|t| = |t1| + |tz| ift = (t1 tz),
1 ifte VUF.
We also define the size of an equation by |s & t| := |s > t| := |s| + |t|, and

consider the following well-founded orderings on the set of triples introduced
in Definition 41:

o (€n,0, Bn)>alep,, 0 By, if {|Ral, - [Ral}>mu{l R, R}
 (G,0,R)>p(G", 0", R') if {|t] |t € Z(6)} >mud[t'| [ 1" € Z(6')},
o (&n,0, Bn)>c(em, 0", By,) i {leal, - lenl}>mufler], - e},

e > is the lexicographic combination of >4,>p, >¢.

Definition 42 (critical variable) The set of critical variables of an equa-
tion e € Eq(F,V) is
V(s)

Vele) == { V(s) U V(1)

In order to define suitable equation selection functions for LNg we will
add more structure to the concept of LNg-step.

Let 7 : G =4, G' be an LNg-step and e € G the equation upon 7 from
G. The descendants and the linear descendants of e in G’ w.r.t. 7, denoted
by desc,(e) and ldesc,(e) respectively, are the equations in G’ defined as
shown in the table below.

ife=sp>t
ife=s~t

@ e desc(e)
ldesc (e)

[on] AT.f(5n) 2 AT t AT.r 2 \T.t AT.sn > AT.1p,
[ov] ME.X (57) = ATt NE.7 =2 \T.10 AT H, (5m0) > AT.L,
[dec] MT.0(5 = AT.0(tn) AT .50, = NT.tn -

[i] X2.X(30) 2 AT.f(tm) XZ.H,, (5,0) = \T.t,n,0 -

[p] 2. X (5,) 2 ATt AZ.(5:0)(Hp(sn0)) = N\zT.t60 -
[del] M\E.t = ATt - -

[ffs] | AZ.X () & \z. X (¥h) - -

[fd] | A\Z.X (Ym) = Xz X (V]) - -




98 CHAPTER 5. LAZY NARROWING FOR PRS

If e € G is not selected upon the LNg-step 7 : G =y G’ then desc,(e) =
ldesc, (e) = ef. The notions of descendant and linear descendant of a sub-
goal G of G in G' w.r.t. an LNg-derivation II : G =} G' are defined
inductively in the obvious way.

We associate with every LNg-derivation II : G =} G’ a precursor func-
tion precyy which maps the equations of G’ to subgoals of G'. For any
e € G, the equations in precr(e) are called the precursors of e in G w.r-.t.
II. Formally, precri(e) is defined as follows:

Definition 43 (precursor) If II: G =° G is an empty LNg-derivation
then precyi(e) = O for all e € G.

If T :G =* Gi,e,G2 =, G = G,¢,G, is a nonempty LNg-
derivation such that ' € desc(e) then

desc, (precrr (e),e) N e’ if a € {[on], [ov]}, e is selected
precrr(e’) = upon 7 from G and ' = ldesc,(e)
desc (precyy (e)) otherwise.

where

e 7 is the last LNg-step of II, and II' is the LNg-subderivation of II
without T,

e descri(€,) := descrr(er),. .. ,descr(e,) whenever Il : G = G' is an
LNg-derivation and €, is a subgoal of G',

o (G~ e denotes the goal obtained by removing the equation e from G.

For the sake of simplicity we drop the subscript and simply write prec(e)
instead of precyy(e) if IT is understood from the context.
We first prove the following three technical lemmata.

Lemma 24 Let G =&, with e, € G a non-flex/flex equation. Then for any

(€n,7, Rn) € Repr(G) there exists an LNg-step with selected equation ey,
T €h—1,€k: Chitln = a0 G
and a triple (G',~', R') € Repr(G') such that:
(a) (G,7,R,) = (G',7,R"), and
(b) v =06y [V(G)].

Proof. Since ey is not a flex/flex equation, we can write e = s 2 ¢t with
~¢c {~,~7! >} and either s or t is a rigid term. Then the rewrite proof
Ry, corresponding to e, is of the form
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o syD>tyxty>tyife,=s>1t or
e syrRtyruruife,=s~t

We distinguish two cases, depending on whether R;, has length 0 or not.

If |[R;| = 0 then sy = ty. Then it can be shown (cf. the proof of
Thm. 4.1.7. in [Pre98]) that there exists an LNg-step G =49 G’ with
a € {[del], [dec],[i],[p]} and a triple (G',~', R') € Repr(G') such that v =
6" [V(G)] and either:

i <G777R_n> >B<GI7717F>7 or
i <G777R_n> :B<G,7’Y’7F> and <G777R_H> >C<G’77’7F>'

From the hypothesis |Ry| = 0 we learn that (G, v, R,,) =a(G’,7', R'). Thus
(G,7,Ryn) ~ (G", 7', R').

If |Ry| > 0 then we distinguish two cases, depending on whether Ry
has rewrite steps at the root position of a side of some equation in the
derivation.

Subcase 1. If R; has no such rewrite steps then we can assume that s =
AT.g(5p), t0 = AT.g(t,) such that Ry, only rewrites 5, and ¢,,. If s and ¢
are both rigid then we can apply a decomposition step 7 : G =q),- G’
and determine (G',v, R') € Repr(G') such that
<G7 77 R > >A<GI7 77 RI) <G7 77 R > :B (GI7 77 RI)7 <G7 /77 R > >C<GI7 /77 RI)
Thus (G, 7, R,) = (G',~, R'). If either s or ¢ is flex, then suppose s is
flex. (The case when ¢ is flex is similar.) We can write s = A\Z.X (1)
with X € V(s). Then (cf. Lemma 22) we can perform an a-step

7:G =1, \T.X (W) Zt, €110 an G
with a € {[i], [p]}, for which there exists a substitution 7' such that
(1) D) = (P(y) \ {X}) URng(0),
(i) Xv= X6y
(ii) v =" [D(y) \ {X}].

From (i)-(iii) we conclude that {|t[ [t € Z(7)} >mu {|t'| | t' € Z(¥')}.
Then we can determine R’ such that (G,v, Rn) >a(G',7', ') and
(G,7,Rn) >B (G",7',R). Hence (G,7, Rn) = (G',7', F').

Subcase 2. If R has rewrite steps at the root position of a side of some
equation then we consider the first of these and write:
s6 =t =% AT.f (W) =t =0y AT.rd 2t =75 u 2.

—r,0
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Since f(l,) — 7 is a fresh variant of a rewrite rule and D(§) C
V(f(I;n)), we conclude that 7' := vy U § is a well-defined substitution
and that v = 7' [V(G)]. We denote by R} the rewrite subderivation of
Ry, which ends with AZ.ré = t', and with R;,,, the rewrite subproof
of R, which starts with AZ.rd = \T.t'. We observe that we must have
s0 = AT.f(5,;) and that we can extract from R}/ a sequence of rewrite
proofs

Ry,
such that |R;| < |Rj/| for all ¢ € {1,...,m}. We distinguish two
subcases, depending on whether s is rigid or not. If s is rigid then
s = AT.f(s!,), and we can perform the LNg-step

= AT.Sm D> AT U =R AT U D> AT Uy,

T G= €k—1, Aff(%) =t, Ck+1,n

= lon], f (Tm) =7 G' = €1, AT 8}, D> ATuly, A\T.1 2 ¢, Bhi1,0

It is easy to see that ' € Ur(G') and that (G',~', R') € Repr(G’)
whereﬂ = Ry_1, R;n_,RinH, Ri+1,n- Even more, we have t@t
(G,v,R,) >a(G",7', R'), and therefore (G,v, R,) = (G',7', R").

If 5 is a flex term then s = A\Z.X (s],) and s6 = A\Z.f(s/),). This implies
(cf. Lemma 22) the existence of an LNg-step

m:G =¢x_1, )\TX(S;) =t ekr1,n =i,0 G'

for which there exists a substitution ' such that
e D(Y) = (D(y) \ {X}) URng(8),
o Xv=X60,
o v=7"[D(M\{X}]
Then we can determine (G',~', R') € Repr(G') such that
(G,7,Rn) 24(G", 7, R'),(G,7,R) >B(G", 7, F'),
and hence (G, v, R,) = (G',7', R'). O

Lemma 25 Let G =&, with ey, =t = t, 2€ {~,>} and y € Ur(G). Then

for any triple (€,,~, Ry) € Repr(G) we have that (G,v, Ry,) = (G',v, R}, _,),
where G' =eg_1,€p11.n and R),_| = Ry_1, Rpt1 p-

Proof. Obvious.

Lemma 26 If G =G1,e,Gy =40 G' is an LNg-step with o € {[ffs], [ffd]}

and [y, () s normalized then for any (G,v,R) € Repr(G) there exists
(G",y', Ry € Repr(G") such that:
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(a) (G,v,R) = (G',y,R'), and
(b) v =6+ [V(G)].

Proof. The proof is by case distinction on the syntactic structure of e.

1. Assume e is of the form AZ.X (¥,) > AZ.Y (y,). Because v € Ur(e),

we have A\Z.X (¥m)y =% AZ.Y(y;,)7. Also, X is R-normalized be-
cause V.(e) = {X}, and therefore AZT.X (¥r,)70 is R-normalized too.
Then X\T.X(Um)y =% AZT.Y (y))7y yields AT.X (¥m)y = AZ.Y (y),)7,
ie. v € U(e). Since 0 € mgu(e), there exists a substitution v’ such
that vy =6+" [V\ {X,Y}].
Because G and G'+' differ only by a trivial equation, we conclude
that 7' € Ur(G'). Then (G',7', R') € Repr(G") where R’ is obtained
from R by removing the rewrite derivation of length 0 corresponding
to e. Obviously, (G,v, R) = (G',~', R').

2. The case when e = A\T.X (7,,) > AZ.X (y/,,) can be proved in a similar
way. O

Corollary 1 Lemmata 24 and 25 imply that the subcalculus LN, of LNg
obtained by removing the inference rules [ffs] and [ffd] is strongly complete.
Also, the completeness property of LN,. holds for arbitrary R-unifiers: the
restriction to R-normalized R-unifiers is not necessary.

We are ready now to define our first equation selection strategy for the
calculus LNg.

Definition 44 (strategy Sp) The strategy So for LNg-derivations is the
set of selection functions

sel: HisLng = Eq(F,V)U{L}

such that for any LNg-derivation I € Hising(G') and any equation e =
s =t e G with =€ {~,>} the following conditions holds:

(cl) (s =t) = sel(ll) only if

1. s=1t or

2. precyi(s = t) =0 if s,t are patterns.

Note that since it sel is selection function for LNg, there must exist an
LNg-step 7 : G' = G" upon which the selected equation is e.

In the rest of this subsection we prove that the calculus LNg with strat-
egy Sp is complete.

We first prove an auxiliary lemma which will be used in the proof of
completeness of LNg with strategy Sp.
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Lemma 27 LetII: Gy =, ... =y Gn be an (LNg, Sp)-derivation with:

(a) 70 € UR(Go),

(b) for all i € {0,...,N — 1} there exists v; € Ur(G;) such that v; =
Oiv1vi+1 [V(Gy)], and

(¢) en € Gn with prec(ey) = O.
Then YNy, (e) s R-normalized.

Proof. Let e; be the equation in G; from which ey descends and §; =
Oiy1...0n fori e {0,...,N}. We prove by induction on i a stronger result:
YN [V.(e;6:) 18 R-normalized for any i € {1,...,N}. Since V.(endn) =
Ve(en), this result implies that yn [y, (ey) is R-normalized.

We first introduce the notion of linear ancestor. We say that e’ is an
linear ancestor of e if €' is a descendant of a linear descendant of e'.

Let m; : G; =a;,0, Git1 be the (i + 1)-th LNg-step of II.

Ifi = 0 then dp = € and Y [y, (eqs0) 18 R-normalized because doyn [y, (eq) =

01 ... ONYN [Ve(eo) o Y0 [V, (eo) @and Yo is R-normalized.

We next show that On [y, ( 11) 18 R-normalized if On [y, (c;s;) is R-
normalized.

Suppose e; is not a linear ancestor of ey. We show that V.(e;+1) C
V.(ei0i+1) by the following case distinction.

81'+1(5

(a) a; € {[on], [ov]}. Since e; is not a linear ancestor, we have that e;;1 is
a parameter-passing equation created by m; and therefore V.(e;y1) C
Vc(eiﬁiﬂ).

(b) a; & {Jon],[ov]}. A simple analysis by case distinction on =; reveals
that Vc(ei+1) - Vc(eiﬁ,url).

The induction hypothesis yields that 6x [y, (c,s,) is R-normalized. Because
Ve(€id;) = Ve(€ifliy1)dir1 2 Ve(€ir1)div1 = Ve(€ir10i11), we conclude that
ON [V.(eis16:4.) 18 R-normalized.

Suppose e; is a linear ancestor of eny. Then we can write e; = A\T.s' =
NT.t, eifiv1 = MNT.f(5,) = A\T.t with =€ {~,~"!,>}, and

H . GO $2919

iOtyf(ﬁ)ﬁrﬂwrl
=9

Gi =G}, e, GY
Gi+1 = G;9i+1,)\f.8n > AT, AT.r 2 \T.t, G;’9i+1
GN = GIN: EN, GX;

i

it2...0N

with a € {[on], [ov]}. Since prec(ey) = O and LNg is sound, we have

)\f.Sk(SiJrl —* Af.lk5i+1.
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Then \Z.s'0; = )\ff(%)(sz+1 = )\ff(sn51+1) —* )\ff(ln51+1) — /\f.T‘(Si+1,
and therefore Vc(el-é,-) = VC()\Tf(%)(SH_l) D) VC()\f.Téi+1) = Vc(ei+15i+1)-
Since YN[y, (e;5;) 18 R-normalized because of the induction hypothesis, we

conclude that YN[y, (e;,,6,,,) 18 R-normalized, too. O

Lemma 28 (completeness of LNg with strategy Sp) Let G be a goal
with R-normalized solution 6. Then there exists an (LNg, So)-refutation
IT1:G =Gy =y, Gi =0, -.- =9y GN = F such that:

(a) 8 =6, ...0n7 V(Q)] for some v € Ur(F),

(b) for any e € G; with prec(e) = O, the substitution 0;y1 ... 0NV v, (o) 8
R-normalized.

Proof. We prove by induction a stronger result, namely that there exists
an (LNg, So)-refutation Il : G = Gy =4, G1 =4, ... =9y Gy = F and a
sequence of triples

<G07707ﬁ> € Repr(GU)a s 7<GN7/7N7W> € Repr(GN)

with v; = (0iv1...087) (@) (i =0,...,N), such that conditions (a), (b)
and

(C) (Gi,’)/i,ﬁ) - <G,‘+1,’)/i+1,Ri+1> for all i € {0, ., N — 1}

hold. The proof is constructive. Assume that we succeeded to find an
(LNg, Sp)-derivation

I, : G =Gy =0, G1 =0y - O Gy,

and a sequence of triples

(Go,70, %) € Repr(Go), ... , (G, 7k, R*) € Repr(Gy)
for which the following conditions hold:
Pi(k): 0 =01...0,v [V(G)] for some vy, € Ur(Gk),
Py (k): for any e € G; (i = 0,...,k) with precr, () = O, the substitution
Yilv.(e) 18 R-normalized, and
Ps(k): (Gi,7i, R = (Giy1,7ig1, RPFL) for all i € {0,... ,k —1}

If sel(Il;) = L for all sel € Sp then Iy is an (LNg, Sp)-refutation, and we
can choose IT = II;. Otherwise IIj is not an (LNg, Sp)-refutation and we
can write G, = G',s = t,G" such that s = ¢t = sel(Il},) for some sel € Sp.
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We prove by case distinction on the syntactic structure of the equation
s = t that there exists an (LNg, Sp)-step

I~ "
Gy =G ,s=2t,G =a,0k41 Gk+1

and a triple (Gg+1,Ve+1, RFH1) € Repr(Gg41) such that the conditions
Pi(k+1), Py(k +1) and Ps(k + 1) hold.

(A) If s = tisnot a flex/flex equation or a flex/flex equation between iden-
tical terms, then by Lemmata 24 and 25, there exists an (LNg, Sp)-
step T : G = G}, 5 = t,G} =q,0,,., Gry1 for which the conditions

(1) <Gk77k7Rk> - <Gk+177k+17Rk+1>7 and

(2) Y = Orr17k+1 V(G)]
hold. Then P (k) A (2) = Pi(k+ 1), and P3(k) A (1) = Ps(k +1).
From Lemma 27 we obtain that that P;(k + 1) holds too.

(B) Assume s = ¢ is a flex/flex equation with s # ¢. Then s,t are flex
patterns and precg, (s = t) = 0. From P (k) we know that v [y, (s=)
is R-normalized. By Lemma 26 we can perform an (LNg, Sp)-step

T G = Gy s 21, GY =00, Grt
with a € {[ffs], [ffd]} and

(]‘) <Gk7’yk7 Rk) - <Gk3+17 7k+17Rk+1>7

(2) Y& = Ok+176+1 [V(Gr)]-
Then Py (k) A (2) = Pi(k+ 1), and P3(k) A (1) = P3(k + 1). From
Lemma 27 we obtain that that P»(k + 1) holds too.

Because > is a well founded order, the sequence

<G07707ﬁ> - <G1;71>ﬁ> .

will eventually terminate with a triple (G, vn, RN) € Repr(Gy). Then
II: Gy =0, --- 7On Gn

is an (LNg, Sp)-refutation for which the conditions (a) and (b) hold. O

The calculus LNg with strategy Sp suffers of high nondeterminism be-
tween its inference rules. This nondeterminism is shown in Figs. 5.4, 5.5.
We embellished the labels of the inference rules as follows:

e a label with subscript 1 denotes the corresponding inference rule for
a flex/rigid equation, whereas a label with subscript 2 denotes the
corresponding inference rule for a rigid/flex equation
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root(s) \ 22" V(t) F, F.UBV(t)
V(s) | [del]"/IS/[A” | L, [plL, [ov]L, [onls | 1, (oI}, [ovIk
Fy | [i]z, [pl2, [ov]z, [on]i | [del]'/([on], [on]3, [d]*) [on]"
F. UBY(s) [i]3, [p]3, [ov]3 X [del] " /[d]?

Fig. 5.4: Inference rules of LNg for equation s = t selected with sel € Sy

root(s) \ ") V(t) Fy F.UBV(t)
V(s) [del]" /[ffs]/[ffd] (i1, [pl1, [ov]s | i1, [pl1, [ov]s
Fy | [del]" /([i]z, [p]2, [ov]3, [on]1) [ [on]y, [d] on],
F. UBV(s) [i]2, [Pl x [del]"/[d]

Fig. 5.5: Inference rules of LNg for equation s > t selected with sel € Sy

e superscripts denote the priority of applying an inference rule. The
highest priority is 1. [del] is a rule with highest priority.

In the case of lazy narrowing calculi this nondeterminism is usually don’t
know, i.e. in order to guarantee completeness we usually have to consider
all the possible choices. For example, for a flex/rigid equation s = t with
root(t) € F4 we have to consider the inference rules [i]1, [p]1, [ov]1, [on]z.
One exception is the rule [del], which can be applied deterministically (be-
cause of Lemma 25).

In particular, LNg has high don’t know nondeterminism between the
inference rules for flex/rigid equations. There are at least three inference
rules that have to be considered for flex/rigid equations: [ov]i, [i]: and [p]:.
In particular, it is desirable to avoid [ov]; because it does not restrict in
any way the rewrite rule to be used.

Since LNg with strategy Sp is complete regardless of the order of select-
ing the equations which are not flex/flex (Lemma 24), we can further refine
the strategy Sp to avoid solving flex/rigid equations as much as possible.

We propose to use selection functions which satisfy (c1) and

(c2) aflex/rigid equation e € G with prec(e) # O is selected only if all the
other equations of G are either flex/flex, or flex/rigid with precursors.

We denote this class of selection functions with S,,. Since S, C Sy, any
(LNg, S, )-refutation is also an (LNg, Sp)-refutation. Note that an (LN, Sp)-
refutation is of the form G =} F' where F' is a flex/flex goal without equa-
tions of the form e = s > ¢ with s, ¢ flex patterns and precg(e) = O.
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By obeying (c2) we delay the selection of a flex/rigid equation with pre-
cursors as much as possible because we want to avoid the nondeterminism
of applying the rules [i]1, [p]; and [ov]. We may avoid this nondeterminism
if by solving the other equations first, we can transform a flex pattern/rigid
equation with precursors into a flex/rigid equation without precursors, or
into a rigid/rigid equation.

Like in the first-order case, it is useful to distinguish the descendants
of parameter-passing equations from the other equations. In this paper,
when we want to emphasize that an equation s > ¢ is a (descendant of a)
parameter-passing equation, we write s » t instead.

5.4 Outermost Narrowing at Variable Posi-
tion

Our object of study in this section is the calculus LNg with strategy S,,.
By adopting the strategy S, we delay the selection of flex/rigid equations
as much as possible. We investigate restrictions under which the inference
rule [ov] can be eliminated for flex/rigid selected equations, without losing
completeness.

Lemma 29 Let Go = G,e,G" be a goal and e = \z.X(y) > AT.t with
A\Z.t a rigid term and \XZ.X () a pattern. Then for any triple (Go, o, R) €
Repr(Go) such that voly,(e) is R-normalized there ewists an (LNg,Sy)-
step ™1 Go = G,e,G' =49 Gy with a # [ov] and a triple (Gy,71,R') €
Repr(G1) such that:

(a) (Go,0, R) = (G1,71, R'), and
() o =07 [V(Go)l-
Proof. By Lemma 24, there exists an LNg-step
m:Gy=G,e,G" =49 Gy

which satisfies the conditions (a) and (b). Then 7 is an (LNg, S,)-step as
well. From the assumption that yo[y,_(e) is R-normalized we deduce that
X is R-irreducible, and thus A\Z.X (g)7o is also R-irreducible. From the
proof of Lemma 24 for this case results that « # [ov]. O

We define LN; as the calculus obtained from LNg by modifying the
side conditions of the inference rule [ov] as follows:
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[ov] outermost narrowing at variable position

G, \z.X (5,,) > AT.t,G'
(G, \T.H,,(5m) > \T.l,, A\T.r > A\T.t,G')0

if
— AZ.X(5,,) is a flex-pattern only if prec(AZ.X (5,,) > AZ.t) # O,
— Az.t is rigid,
— f(I,) — r is a fresh variant of an Z-lifted rule, and

-0 ={X = Xym.f(H,(ym))} with H, fresh variables of appro-
priate types.

Lemma 30 (completeness of LN; with strategy S,) Let G be a goal
and v € UR(G). Then there exists an (LNq,Sy)-refutation G =} F such
that v = 6~' [V(G)] for some ' € Ur(F).

Proof. Similar to the proof of Lemma 28, but we use Lemma 29 instead of
Lemma 24.

5.5 Eager Variable Elimination

In this subsection we address the nondeterminism of LN; with strategy S,
due to the selection of the inference rule to be applied to rigid/flex descen-
dants of parameter-passing equations. More precisely, we want to reduce
the nondeterminism between the inference rules of LN; with strategy S,
for selected equations of the form A\Z.f(s,) » A\Z.X (y) where f € Fy and
AZ.X (y) is a flex pattern. This way of reducing the nondeterminism of
LN; was inspired by the eager variable elimination problem of the calculus
LNC. In the first-order case it is shown that by applying the inference rule

G,s» X,G'
[v] (G,GN{X — s}

prior to other applicable inference rules is a complete method (with respect
to the equation selection function selier;) for orthogonal TRSs.

An attempt to generalize this result to the calculus LN; with strategy
Sp for orthogonal PRSs raises the following questions:

if X ¢ V(s)

1. Can we generalize to orthogonal PRSs the essential properties of or-
thogonal TRS?

2. What it the higher-order version of a first-order equation of the form
s» X with X € V(s)?
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3. What is the counterpart of the [v]-rule of LNC in the calculus LN;?
We give here a list of possible answers.

1. The crucial property that makes the eager variable elimination method
complete for orthogonal TRSs is the validity of the standardization
theorem for orthogonal TRSs [MOI96]. Roughly speaking, the stan-
dardization theorem states that if R is orthogonal and s —% t then
there exists an outside-in reduction derivation from s to t. Recently,
van Oostrom [vO96], succeeded to prove the standardization theorem
for orthogonal PRS.

2. Intuitively, the higher-order counterpart of a first-order variable is a
higher-order pattern. From this point of view, the higher-order eager
variable elimination problem should address the nondeterminism be-
tween the inference rules which are applicable to selected equations
of the form AZ.f(5;) » A\Z.X (7) with f € F,.

3. LN; has no variable elimination rule. We observe that we can sim-
ulate a variable elimination step with a finite sequence of [i]- and
[p]-steps. With this understanding, higher-order eager variable elim-
ination addresses the possibility to eliminate the application of [on],
to flex/rigid descendants of parameter-passing equations.

In the rest of this subsection we will prove that if R is an orthogonal PRS
then the application of [on]. can be dropped for selected descendants of
parameter-passing equations without influencing the completeness property
of LN, with strategy S,.

Preliminaries

We will generalize the first-order eager variable elimination method to LN,
with the help of outside-in reduction derivations.

Definition 45 (eager variable elimination) An (LN, S,)-derivation II
respects the eager variable elimination method if [on] is never applied to
rigid/flex equations of the form A\T.f(5y) » Ax. X (y) with f € Fq.

The notion of outside-in reduction derivations for orthogonal PRSs is car-
ried over from that for first order TRSs [Suz96].

Definition 46 (outside-in reduction derivation) Let R be an orthog-
onal PRS. A R-reduction derivation of equations is called outside-in if every
subderivation oe —, eg —p, -+ —p, €n —gi1r € satisfies the following
condition: if p > q > € and oll p; (1 < i < n) are disjoint from p then p/q
is above or disjoint from any free variable position in .
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The only difference from the first-order case given in [MO98] is the presence
of bound variables below the free variables. The definition above states
that the flex subterms of a higher-order pattern, called binding holes by
Oostrom [vO96], are regarded as mere variables.

Theorem 7 (Oostrom [vO96]) For any rewrite derivation s =% t by
an orthogonal PRS R, there exists an outside-in rewrite derivation from s
tot. O

Completeness

We follow the same line of reasoning as in [MO98] to show that the ea-
ger variable elimination method for parameter-passing equations preserves
completeness of LN; with strategy &, : first we introduce a property of
rewrite derivations which holds for any outside-in rewrite derivation. Next
we show that this property is preserved by Lemmata 24, 25 and 29. This re-
sult motivates the possibility to inhibit the application of [on], to equations
of the form AZ.f(5;) » A\Z.X (7) with f € F,.

First we introduce a class of restricted outside-in reduction derivations.

Definition 47 (property Pryo) Let R be an orthogonal PRS and
R:s0>t0 =% t0 >t

an outside-in R-rewrite derivation. Then we say R has property Pro if
every reduction step in it satisfies the following condition: if a position 1-p
1s rewritten in the reduction step and later steps do not take place above
1-p, then p is above or disjoint from any free variable position in t.

Lemma 31 Let G = &, be a goal, Il € Hisp N (G) and (G,v,R,) €
Repr(G) such that any R; is an outside-in rewrite derivation and R; has
property Puo if e; is a parameter-passing equation. Suppose sel(Il) = ey,
for some selection function sel € S,,. Then there exists an (LN, S,)-step
T €1, ek, Chitn =0 G' =€, and (G',7',R') € Repr(G1) such that

(a) (G,7,Rn) = (G',7, Ry,),
(b) v=6y" [V(G)], and

(c) if j € {1,...,m} such that €} is a parameter-passing equation then
R} has property Pro.

The proof is done by an easy but tedious case analysis on the transforma-
tions described in the proofs of Lemmata 24, 25 and 29.
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Lemma 32 If R is an orthogonal PRS then the eager variable elimination
method preserves the completeness of the calculus LNy with strategy S, for
R-normalized solutions.

Proof. Lety € U} (G). Because R is orthogonal, there exists (G,v, R) €
Repr(G) such that R is a sequence of outside-in R-derivations. A successive
application of Lemma 31 yields a sequence

<G777R> = <G07707ﬁ> - <G1;71;ﬁ> IR <Gn77’mRn> ISR

and a corresponding (LNy, S, )-derivation

G=Go=9, GL =0, -.-=09, Gn =0,,1 ---
such that for any i > 0
(a) (Gi,7i, B = (Gig1,vim1, RFFY),
(b) vi = bix17i41 [V(Gy)], and

(c) any R} € R has property Pro if the corresponding equation e; € Gi
is a parameter-passing equation.

Because > is well-founded, the sequence of triples will eventually terminate
with a triple (G, 0y, RN) where Gy is a flex/flex goal such that sel(Gn) =
1 for all sel € S,,. Correspondingly, we obtain an (LN, S, )-refutation

H:G:G0:>91 G =0y - =0, Gn.

From conditions (b) for every (LNy, S, )-step, we deduce that v = 8yn [V(G)]
where 6 :=6; ...6x.

Assume e = A\7.f(5,) » AZ.X(7) € G; is a rigid/flex parameter-passing
equation selected in II, with f € F4. According to our construction of II,
the rewrite derivation corresponding to e in R? has property Pgo. This
implies that no rewrite step in R; takes place to the root of the left-hand
side. From the proof of Lemma 24, subcase 2 results by contraposition that
the (LNy,S,,)-step applied to G; is not [on]. Thus II respects the eager
variable elimination method.

Hence we can the adopt the eager variable elimination method in the
calculus LN; with strategy &,, without losing completeness. We denote the
newly obtained calculus by LN7". a
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5.6 Lazy Narrowing for Left-Linear Pattern
Rewrite Systems

In the sequel we assume that R is a left-linear PRS. The following lemma
captures some of the essential properties of (LN, S,,)-derivations for left-
linear PRSs. It is the counterpart for LN; with strategy S,, of Lemma 3.1
in [MO98] for LNC with strategy Sert-

Lemma 33 Let R be a left-linear PRS and II: G =* G',s » t,G" an
(LN1, S,)-derivation. Then:

(1) (V(G',s) UV(GE)) NV(t) =0,
(2) For any equation e € G", if V(e)NV(t) # () then s » t € prec(e), and
(8) t is a linear pattern.

Proof. We will make use of the following general property of an LN;-step:

(*) If G =, G' is an LN;-step then o is a linear pattern substitution
with Rng(o) a set of fresh variables.

Because s » t is a descendant of a parameter-passing equation, II can be
written as:

II:G =y Gy =40 Gi = (Gl,e,GY) =" G, s» t,G"
where
e a € {[on], [ov]},

e ¢ is a parameter-passing equation generated by the (LNy,S,)-step
m: Go = (G, e0,Gj) =a,0 G1 of II (i.e., e € descr(eo) but e #
ldesc,(eo))

Let IT" : G; =* G',s » t,G" be the (LN, S,,)-subrefutation of 7 starting
from G;.

The proof proceeds by induction on the length |II'| of II'.

Case 1. If |II'| = 0 then either

T Gy = (G AT F(ER) 21, GY) = o 0o
G, \T.sp » NT.1y, \T.5p11 B NTlpy1,G”

G’ spt
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or

m: G= (G TX (5) = u,GY) =, T

OV] 7a'7f(ln)_)7‘

G0, \T.Hy(57,0) » ATy, \T.Hpy 1 (57,0) B AT.lpi1, G"

G’ spt

with p < n and 0 = {X = A\op.f(Hn(Tm))}. Because f(I,) — r is a
fresh variant of an Z-lifted left-linear rule, we learn that in the first situ-
ation the term t(= AZT.[,11) is a linear pattern which has no variables in
common with Gy, AZ.l,, AT.s, and V(G0). In the second situation we can
furthermore make use of (*) to infer that ¢ has no variables in common
with G10, \T.Hp(5;,0) » AT.l,, s and V(GE). Thus (1) holds in both sit-
uations. (3) is an immediate consequence of the fact that AZ.f(I,) is a
linear pattern (because R is a left-linear PRS). Note that the only equa-
tion of G" which may have variables in common with ¢ is AZ.r = u. Then
s » t € prec(AT.r = u) and (2) holds, too.
Case 2. Suppose |II'| > 0. Then we can write II as

G =} Go =0 GL = (G,e,GY) =50 Gy, s' w t!,GY =4 o0 G s £,G"

™ I’

such that s » ¢ descends from s’ » t'. Let Go = (G},s' » t',G}) and
01 = 6'g6"”. From the induction hypothesis we have

(4) (V(Gy,s) L V(GH)) NV(H) =0,
(5) if e” € G with V(e")NV(¢') # () then s'»t’' € prec(e”’), and
(6) t' is a linear pattern.

Let 7’ be the last step of II'.
Subcase 2.1 Assume s’ p ¢’ is selected in 7’. Then o’ can be:

[on]/[ov]: In this case s' = AZ.h(s],) with h € V(s') U F4. Assume the variant
of the z-lifted rule used in the last step is f(l,) — r. Then G' =
50", \T.s) B AT.l, for some p < n, where either

=s o' =candn=mifh=f, or

— s = H,(s!,0') and 0’ = {h = \Tp,.f(H,(T:m))} if h € V(s').
Assume first that p < n. Then s » ¢t = )\f.s;’H > \Z.l,+1 and
the only equation in G” which may have variables in common with
t(= AT.lp41) is AT.r » t'o’. In this case (2) holds because, by the
definition of precursor, s » t € prec(A\Z.r » t'g'). The term t(=
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[d

]

[

AT.lpt1) is a linear pattern because R is left-linear, and thus (3)
holds. To prove (1) we note that:

(V(G',5) UV(GO)) N V(L) = (V(Gho',A\T.s) » XT.1p) UV(GOLo')) N
V(AZ.lp11) € (V(GY, 8" )UV(GO1)URng(0")) V(AT 1p11))U(V(AZ 1)
NV(AZ.lpr1)) =0 U0 =0. Thus (1) holds as well.

If p=n then s » t = AZ.r » t'c’ and G' = GLo',X\T.s!! » AT.l,,. In
this case (3) follows from (6), (*) and (7) |D(0")| < 1.

For proving (1) we note that V(G',s) NV(t) = V(Gyo', \T.s)) » AT.1,,
AZ.r) N V(t'o') C (V(Gho', AZ.s'a’) N V(t'e")) U (V(AT.1,, \T.r) N
V(t'o")) = B because V(Gho', z.s'a") N V(ta') =7 ¢ and V(T Ly,
ANV () = 0. Moreover, V(GO)NV(1) = V(G o )nV(t'e) 27 g,
Thus (1) holds.

For proving (2) assume that e’ € G” satisfies V(e') N V(t) # 0. Then
e’ descends from some equation € € G4 and e’ = ¢”¢’. This implies
that V(e"o') N V(t'o) # B, and thus V(") N V(¢') # 0. From (5) we
conclude that s' » t' € prec(e”), and (2) follows from the definition
of precursor.

Then s' = AT.0(3g),t' = A\T.u(ty) with v € {Z}UF, and s » t is a
descendant of the form AZ.s, » AZ.t, with 1 < p < k. (1) follows from
(4) and (6), and (3) from (6). For proving (2), assume ¢’ € G" such
that V(e') N V(t) # 0. We note that €’ is not a descendant of s' » ¢/

because V(AT.t,) N V(AT.s; » AT.t;) “9 g for any j > p. Therefore
e’ descends from some equation ¢’ € GY and V(e") N V(t) # 0. By
(5), s’ » t' € prec(e”), which implies (2).

Because of (4), V(') N V(G}, s") = 0,and thus 7' is either

Gy, NE.X (5T) » NEI(TE), GY =iy, Gho', NEHy, (s,07) B NE.ty,, Gy’

or

b, AZ.h(tr) » AT.X(7g), Gy =if,e G, ATt » \T.Hy(74), G0’

where X € V\ {Z}, o' = {X —» Xz, .h(H(Ty))}, h € F, and 7 is a
sequence of distinct bound variables.

In the first sub-case we have s » t = A\T.H,(s},0") » AT.t, for some
p € {l,..., k} and G' = (Gy0',A\T.H, 1(s,0') » A\T.t,1). Then
(3) follows from (6). To prove (1) we observe that V(G',s) N V(t) =
V(Gyo',AT.Hy 1 (s}0") » AT.t, 1 )NV(AT.t,) C (V(Gyo', s'a")NV(H))
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()

U (VOTL) N V(NT.tp41)) = V(Gho',s'0’) NV(H) © (V(Gy,s') U
Rng(c')) N V(t') (1) § and V(GO) N V(t) C (V(GO:) U Rng(a')) N
vy ‘.

For proving (2) note that V(t) N V(Xz.H;(570) » AT.t;) =™ § for
all j > p. Thus, if &’ € G" satisfies V(e') N V(t) # 0 then e’ descends
from an equation e’ € GY. This implies that e’ = e”¢’, and hence () #
V(E)NV(t) =V(e"a)NV(E') =V(e"d)NV(t') = (V(e"a")NV(t'o").
This implies that V(e") N V(t') # 0. By (5) we get s’ » t' € prec(e”),
and (2) follows from the definition of precursor.

In the second sub-case we have s B t = AZ.t, » AT.Hp(7y,) for some
pe{l,... .k} and G' = G, ATty » AT.H,_1 (7). Then (3) holds

trivially and (1) results from the observation that V(G', s) N V(t) @ 0

and V(GO) N V(t) C V(GO,0')NV(t'o') () (. For (2), assume that
e’ € G" satisfies V(e') N V(t) # 0. Note that V(AZ.t; » A\Z.H;(74)) N
V(t) = 0 for all j > p. Therefore e’ descends from some equation
e’ € G4. This implies that e/ = e'’¢o’. Because ) # V(e/) N V(t') =
V(e"a") N V(ta'), we have V(e") N V(¢') # 0, and by (5) we deduce
that s’ » t' € prec(e”). Therefore (2) holds, too.

[p] Then s' » ' = A\Z.X(5n) » uor s’ » t' = u » AT.X(5,) with u
rigid, and s » t = (s' » t')o’ with o' = {X = T2 (Hp(T,))} for
some 1 < j < m. It is easy to see that under the additional fact that
|D(c")| = 1, the following logical implications hold: (4)A(*) = (1),
GIA(F) = (2), and (6)A(*) = (3).

Subcase 2.2 Assume s’ p t’ is not selected in 7’. Then s » ¢t = 5’0’ »
t'c’. We distinguish two situations, depending on whether ' is [ffd] or not.
If o = [ffd] then it selects a flex/flex equation e/ = A\7. X (y') > A\y.Y (") in
G, where i’ and 3" are sequences of distinct bound variables and prec(e’) =
0. There are two possibilities:

1. e’ € GY; then (4) implies that {X,Y}Nn V(') = 0.
2. ¢ € GY; then s’ » t' & prec(e’) (because prec(e’) = O) @ {X,Y}n
V(') =0.
In both situations we have D(c’) N V(') = {X,Y} N V(') = . We label
this equality with (7). Then t = t'o’ @ t', and (3) follows from (6).
Also (1) holds because V(G', s)NV(t) C V(Gho',s'o)NV(t') @ (V(GY, s U
Rag(o")NV(#) 2 0 and V(GO)NV(1) C (VGO )URng(e")nV(t') 2 0.
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For (2), let €] € G" such that V(e}) N V(t) # 0. Proving (2) amounts to
proving that s » t € prec(e]). Let e € GY such that e] descends from
ey. Note that V(e}) N V(') = 0 is possible only if X € V(t'),Y € V(e}),

or Y € V(t'), X € V(e}), which contradicts (7). Thus V(e}) N V(¢') # 0 ®)
s' » t' € prec(ef) = (2).

We assume now that o' # [ffd]. Then [D(o")| < 1. We label this prop-
erty with (8). Note that V(G6;) N V(t') = 0 because of (4), and therefore
either V(GO) N V(t) C V(G6:) N (V(t') U Rng(c')) ) g i D(o’) C V(t),

or V(GO) N V(t) C (V(GH1) U Rng(c')) N V() ) otherwise. Thus

V(GO)) N V(t) = 0, and therefore, for proving (1), it remains to show
that V(t) N V(G',s) = (. If 7' is not [on] or [ov] applied to some equa-

tion of G then V(G',s) N V(t) C V(Go',s'a") N V(t'o") "2 0. Oth-
erwise, V(G',s) C V(Gio',s'c") UV where V is the set of fresh vari-
ables introduced by the rule variant used in the narrowing step. Then
V(G',s) UV) N V() C V(Go',s'a’ UV) N V(o) 2% 0. Hence (1)
holds in both situations. (3) follows from (6), (*) and (8). For (2), assume
that e’ € G" such that V(e') N V(s » t) # 0 and let " be the equation
in GY from which e’ descends. Then V(e') C V(e¢’) if 7' is not [on] or
[ov] applied to e”, or V(e') C V(e"0") UV otherwise, where V' are the fresh
variables introduced by the rule variant of the narrowing step. In both
cases we obtain £V (e") N V(s » t) CV(e"o") N V(s'c » t'c), which yields
V(s' » t'YNV(e") # 0. From (5) we get that s’ » ' € prec(e”), which yields
(2). a

5.7 Redundant Equations

Upon computations of R-normalized solutions with (LN, S,,)-refutations,
the calculus may generate new equations which are redundant, i.e. solving
them does not contribute to the computation of an R-normalized solution.
This behaviour is illustrated in the example below.

Example 8 Let R = {f(X1,X2) = X1} and G = f(X, f(f(3))) > Y.
G has the R-normalized solution 8 = {X — H,,Y +— Hs} which can be
computed with an (LN1,S,)-refutation as follows:

G :>[0n] G =X, >‘Xvaf(f(?)))")(27)(1|>Y'
:>[ffd]7o- G2 = f(f(?))) » Xz,Hl >Y iﬁ]z,tfz G3 =H, oY ﬁ[ffd]ﬂs O

where 01 = {X — Hy, Xy — Hy}, 03 = {H; — H2,Y — Hy}, and the
subderivation Gy =3 G3 selects only descendants of f(f(3)) » Xo.

[i]2,02
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We see that solving this equation does not contribute to the computation
of 8, and thus it can be eliminated from G5 without affecting the computed
solution. The calculus LNC [MO98] generates a derivation that eliminates
this equation by performing a [v]-step which binds X5 to f(f(3)), but it also
generates unnecessary derivations that apply [on] or [i] to this equation.

The following definition formalizes our notion of redundant equation.

Definition 48 (redundant equation) Let G =* G’ be an (LNy,S,)-
derivation and e = \T.s » \T.X () an equation in G' with V(\g.s)N{z} =
(). Then e is redundant if X &€ V(G' \ e, A\T.s).

Note that according to this definition, an equation of the form AZ.s »
AZ.X (y) with Ay.s N {Z} # 0 is not redundant. For example, the equation
Az, y.Y (z,y) » Ax,y.X(z) is not redundant. Intuitively, this equation is
not redundant because it contains the information that the left-hand side
Az, y.Y (z,y) must be reduced to a term which does not depend on y.

The elimination rule for redundant equations is

G,e,G'
G,G'

[rm] if e is redundant.

In the sequel we study the soundness and completeness of the calculus
LN; U {[rm]}.

Lemma 34 If I : Go =} G1 =[m) G2 is an (LN1,S,)-derivation then
{07IvGo) |7 €EUR(GL)} = {07 Iv(co) | V' € Ur(G2)}-

Proof. Assume the last step of II is
TGy =G, AT.5(7) » NEX(F),G' Sy G = G, G

Let A1 = {07[v(co) | ¥ € Ur(G1)}, A2 = {07 1v(Go) | 7' € Ur(G2)}, and
V = V(G6). Obviously, Ur (G1) C Ur(G2), and thus A; C A,.

Let 6 € Az. Then there exists 7' € Ugr (G2) such that 6 = 67'. From the
shapes of i1 and G5 results that 6y ;x3 U{X = XZ.s7'} is a well-defined
substitution and § € Ur(G1). From Lemma 33.(1) results that X ¢ V.
Therefore, 7' [v(a) = 001y (), and thus Az C A;.

Hence A; = As. O

Lemma 35 Let G =€, be a goal, (G,7, R,) € Repr(G), er € G a redun-
dant equation, G' = (€x_1, €k+1.n); and R, | = (Rr—1, Rk+1,n)-
Then we can perform the [rm]-step G =>[m},- G', and we have

(G,0,R,) - (G',0,R],_,).

n—1
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Proof. Obvious. a

Lemmata 34 and 35 imply that we preserve the soundness and completeness
properties of LN; with strategy S, if we extend S,, to a strategy which can
select redundant equations, and refine LN; to a calculus which applies rule
[rm] to selected equations which are redundant. We call the new strategy
S and the refined calculus LN,. The definition of the strategy S, can be
obtained from the definition of S,, by replacing condition (c1) with

(c1’) a flex/flex equation is selected only if it is redundant or (c1) holds.

The nondeterminism between the inference rules of LNy with strategy S,
is shown in Figs. 5.6 and 5.7. The superscripts attached to the labels
in the table indicate the priority of applying the corresponding inference
rule. These priorities are established by imposing additional side conditions
to the corresponding inference rules of LN;. E.g., for equations of the
form e = A\T.0(s;,) > A\T.X(t,) with v € {Z} U F., checks whether the
preconditions to apply rule [rm] are satisfied. If yes, then [rm] is applied
deterministically. Otherwise the selected equation is not redundant and the
inference rules [i]2, [p]2 of LN2 are applied nondeterministically.

root(s) \ ") V(t) F, F.UBV(t)
V(s) | [del]’/[rm]*/ [i]1, [Pl [i]1, [p]1, [ov]i
[ffs]® /[Ed]® [ov]i, [on]3
Fo| [m]'/ [del]’/ [on]]
([iJ3, [p]3, [on]i) | (fon]?, [on]3, [d]*) ‘
F.UBV(s) | [mm]'/ x [del]"/[d]?
([il3, P13, [ov]3)

Fig. 5.6: Inference rules of LN for equation s ~ t selected by sel € S,

root() \"% ) V() Fy F.UBV(t)
V(s) | [del]”/[rm]*/[ffs]" /{fd]” | i3, [pl1, fov]” | [il1, [p]i, [ov]"
Fg | [rm]'/([i3, [p3, [on]*) | [del]"/(fon]?, [d]*) [on]
F. UBY(s) [rm]"/({3, [p]5) x [del]" /[d]?

Fig. 5.7: Inference rules of LN for equation s > t selected by sel € S,

In the sequel we investigate the calculus LNy with strategy S..
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5.8 Lazy Narrowing for Left-Linear Construc-
tor Pattern Rewrite Systems

In this section we study the possibility to reduce the nondeterminism be-
tween the inference rules of LN» with strategy S, for confluent left-linear
constructor fully-extended PRSs.

The restriction to left-linear constructor rewrite systems is quite custom-
ary in functional logic programming. In the first-order case it was shown
[MO98] that for left-linear constructor PRS we can completely eliminate
the nondeterminism on the selection of inference rules for solving flex/rigid
descendants of parameter-passing equations without losing completeness
because all descendants of parameter-passing equations have constructor
terms to the right-hand side. Unfortunately, LN, with strategy S, does
not have this property, as we can see from the following example.

Example 9 Consider the left-linear constructor PRS R = {f(X) — X}
and the goal G = f(Y(X)) > a. Then any (LN2, S,,)-derivation starts with
the following (LNs2, S, )-subderivation

fY(X)>a =emGE=YX)» X,X;>a
Slovlo={X1mf)) G =Y(X) » f(H),H(X) » X5, Xa>a

The application of [ov] in the second inference step introduces the defined
symbol f in the right-hand side of the leftmost parameter-passing equation
of G'. |

It is easy to see that such undesirable parameter-passing equations are
created as the result of an [ov]- or [i]-step. Thus, we should invent a method
to avoid performing [ov]- or [i]-steps in such problematic situations, but
without losing completeness. The following lemma gives the basic idea for
our attempt.

Lemma 36 Let e = \z.5(y) > Az2.X(¥), € = AT.X(f) > A\T.u be equations
such that A\T.u is rigid, V(s) N {z} = 0, X & V(s,\T.u) and V =V '\
{X}. Assume that €' = \T.5(t) > AT.u is the equation obtained from €' by
replacing \T.X (t) with \T.s(t). Then

01y |0 € Un(e,e)y = {01y |8 € Ur(e,e")}.

Proof. We show that the left-hand side is a subset of the right-hand side,
and vice versa.

(C) Let 0 € Ur(e,e'). Tt is sufficient to prove that 6’ € Ur(e"). By defini-
tion, 8 € Ur (e, e) iff



5.8. LEFT-LINEAR CONSTRUCTOR PRSS 119

(1) Xz.50(y) =5 Az.(X0)(y) and

(2) 0 € Ur(e).
Because A7.(s8)(t0) Q%AE.(XG)(@), we have that 0 € Ur(\T.s(t) >
AZ.X(t)). From (2) we know that § € Ur(A\Z.X () > AT.u). Then 0 €
Ur (A\T.5(t) > AT.u), i.e. 0 € Ur(e").
(D) Assume o = 0y where 6 € Ug(e,e"). Then

(3) Az.50(y) =5 Az.(X0)(y) and

(4) 0 € Ur(e").
We want to prove that there exists a substitution 6’ such that

(5) Az.50' () =% Az.(X6') (1),

(6) 0 € Ur(N\T. X (t) > AT.u), and

(M o=06"[V].
Let ¢ = 0]y U{X — Ay.s0(y)} which gives (7) as an immediate conse-
quence. Since X ¢ V(s) we have AZ.s0'(7) = \z.s0(y) = AZ.(X0')(y). Thus
(5) holds and (8) A\z.X¢'(y) =% AZ.X0(y) from (3). For (6) we observe
that if e = A\Z.X (t) > AT.u then

NE(XO0)(#0) = AT.50(107) Do \T.50(10) B3 \Tuh = \Fuf,
and if €’ = A\T.X () ~ AT.u then
NE.(XO')(107) = NT.s0(107) 25 2\7.50(18) BiA\TFuh = AT.ub).
Thus (6) holds in both situations. O

Remark 1 In Lemma 36 we require V(s) N {Z} = 0. Without this restric-
tion the case D7 in the proof of Lemma 36 does not hold.

Lemma 36 suggests the following new inference rule:
G, \z.5(y) » X\z2.X(¥), G, \T.X () > \T.u, G"
G, \z.5(y) » X\z.X(¥), G, X\z.s(t) > A\T.u, G"
if AZ.u is rigid and V(s) N {z} = 0.

[c]

The equation selected by the [c]-rule is AZ.X () > A\ZT.u and its descendant
is defined to be AZ.s(t) > AZ.u. The notions of precursor and descendant
are carried over to the [c]-rule in the natural way. We denote by LNj3
the calculus obtained from LN, by adding the rule [c¢] and by applying it
instead of [ov] and [i]; whenever possible.

Remark 2 The statements of Lemma 33 hold for the calculus LN3 with
strategy S. as well.
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The soundness of the calculus LN3 is an immediate consequence of the
following lemma:

Lemma 37 If I : Gy =} G1 =g G2 is an (LN3, S,)-derivation then

{07TvGo) | 7 €EUR(GL)} = {07 Tv(co) | V' € Ur(G2)}-

Proof. Assume the equation selected in the last (LN3,S,,)-step of II is
AT.X(t) D> AT.u. Then there exists a parameter-passing equation e’ =
AZ.s » Az2.X(y) € precg, (e). From Remark 2 we learn that X ¢ V(G6).
Then Lemma 37 follows from Lemma 36. a

Assume

Go =>; G = G,, )\fX(Z) > A\Z.u, G"
NG —

e

is an (LNj3, S.)-derivation and e = sel(G4) for some sel € S.. From Remark
2 and condition (c2) of strategy S. we deduce that either: (a) there exists a
parameter-passing equation e’ = AZ.s » A\2.X (§) € precg, (e), or (b) all the
equations s’ B t' € G \ e satisfy the condition X & V(¢'). The problematic
situation is (a): in this case it is desirable to be able to apply rule [c] instead
of [ov] or [i]. Unfortunately, there is a side condition which can prohibit the
application of [c], namely if €' satisfies the condition V(s) N {z} # 0. We
avoid such situations by imposing an additional condition on the left-linear
constructor PRS as well.

Definition 49 (full extension) A term is fully-extended if every free var-
iable in the term has all the bound variables in the current scope as argu-
ments. A PRS consisting of rewrite rules with fully-extended left-hand sides
is called fully-extended.

The notion of fully-extended PRSs was first introduced by Prehofer [Pre98],
though he had a different motivation than ours. Hereafter, we simply refer
to fully-extended PRSs as EPRSs.

Lemma 38 If R is a left-linear EPRS then the right-hand sides of the
parameter-passing equations generated in (LN3, S.)-derivations are fully-
extended.

Here we don’t show the detailed proof but only note that the right-hand
sides of the parameter-passing equations generated by [ov] and [on] are
fully-extended and that [i] and [p] instantiate variables with fully-extended
terms. [ffd] and [ffs] are the only rules which may instantiate variables with
non-fully-extended terms; however, they never instantiate the variables in
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the right-hand sides of the parameter-passing equations. This follows from
Remark 2.

The following lemma is the counterpart for LN3 of Lemma 3.1.(2) in
[MO98] for LNC.

Lemma 39 Let R be a left-linear constructor EPRS and IL: G =} G',s »
t,G" an (LN3,S.)-derivation. Then t is a linear pattern constructor term.

Lemma 39 explains why the calculus LN3 with strategy F,. is more deter-
ministic than LN, with strategy S.: we can completely remove column 2
from Fig. 5.7 for descendants of parameter-passing equations (i.e., equa-
tions of the form s » t).

We have already seen why LN, with strategy S. is sound. Now we
explain why LN3 with strategy S. is complete.

Lemma 40 Let R be a confluent left-linear constructor EPRS. If v €
Ur(G) is normalized then there exists an (LNg, S.)-refutation Il : G =} F
such that 0y =~ [V(Q)] for some solution v € Ur (F).

Proof. (Sketch) Let v be a normalized solution of G. We will prove that
there exists an (LN3,S,)-refutation II : G = F with 6n = v [V(G)] for
some solution n of F. The construction of II is depicted in the diagram

below. in Fig. 5.8. Here ay,...,a, € {[i],jov]}. We prove by induction on
L, : G =5, G =a; =" F1
U+
[c]
a1, : i i;; Go =a,=>" F2
U'Jr
[c]
+
Mt
3, : o1 =g Gn 2a, =" Py

Fig. 5.8: Construction of an (LNj, S.)-refutation IT : G =* G,, for a given
R-normalized solution v € Ur (G)

n that the following conditions hold:

(a) the LNy-derivation G =7, G}, shown in the diagram is an (LN3, S.)-
derivation,

(b) for any i < n there exists v; € Ur(G;) such that 0, ...0;v; = v [V(G)],
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(c) || >...> |yn] where |v;| :={|Xv| | X € V(G ...6;)}.

The construction starts with an (LN, S;)-refutation II; : G =} F; such
that:

e v =417 for some 7| € Ur (F}),

e [ov] or [i] is applied to an equation e selected in some intermediate
goal G" of II; only if prec(e) is a non-empty flex/flex goal and all the
non-flex/flex equations of G" are flex/rigid with precursors.

From the completeness of LN, with strategy S, such an (LNj,S,)-refu-
tation exists. Let G be the first goal in II; where an equation to which
[c] can be applied is selected. If such a goal does not exist then II; is an
(LN3, S.)-refutation and we choose II = II;, F = F;. Otherwise we cut
out the subrefutation originating in G1, keep the subderivation G = G,
and start applying all the possible [c]-steps on the equation selected by IIy
from G1. Then G =} G; is an (LN3, S;)-derivation and v = 6111 [V(G)]
for some y; € Ur(G1). Suppose

e ¢ = \T.X (%) > u is the flex/rigid equation selected from G,
e ¢/ = \T.X'(t') > u is the result of applying all [c]-steps on e, and
e (] is the corresponding goal.

If the sequence of precursors used in the [c]-steps is
AT Xpi1(o.0) » AT Xp(o.0), -o. , AT X1(...) » AZ.X(T) then Lemma 36
yields that v} =71 [V(G1) \ {X,}] for some v, € Ur(G"). From Remark 2
we know that {X,, } N V(G#;) = B, which implies that 6171 = 61} [V(G)].

Now, we can select e’ and perform an LNy-step which is also an LN3-
step. We start with such an LN3-step and construct an (LN, S.)-refutation
I, : G =4, G2 =a,.0,=}, F> with ay € {[i],[ov]} in the same way as we
constructed ITy. Again, we cut out the subrefutation (if any) of IIs which
starts with the LNo-step that violates strategy S., retain the (LNg3,S.)-
derivation G :>0+2 G2 and determine 72 € Ur(G2). It is important to
see that we obtain an (LNj3, S.)-derivation G =>;r2 G2 with § # D(o1) C
D(62) C V(G6,), which explains why |y1]| > |72]-

Since there is no infinite descending chain |y1| > |y2| > ..., our con-
struction will eventually terminate and yield the desired (LN3, S, )-refuta-
tion. O
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5.9 Strict Equality

In functional logic programming it is customary to consider two expressions
equal if they reduce to the same constructor term [MO98]. This so-called
strict equality can be integrated into our lazy narrowing calculi if we dis-
tinguish between the following types of equations:

1. unoriented equations

(a) with nonstrict semantics, denoted by s = t,

(b) with strict semantics, denoted by s =t.
2. oriented equations

(a) with strict semantics, denoted by s >t
(b) with nonstrict semantics

i. linear descendant of initial equation, denoted by s > ¢
ii. descendant of parameter-passing equation, denoted by s » .

An R-unifier of of an equation with strict semantics is an R-unifier of its
nonstrict counterpart.

Definition 50 (strict solution) A strict solution of a nonstrict equation
e is an R-unifier of e.

A strict solution of a strict equation s=t is a solution 6 € Ur(s ~ t)
such that there exists u € T (F.,V) for which s8 =% u and t§ —% u.

A strict solution of a strict equation s>t is a solution 0 € Ur(s > t)
such that t0 € T (Fe, V).

In this section we look for efficient calculi to compute normalizes strict
solutions of goals consisting of equations of type 1.(a), 1.(b), 2.(a), 2.(b).i.

We start with the calculus LN» with strategy S, introduced in Sect. 5.7,
and regard is as the disjoint union of two subcalculi:

e LN3® for non-strict equations, and
e LN3 for strict equations.

In the sequel we analyze how the subcalculus LN can be specialized to
efficiently solve strict equations. The following lemma resumes the results
of our analysis.

Lemma 41 Let R be a left-linear PRS, G = G1,e,G5 be a goal and v be
an R-normalized solution of G. If e can be selected with strategy S. then
there exists an (LN2,S.)-step m: G =9 G' and a substitution v € Ur(G")
such that
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(1) e is the equation selected by =,
(2) v=0y V(G)],
(3) ife=s>t then

(8.1) root(t) & Fq,
(3.2) if root(t) € Fq then w is an [on]-step.

Proof.

(1)&(2) We know from the completeness of LNy with strategy S. that
if we interpret strict equations as oriented equations then there exist an
(LN3,Sc)-step m : G =9 G’ and a substitution 7' € Ur(G’) which sat-
isfy (1) and (2). We only have to show that if v is a strict solution of
e’ = s>t € G then v' is a strict solution of the linear descendants of e’ in
G'. This can be shown by case distinction on the type of 7.

(3) For (3.1), note that if root(t) € Fy then ty & T (F.,V) which contradicts
with our assumption on 7. Therefore we must have root(t) ¢ F4. For (3.2),
we observe that if root(s) € F4 then any rewrite derivation sy —% ¢y must
contain a rewrite step at the root position. Then we can choose 7 to be an
[on]-step. O

This lemma suggests to define the specialization of LN3 consisting of
the inference rules [i]%, [p]®, [ov]?, [on]?, [ffs]®, [ffd]?, [d]® shown in Fig. 5.9.

We call LNy the calculus resulted from LN, by replacing the subcalculus
LN3 with the one depicted in Fig. 5.9.

Because the calculus LNy is a specialization of LNy, it results that LN,
with strategy S. is sound: whenever G =} F' is an (LNy, S;)-refutation
and v € Ur (F'), we have that 0y € Ur(G).

Furthermore, the calculus LN, with strategy S, is also complete for the
computation of the strict R-normalized solutions of a goal. From Lemma
41.(1)-(2) we learn that LNy with strategy S, is a complete calculus for
the computation of R-normalized solutions. Even more, Lemma 41.(3)
allows us to consider only (LNy, S.)-refutations for which conditions (3.1)
and (3.2) hold. Therefore, we can reduce the nondeterminism between the
inference rules of LN, with strategy S. for a selected equation s > t as
shown in Fig. 5.10.

5.10 Conditional Pattern Rewrite Systems

In this section we outline the possibility to extend the calculus LN; to the
case of conditional pattern rewrite systems.
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fov]?

[on]

Fs]*

[fd]®

decomposition
G, T.v(5,) = X\T.0(tn), G’
G, \T.sp > AT.tn, G’
ifve F.U{T} and =€ {=,>}

imitation

G, %X (57) 2 AT.9(tm), G’

(G, A\T.Hpn(57) =2 AT tm, G")0
where ¢ {=,=7' > >} ge F., 0 = {X = \Tr.g(H,.(T>))} and H,,
are fresh variables.

projection
G, 7.X(3,) 2 \z.t,G

(G, \T.5:(H,(3,)) = AT, G')0

where e {==""> >7'}, 1 < i < n, ATt is rigid, § = {X —
AYn-.yi(Hp(yn))}, yi : Tp — 7, and Hy, : 7 are fresh variables.

outermost narrowing at variable position

G, \z.X (5m) 2 AT.0(t), G’
(G, NT.Hy,(5) » AT.ln, \T.r =2 MT.0(t), G")6

if e >, =, ="}, ve {F}UF,, f(I.) = ris a fresh variant of an Z-lifted
rule, § = {X = Xym.f(Hy(ym))} with H, fresh variables of appropriate
types, and S, are distinct bound variables only if the selected equation has
precursors.

outermost narrowing at nonvariable position

G, \T.f(5n) = A\T.t, G’
G, \T.sn » AT.1,,, \T.r 2 A\T.t, G’

if e {=,="",>} and f(I,) — r is a fresh variant of an Z-lifted rule.

flez/flex same
G, \T.X () 2 XT.X(y}), G
(G,G")e
where =€ {=,>}, 6 = {X — Xy H(%)} with T # v, and {7} = {y; |
1<i<nandy =y}

flex/flex different

G, AT X (Ym) = X2.Y (3,), G’
(G,G"6
where =€ {=,>}, § = {X = Xy H(%,),Y = My, H(Z,)} with {7} =
{m} 0 {yn}

Fig. 5.9: Inference rules for strict equations
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root(s) \ """ V(t) Fy| F.UBV(t)
V(s) | [fs)/[fd]* | x | [ili, [p]i, [ov]®
Fy on]® X [on]®
FUBV(s) | [i5.[pl | x [d]*

Fig. 5.10: LNy4: Inference rules for equation s > t selected with sel € S,

root(s)\rOOt(t) V(t) Fd F. U BV(t)
V(s) | [fs]°/[fd]* | [on]5 | [ili, [p]1, [ov]i
Ey; onli on)i [on]]
F.UBV(s) | [i]5,[p]5,[ov]5 | [on]5 [d]®

Fig. 5.11: LNy: Inference rules for equation s = t selected with sel € S,

Definition 51 (conditional PRS) A conditional PRS is a set of condi-
tional rewrite rules of the form f(l,,) = r < G where

e f(l,),r are terms of the same base type,

e G is a goal consisting of oriented and/or unoriented equations, and

o V(r) CV(f(ln) UG.
Higher-order conditional rewriting with respect to a conditional PRS R is
defined similarly to conditional term rewriting (see Ch. 3, Def. 21), by using
the notion of higher-order rewriting given in Def. 35, and by interpreting
s~tasslrptands>tass—5t.

The conditional counterpart of the calculus LNg is the calculus CLNg
obtained by extending the inference rules for outermost narrowing to the
conditional case, as follows:

[on] outermost narrowing at nonvariable position

G, \T.f(3,) 2 \Z.t,G'
G, \T.5p, D> AT 1y, AT.up =p AT.0p, AT.r 2 XTE, G’

if =€ {~,~7',>} and f(I,,) = r < u, =, v, is a fresh variant of an
z-lifted rule with 24,... ,2,€ {~,>}.

[ov] outermost narrowing at variable position

G, \T.X (5,) = \T.t,G'
(G, \Z.Hy,(5m) > AT.1p, AT up Zp AT.vp, AT 2 ANT.E, G0




5.10. CONDITIONAL PRSS 127

if € {~,~7!, >}, A\Z.t is rigid and f(I,)) = r < u, =, v, is a fresh
variant of an z-lifted rule and § = {X — A\yp.f(H,(7m))} with H,
fresh variables of appropriate types and 24,... ,2,€ {~,>}.

We generalize the notions of descendant and linear descendant of an
equation selected in an [on]- or [ov]-step as shown below.

e e descr(e)
ldesc (e)
[on] | AZ.f(3n) 2 ATt | AT.up = AT.0p AT.$p D> AT.1p
AT.r =2 A\T.t
[ov] | AZ.X(5m) 2 ATt | AT.up =Zp AT.0p | AT-Hp (5m0) D> AT,
AT.r =2 ATt

The notion of precursor is generalized as follows:

Definition 52 (precursor) If Il : G =° G is an empty CLNg-derivation
then precri(e) = O for all e € G.

If T:G =* Gi,e,Gy =4 G = G,€e,G, is a nonempty CLNg-
derivation such that €' € desc(e), 7 is the last CLNg-step of 11, and II' is
the CLNg-subderivation of I1 without w then:

e if a =[on] and e = AT.f(5,) = AT.t then

— precr(e) := G",XT.5p, B AT .1y, AT.up =p AT 0p
if e = AT.r 2 \T.t

— precr(e’) = G, AT.s, B N1, if €' = NToup =g AT.up
for some k € {1,... ,p},

— precpp(e’) = G
if € = XZ.s, » XT.ly, for some k € {1,...,n},

e if a =[ov] and e = \T.X (5,) =2 AT.t0 then

— precr(e’) = G", AT.-Hy(smb) » AT .1y, A\T.up =, AT.0p
if e = AT.r =2 \T.t0

— precp(e’) = G, \T.Hy(sm0) » \T.1,,
if € = XT.uy 24, AT.vy, for some k € {1,...,p},

— precri(e’) = G"

if ¢ = XZ.Hy(sm0) » XT.ly, for some k € {1,... ,n},
o G, otherwise

where G" := desc,(precry (€)) \ e.
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The strategies Sp, S, and S, are defined like in the unconditional case
(Def. 43, pp. 98). By a similar reasoning it can be shown that the calculus
CLNpg is sound and complete if we adopt the equation selection strategy
80 or Sn

It can be shown that some of the refinements towards more determinism
of the calculus LNg with strategy S,, can be generalized to the calculus
CLNg with strategy S,,. Two possible refinements of LCN; with strategy
S,, are:

1. LCN; with strategy S,,: the conditional counterpart of the calculus
LN; with strategy S,, (Sect. 5.4),

2. LCN» with strategy S.: the conditional counterpart of the calculus
LN, with strategy S..

We claim without proof that
e LCN; with strategy S, is sound and complete if R is confluent,

e LCN, with strategy S. is sound and complete if R is left-linear and
confluent.

5.11 Conclusion

A summary of the lazy narrowing calculi proposed in this chapter and of
the refinements achieved with them is shown in Fig. 5.12.

We want to emphasize that these refinements can be effectively used
to drive the computation of a functional logic program. The calculus LN,
with strategy S, has been integrated into the functional logic component
of the distributed constraint functional logic system CFLP [MIS99b], and
the integration of the other refinements presented in this chapter is under
way.

Fig. 5.13 depicts the dependencies among the lazy narrowing calculi
that inspired our research. The calculi written with slanted boldfaced fonts
are those proposed by us. The equation selection strategies corresponding
to the lazy narrowing calculi are mentioned in parentheses.

Note that all calculi proposed by us are not restricted to terminating
term rewriting systems. The restriction to terminating rewrite systems is
quite strong in functional logic programming. Our concern was to design
calculi which can generate a complete set of R-normalized R-unifiers with
respect to (various classes of) confluent PRSs.

Another extension which adds expressive power to functional logic pro-
grams are conditional pattern rewrite systems. A proposal for a sound and
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Properties Strategy | PRS Deterministic refinements
LNg | sound
(Lemma 23)
LN: | sound,complete | So,Sn confluent | -[ov] for A\Z.X(y) = Azt
(Lemma 30) without precursors
LN{” | sound,complete Sn orthogonal | -[on] for AZ.f(5) » AZ.X(7)
(Lemma 32) with f € Fq4
LN, sound,complete Se left-linear | [rm] for redundant equa-
(Lemma 34, 35) confluent | tions
LN3 | sound,complete Se left-linear | A equations AT.s B A\T.f(t)
(Lemma 37,40) conflu- with f € Fq4
ent fully
extended
LN4 | sound,complete Se left-linear | Efficient sub-
(Lemma 41) confluent | calculus for equations with
strict semantics (Figs. 5.9-
5.11)

Fig. 5.12: Lazy narrowing calculi for pattern rewrite systems

complete lazy narrowing calculus for confluent and terminating conditional
PRS is given in [Pre98]. The development of an efficient lazy narrowing
calculus for larger classes of conditional PRSs is an extremely challenging
direction of research. In Sect. 5.10 we proposed the calculus CLNg as the
conditional counterpart of LNg and mentioned a few theoretical results
that can be lifted from LNg to CLNg. We conjecture that LNg is a good
starting point for the development of an expressive and powerful calculus
for equational theories represented by confluent conditional PRSs.
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LN, LN,

LN,(S,)

CLN

(1): left-linear constructor
full EPRS
(2): equations with
strict semantics
(3): left-linear constructor
TRS, and equations
with strict semantics
(4): confluent and
terminating PRS

LNN LN, (S,)

b
LN, |

ey

Conditional

“)

Lazy Narrowing

HLNC LN ! :
| l for simply-typed
TRS PRS ) | |
A ! | A -calculus
LNCA ) I Lazy Narrowing
| | for applicative
| } term algebras
I‘l :
LNC, ! LCNC Lazy Narrowing
I
I
3) ,1 CTRS
I
I
LNC (Slefl)
Narrowing
CNC

NC

Fig. 5.13: Narrowing calculi: dependency diagram



Chapter 6

Cooperative Constraint
Functional Logic
Programming

In this chapter we introduce a cooperative constraint functional logic pro-
gramming scheme which combines features of functional logic programming
and cooperative constraint solving. The scheme is intended to combine the
advantages of cooperative constraint solving (e.g., efficient and powerful
methods to solve large and complex problems) with the features of func-
tional logic programming.

We describe our scheme as an extension of the traditional constraint
programming scheme CP(X) in two directions:

e support for cooperative constraint solving. The scheme is parameter-
ized with a strategy S which defines the way how a set of components

solvers {CSi, ..., CS,} of the constraint domain X cooperate upon
solving systems of constraints. We abstract this extension in a scheme
CP(X,S),

e program construction facilities. We adopt a functional logic program-
ming style to support one’s own abstractions by means of user pro-
grams. The reduction of a problem containing user defined symbols to
a problem that can be solved by the CP(X,S) scheme (i.e., without
user-defined constructs) is achieved with a so called constraint lazy
narrowing calculus C. Defining an effective operational principle for
solving systems of constraints involving user defined operators boils
down to the design of a suitable combination of the operational se-

131
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mantics of the scheme CP(X,S) with the constraint lazy narrowing
calculus C. We propose a scheme CFLP (X, S,C) which is intended to
clarify the meaning of the combination of the two mutually dependent
operational principles.

In a nutshell, our constraint functional logic programming scheme can be
written schematically

CFLP(X,S,C) = CP(X,S) + FLP(X,C)
where
e X is the underlying constraint domain of the system,

e S is a strategy that defines the operational semantics of solving sys-
tems of constraints over X with a cooperation of a given collection
{CS, ..., CS,} of constraint solvers,

e (Cis acalculus for solving equations containing user defined constructs.

This chapter is structured as follows. In Sect. 6.1 we recall the traditional
constraint programming scheme CP(X).

In Sects. 6.2-6.4 we describe extensions of the traditional constraint
programming scheme with some desirable features.

In Sect. 6.2 we address the possibility to extend CP(X) with addi-
tional constraint solving capabilities by providing support for concurrent
constraint solving. The main concern of this extension is how to make
cooperate different constraint solvers defined over the same constraint do-
main but with different admissible constraints. We introduce an additional
argument S called strategy, which formalizes the mechanism of constraint
solving cooperation.

In Sect. 6.3 we discuss another extension which dramatically improves
the expressive power of constraint programming: support for defining one’s
own abstractions—user defined functions—by means of constrained func-
tional logic programs. Such a feature requires the extension of the compu-
tational mechanism of (concurrent) constraint programming with a mech-
anism to solve equations involving user defined function symbols. For han-
dling user defined abstractions we add to the the CP(X,S) scheme a new
parameter C which denotes a constraint lazy narrowing calculus. The re-
sulted scheme should integrate the advantages of both declarative program-
ming frameworks of CP(X',S) and functional logic programming based on
a calculus C. Therefore we call it concurrent constraint functional logic
programming, and denote it by CFLP(X,S,C). The main concern of con-
current constraint functional logic programming is to define a clear opera-
tional semantics that combines the calculus C with the operational principle
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of CP(X,S). Since the calculus C dramatically influences the overall per-
formance of the system, it is required to detect effective calculi. We claim
that the design of an effective constrained lazy narrowing calculus can take
benefit of the results achieved in FLP by generalizing to CFLP the essen-
tial features underlying the deterministic refinements of lazy narrowing. In
Chapter 7 we discuss how the design of the underlying calculi of our system
CFLP was influenced by the lazy narrowing calculi introduced in Chapter 5.

Finally, in Sect. 6.4 we define a distributed model of CFLP(X,S,C).
The distributed model is intended to serve as basis of implementations of
constraint functional logic programming systems which make use of con-
straint solving resources located in a distributed environment, such as het-
erogeneous network of computers.

6.1 The CP(X) Scheme

Constraint programming (CP) is based on the idea of specifying a problem
by a set of constraints. A constraint is simply a logical relation among
several unknowns (or variables), which take a value in a given domain X'.
This domain has a well known algebraic structure equipped with natural
algebraic operations such as addition or multiplication, and with privileged
predicates such as equality and various forms of inequality.

What is essential for the use of constraints for programming and com-
puting purposes is that constraints introduce a uniform framework for ma-
nipulating partial information. Every constraint is a piece of information
about objects. There are some trivial connectives (mainly only conjunction)
provided in the system as the basic mechanism to be more precise.

Programming is viewed as specifying a problem by a set of constraints.
The system is equipped with a mechanism (the solver) which solves the
problem by computing its canonical form as result.

In the sequel we give a formal account to the notions of constraint
domain and solver to capture the basic characteristics of constraint pro-
gramming outlined above.

Constraint Domain

The concept of constraint domain formalizes the idea of constraint. Our
presentation is an adaptation of the terminology in [Mon96] to simply-typed
signatures.

We assume that a simply-typed signature of a constraint domain can
be represented in the form ¥ = (So U {bool}, F UII) such that:

e {true: bool, false: bool} U{~.| T € S} CII,
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e FN (II\ {true,false}) = 0, where S is the inductive closure of
So U {bool} under the function type constructor,

e if p € II then p : 7, — bool.

The symbols of IT are called predicates and the symbols of F are regarded
as function symbols. We define fets(X) := F, and assume that any X-
algebra A = ({A;},cs, a) corresponding to a simply-typed signature ¥ =
(So U {bool}, F UII) meets the following requirements:

o Ay, = {true, false} where {true, false} is a boolean domain, and

e a(true) = true a(false) = false, a(~,;) = =, where =, is the
equality operator over A, .

Definition 53 (simple constraint domain) A simple constraint domain
is a quadruple X = (X, A, V, ®) such that:

o ¥ = (So U {bool}, FUIL) is a simply-typed signature,
e A= ({A;}recs,q) is a simply-typed X-algebra,

o V={V.},;es is an S-sorted set of variables such that V; is countably
enumerable for any 7 € S and VN (FUI) = 0,

e o subset ® C Eq(F,V)U{true, false} with true,false € . The set
® is called the set of basic constraints of X.

We use ¢, possibly with subscript, to range over basic constraints and
denote by V the set of all S-sorted .A-valuations v : V — | AJ.
The meaning of a constraint can be given by its set of solutions.

Definition 54 Given a constraint domain X = (X, A,V,®) and a con-
straint ¢ € ®, a solution of ¢ is an A-valuation v € V such that

A" (9)

where v* : T (fcts(X),V) — |A| denotes the homomorphic extension of v
(see Def. 1, pp. 9). We denote by [¢]* the set of solutions of ¢.

If V is a finite set of variables, notation V' Cg, V, then we define
[o] := {v | I’ € [¢]A such that v]y =v'[v}.

The notions of interpretation, model and satisfaction relation |= between a
simply-typed X-algebra and a constraint of a simple system are defined as
usual. The notions of satisfiability and validity can be restated as follows:
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e ¢ is satisfiable if [p]* # 0, otherwise it is unsatisfiable.
e ¢ is valid if [¢p]* = V.

A preorder can be defined over ® to model the richness of the informa-
tion contained in a constraint.

Definition 55 (refinement ordering) Let X = (X, AV, ®) be a simple
constraint domain, V. Can V, and ¢1,¢2 € ®. The constraint ¢1 is a V-
refinement of ¢, written as g2 <y ¢1 if [¢1 # C [¢2]ft ¢1 is a refinement
of ¢o, written as ¢o < @1, if ¢1 is a V-refinement of Po.

It is straightforward to see that the refinement ordering is a preorder over
constraints which satisfies the following properties:

p<¢
true < ¢ < false

d1 < P2 N2 < 93 = 1 < @3

We denote by = the equivalence relation induced by the preorder < on
constraints.

Simple constraint domains provide the formalism for constraint systems.
In order to define operators over constraints, we impose a logical structure
over ® by applying logical connectives. The most important connectives
are conjunction and disjunction.

Definition 56 (constraint domain) A constraint domain is a quadruple
X =(E, AV, where (X, A,V,®) is a simple constraint domain and ®’
is the inductive closure of ® defined as follows:

oC
£, €@ =L NEH D,
&,6 € (I)I:>fl V& e i

The expression & A & is called the conjunction of & and &>, and the ex-
pression & V & is called the disjunction of & and &;.

The functions V : ® — V and []* : ® — 2V are extended to &' as
follows:

o V(i AE) :=V(6 V&) =V()UV(E),
o [& A& = [a]A N [&]A and [& V &N = [&]4 U [&]A
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In the sequel we assume that X' = (X, A4,V, ®) is a constraint domain.
We call ® the computation domain of X.

We observe that the following properties of constraint conjunction and
disjunction hold:

¢1 A P2 = ¢2Ah
NP = ¢
(CS1): ¢ (PrAP2) NP3 = 1 A(d2 A 3)
¢ A true = ¢
¢ A false = false
¢1V 2 = Vo
bviase = 4
V false =
(CS) : ¢V true = true
(D1VP2) Vs = 1V (p2V p3)
P1A(P2Vd3) = (1 Ad2)V(d1A¢s3)

We denote by =, the congruence relation induced by (CS;) and (CS3) on ®.
In the sequel we will identify any two constraints which are =;-congruent.

The notion of binary constraint conjunction can be extended to the
conjunction of a (possibly infinite) set of constraints. From the properties
mentioned before results that a conjunction of constraints can be simply
represented as a set of constraints. We write /\?:1 ¢; for the conjunction
D1 AN Oy

Conjunction is the most important operator over constraints, which
allows to specify an object by stating several independent properties by
using constraints and then putting them together.

The properties of the logical connectives A and V allow us to write a
constraint M € @ in an equivalent disjunctive normal form

m n;

VA i

i=1j=1

where ¢; ; are primitive constraints. Such a constraint is called constraint
store; it consists of m disjuncts &; := /\;l:1 ¢i,; called elementary constraint
stores. We denote by @, the set of elementary constraint stores of ®, by ®,
the set of primitive constraints of ®, and adopt the following conventions
of notation:

o M, My, M,, ... range over P,

o o, ¢, ¢1, g2, ... range over ¢,

o £, & &, &, ... range over the set ® of elementary constraint stores.
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Solver

Intuitively, a solver over a constraint domain (¥, A, V, ®) is an algorithm
which transforms an elementary constraint store into a constraint which
is ’simpler’ than £ but equivalent to £ in 4 (a solver preserves the solu-
tions). Moreover, the repeated application of a solver always terminates
and reaches a fixed point called solved form or canonical form. Usually, the
solved form of an elementary constraint store ¢ has a syntactic structure
from which the set of solutions [¢]* can be easily derived.

Definition 57 (solver) A solver on a constraint domain X = (X, A,V, D)
is a computable function CS: ® — ® which has the following properties:

disjunction: CS(Vi, &) := ViL, CS(&),

soundness: V¢ € Op, £ < CS(€),

completeness: V¢ € &, CS(&) <&,

termination or fixed-point: V¢ € ®,,3n € N, CS"T!(¢) = CS™(¢).

We denote by Solver(X) the set of component solvers over X. In order to
ease the integration of the operational principles of cooperative constraint
solving and lazy narrowing for functional logic programming, we represent
the output CS(€) of a constraint solver CS in the form \/fcv:1 ([0k], &) where

e 0 € Subst(F,V) is an idempotent substitution and &, € @y such
that V(&) ND(6k) =0,

] [919] = /\XGD(Hk)(X I~ Xek),

o ([0k], &) denotes the constraint [0x] A &,

o OS([B] A &) = VL, ([6105],€5) where \/Y (8, €1y = CS(&)

for any k € {1,...,N}. We use this representation to capture the fact that
the constraint solving computational mechanism increases the information
contained in a constraint, i.e., the instantiation of logical variables.

A solver induces an ordering on constraints w.r.t. the solver. Intu-
itively, the result of a solver is smaller than its input, i.e. we can identify a
constraint solver with a simplifier.

Definition 58 (solver ordering) Let CS be a solver on the constraint
system X = (X, A, V, ®). Then the solver ordering induced by CS on ®, is
defined as follows: & <gs & if In € N such that v,lf:1<[0k],§k> = CS"(§)
and &' =&, for some k€ {1,... ,N}.
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The relation <¢g on ® is a quasi-ordering, and the related ordering < ¢g is
noetherian.
With our representation, we can regard a solver CS as the set of sim-
. . cs ..
plification rules {£ =4, & | CS(&) = \/gil([Gk], &), E£,C5(€)}. Similar to

lazy narrowing derivations, a CS-derivation is a sequence
cs cs cs
€:>91 51 =0y - - - =20, gn

of CS-simplification steps, abbreviated & :C>; &, where 8 = 61...60,. A

CS-refutation is a CS-derivation f:C‘:%; &, such that there is no CS-step
starting with &,.

Computing the CS-canonical form of an elementary constraint store &
is realized by generating all the CS-refutations & %;k &, 1 < k < N.
Then the canonical form of £ is the disjunction of the elements of the set

CFcs(§) == {0k, &) | K € {1,... ,n}}.

6.1.1 Extensions
The main drawbacks of the traditional constraint programming scheme are:

1. Lack of program construction: the only means to describe a problem
is by using the language of constraints of the underlying constraint
domain. A constraint program represents the content of a constraint
store. There is no means of abstraction or mechanism of programming
to specify the dynamic construction of a constraint store.

2. Fized computational domain: for efficiency reasons, the underlying
constraint solver of a constraint programming language is restricted
to some classes of constraints, i.e. ® is a strict subset of the set of con-
straints supported by the language. This means that the constraint
solver is in general incomplete, i.e. unable to solve all constraints
supported by the language. The design of a complete solver is a hard
and lengthy task which usually yields an inefficient solver.

Recent years have witnessed a growing interest to improve the traditional
CP scheme by eliminating these drawbacks. The following two sections give
an account to the ongoing research which addresses these problems.

6.2 The CP(X,S) Scheme

In this section we introduce a formalism that supports the second improve-
ment of the traditional CP(X) scheme: the possibility to extend the com-
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putation domain of a constraint domain and to improve the solving ca-
pabilities by replacing the built-in constraint solver with a cooperation of
constraint solvers.

6.2.1 State of the Art

The main idea of cooperative constraint programming is to avoid the design
of a general-purpose constraint solver by replacing it with a collection of
specialized constraint solvers equipped with a suitable mechanism of coop-
eration that supports solving complex problems that none of the individual
solvers can handle alone. Thus, the effort of designing an efficient and
powerful constraint solver (such as a quantifier elimination solver over real
closed fields) is shifted to designing a strategy for cooperating constraint
solvers. The importance and advantages of adopting this approach are
widely recognized and drafts for proposals of cooperative constraint solving
systems started to appear.

Most of the systems proposed so far (such as the cooperative architec-
ture of Marti-Rueher [MR95] or CoSAc [Mon96]) are focused on the easy
integration, cooperation, and reusability of various constraint solvers. In
general, the design of such an integrated system requires a good knowl-
edge of the basic components (constraint manager, communication man-
ager, etc.) in order to add new solvers or to replace integrated solvers.

Monfroy [Mon96] proposes BALI (Binding Architecture for SoLver Inte-
gration), a domain independent environment for executing solver collabo-
rations. In his view, ’solver collaboration’ means ’solver combination’ and
’solver cooperation’, where ’solver combination’ focuses on building a solver
for the union of theories, and ’solver cooperation’ is concerned with commu-
nication problems between solvers defined over the same constraint domain
but with possibly different admissible constraints.

6.2.2 Enrichment

Enrichments are the means to extend the set of constraints accepted by a
solver.

Definition 59 (constraint domain enrichment) Let
X = ((So U {bool}, F UIIL), A, V, D)
X' = ((S{ U {bool}, FFUII'), A", V', ®")
be two constraint domains. Then X' is an enrichment of X if:
1. So=S), FCF and I =11

2. |A| = |A'| and for all g € FUIL, g* = g4 (i.e., the interpretation of
g is the same in A and A')
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3. V=YV and ® C P’

Thus, the enrichment of a constraint domain A" consists of some additional
functions defined on the original domain.

We now extend the class of constraints a solver C'S can manipulate. The
new constraints belong to an enrichment of the constraint domain of CS.

Definition 60 (CS-admissible primitive constraint) Let X' = (T, A,
V,®) be a constraint system, CS be a solver on X' = (X', A", V', ®') and
¢ € ®,. Then ¢ is a CS-admissible primitive constraint over X if ¢ € @'
and X is an enrichment of X'.

In order to extend the notion of CS-admissible primitive constraint to all
kind of constraints, we introduce the following definition.

Definition 61 (CS-admissible part of a constraint) Let X' = (X, A,
V, ®) be a constraint domain, CS be a solver over X' = (X', A", V', @) and
S € ®,. Then the CS-admissible part of £ over X, denoted by admcs x(€),
is recursively defined as follows:

o admes x(p ANE) = ¢ A admes,x (&) if ¢ is a CS-admissible primitive
constraint over X,

o admes x (P AE) = admeas,x(§) if ¢ is not a CS-admissible primitive
constraint over X,
e admcs x(true) = true, admcs x(false) = false.

We denote by admcs x(§) the CS-nonadmissible part of €.

We extend a constraint solver by allowing it to manipulate constraints that
are not defined over its own constraint domain.

Definition 62 (solver enrichment) Let CS be a solver over X' and X =
(X, A,V,®) be an enrichment of X'. Then the enrichment of CS over X is
defined by

N
CS (&) == \/ ([6k], & A E"00)
k=1
where admos x/(€) = &', admes.(§) = € and CS(€') = /oy ((Ok], &)-
The following lemma is not hard to prove.

Lemma 42 If CS is a solver over a constraint domain X then the solver
enrichment CS° is a solver over X.

For the sake of simplicity, we will drop the superscript ¢ and write CS
instead of CS°.
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6.2.3 Solver Cooperation

Solver cooperation is a formalism which enables to combine solving tech-
niques over constraint domains in an attempt to yield a solver for the union
of the individual constraint domains.

Definition 63 (solver cooperation) Let X = (X, A, V, D) be a constraint
domain and CSy,. .., CS, ben solvers defined respectively over X1, ... , &,,.
Then CSy, ..., CS, cooperate over X, notation (CS,)x, if X is an enrich-
ment of X; for alli € {1,...,n}.

In other words, a solver cooperation for a constraint domain X = (X, 4, V, ®)
is a set of constraint solvers, each of them being defined over a certain subset

of ®. We call the individual solvers of a cooperation component constraint

solvers.

In order to solve constraints in ® with a solver cooperation (CS,), we
have to clarify how the individual constraint solvers cooperate. The main
ingredients of describing mechanisms for solver cooperation are the fixed
point operator, the special solvers, and the concept of strategy for solver
cooperation.

A powerful formalism to describe solver cooperation is the notion of
strategy.

The fixed point operator

Assume X = (X, A, V, ®) is a constraint domain. The termination property
of the set Solver(X) guarantees the following property:

V(S € Solver(X).3m € NVE € &,.CS™ (&) = CS™(€)

where CS° := Id, CS"*! := CSo CS",
As a consequence, we can define the operator fp : Solver(X) — Solver(X),
fp(CS) = CS™ where m € N is the least natural number such that

VCS € Solver(X).NE € BA.CSHL(E) = CS™(E).

The operator fp : Solver(X) — Solver(X) is called the fized point operator.

Special solvers

A suitable formalism for solver cooperation should take into account the
preprocessing operations that transform constraints into a suitable input
to the individual constraint solvers. Such operations include translations of
constraints into a suitable syntactic form, syntactic purification operations,
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etc. A convenient way to describe these operations is to regard them as
special constraint solvers.

To illustrate, we consider the variable abstraction solver which performs
syntactic purification in an attempt to transform non-admissible constraints
into admissible ones.

Example 10 Let X = (X, A,V, ®) be a constraint domain with ¥ = (Sp U
{bool}, F UTL) such that:

o Sp:= {complList, Compl}7 |'A| = {A‘r}TG{compl,complList,bool} with:

Acompt :=the domain C of complex numbers, and
Acompirist :=the domain Listc of lists of complex numbers.

e F contains the operators +, —, -, /> cons, car, cdr, and the constant
symbols with the usual interpretations, the constant symbols of the set
C of complex numbers, and the empty list [ ].

o Il := {=c, N pList., true, false}.
e &:=Eq(F,V)U {true,false}.

Let CS;y be a solver over the constraint domain Xy = (X1, A1, V, ®1) with
Y1 = (So U {bool}, F; UIL}), where:

e F1 ::‘7:\{_'_7_7'7\/_}
o II; := {~RcomplList, true, false},
o &, :=Eq(F1,V) U {true, false}

and let CSy be a solver over the constraint domain Xo = (X5, As,V, )
with 5 = (Sp U {bool}, F» U Il5), where:

o Fy:=F \ {cons, car,[ |} with the same interpretation as in X,
o I, := {~compl, true, false},

e The equations in ®2 are those between multivariate polynomials with
complex coefficients.

Then X is an enrichment of X1 and X5 and thus, CSy and CSs can coop-
erate to solve constraints in ®, such as

CX+Y+Z,X-X4Y - Y+2Z-Z]~][7,9.
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The constraint £ is neither CSy-admissible nor CSs-admissible. But & can
be transformed into a conjunction of admissible constraints by replacing the
polynomial expressions inside & with fresh variables:

The first equation of £ is CS)-admissible, whereas the last two equations of
&' are CSy-admissible.

Definition 64 (aliens, pure and impure constraint) Let ¥ = (Sp U
{bool}, F UTIL) be a simply-typed signature, X1 = (X1, A41,V,®1), X =
(X, A4,V,®) be constraint domains such that X is an extension of X;.

A ¥i-pure term (resp. constraint) is a Xi-term (resp. Xi-formula). A
Y,-alien subterm of a X-term t € T(F,V) is a subterm t|, of t such that:

e root(tl,) € fets(X1) UV for all ¢ < p,
e Jg < p such that root(t|) € fets(X1), and
e root(t],) € F \ fets(X1).

The set of X1 -alien terms in an elementary constraint ¢ € ® is denoted by
Aliens, (¢). An elementary constraint & € ®, is X1-impure if Alien(£) # 0.

When we describe a component solver CS;, on X = (X, A4, V, ®), it is conve-
nient to express a constraint from ®, as a pair (¢, ¢')s, , where & is Xp-pure
and ¢’ is Xg-impure, and (£, ¢’) means the conjunction £ AE'. The subscript
¥, will be omitted when it is understood from the context.

With this representation, the notion of CSg-simplification step over @y,
is extended to CSg-simplification step over ® in the following way:

(€65, S0 6" A (£16)

CSg . .- .
if £€=2¢". Accordingly, the characteristic properties of the component
constraint solver CSy can be restated as follows:

soundness: if (¢,€')x, %y £ AE'0 and 7y € [ AE6]A then (67) y(c.er) €
[¢' neTt
completeness: for any v € [¢ A €']4, if € A€ is not a CSg-canonical

form then there exists a simplification step (£, £')s, %g &"NE'H with
v = 6y [D()] for some 7' € [€" A €O

termination: there are no infinite simplification derivations

5250%9152%02---
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Definition 65 (variable abstraction solver) Let X = (X, A4, V,®) be
a constraint domain and (CS,)x a solver cooperation such that CSy is a
solver over Xy, = (Xy, A, V,®) (k = 1,...,n). The abstraction solver
Abs over X is characterized by simplification rules of the form:

s 2t ANE =2 S[X(T)]g = t A (NG X (Fn) =~ AJa-slg) A€
such that

e root(s) € ¥y, for some k € {1,... ,n},

o {7} = BV(s.9),

e s|, € Aliens, (s ~ 1),

e X is a fresh variable of appropriate type.

The variable abstraction solver transforms impure constraints into pure
ones by adding fresh variables of appropriate types. We call such variables
abstraction variables.

It can be shown that the variable abstraction solver is a solver over X
and that if £ € ® then the Abs-canonical form of £, is a disjunction of
conjunctions of pure formulas.

Strategies for solver cooperation

A strategy for solver cooperation describes the way in which the compo-
nent solvers (C—Sn)@7 Av,a) of a solver cooperation cooperate upon solving
systems of constraints in ®.

Cooperation primitives (or combinators) [Mon96] provide a powerful
formalism to specify cooperation strategies. Each cooperation primitive
formalizes a different mechanism for solver cooperation. We recall here
the cooperation primitives which are most commonly used: sequentiality,
parallelism, and concurrency.

Sequentiality is the most straightforward way of combining solvers: it
enables a constraint solver to act on a constraint store which is the result
of another constraint solver.

Definition 66 (sequential composition) Let (CS;, CS2:)x be a solver
cooperation over a constraint domain X = (X, A4,V,®). The sequential
composition of the solvers CSy, CSs is the function CSy; CSy : & — @
which is defined by

CS1; CS:(§) = CS2(CS1(€))

for any & € ®A.
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The parallel combinator formalizes the parallel execution of several com-
ponent solvers. The result of such a cooperation is the conjunction of the
results of each solver.

Definition 67 (parallel combinator) Let (CS,)x be a solver coopera-
tion. The parallel combination over X' of CS,, is the function CSy||...||CS, :
®r — P defined by:

CSill.--108u() == /\ C5u ().
k=1

The principal use of the concurrency combinator is the following: given a
solver cooperation (CS,,)x, the concurrent combination of CS,, enables the
concurrent execution of the solvers and keeps the result of the most efficient
one. This primitive is of interest when the solvers are time consuming (e.g.,
Grobuer basis computations or solvers of Diophantine equations.)

Definition 68 (concurrency combinator) Let (CS,)x be a solver co-
operation. A concurrent combination of CS,, is a function CS,?7...7CS,, :
®, — @ such that

VEEBn, Tk e {L,... ,n},CSi7... 205, (&) = CSy(€)

We describe a strategy for a solver cooperation (CS,)x as an expression
built over the union of the set {CS,,} with a set Id,, of identifiers of special
solvers (e.g., Ids, = {Abs}), by applying the fixed-point operator fp and
the cooperation combinators ;, || and 7.

For example, one could define the strategy Sg,(CS,,) := fp(Abs); fp(CS,,).
This strategy was deeply investigated by Hong [Hon94, Hon92a], and is fre-
quently used in the area of cooperative constraint solving.

The main difficulty in defining a suitable strategy S for a solver coop-
eration (CS,)x is to find reasonable restrictions on the cooperation that
guarantee that S(CS,,) is a constraint solver. In general, the main problem
is to ensure termination. For example, sequential composition CSy; CSs is
not necessarily a constraint solver: whereas it can be shown that CSy; CS,
is a sound and complete function, it may be the case that it does not have
the termination property.

Proving the termination property of a sequential combination CSy; CS
of component solvers is usually done by showing that there exists a quasi-
ordering < such that <¢g, C< and <¢gg,C< .

The scheme

The scheme CP (X, S) differs from CP(X') in two respects:
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1. whereas CP(X') has implicit a constraint solver, the scheme CP (X, S)
keeps implicit a solver cooperation (CS,,) v,

2. a second parameter is provided to make explicit the strategy which
describes the way how the component solvers CSi, ... , CS, cooper-
ate.

6.3 The CFLP(X,S,C) Scheme

In general, when modeling complex problems that require constraint solv-
ing capabilities, the user wants to have a mechanism which supports the
specification of his own abstractions. This additional functionality can be
obtained by means of user-level programs. That is, a constraint program-
ming system should provide a mechanism to extend the expressive power
of the underlying language with new function and/or predicate symbols de-
fined in terms of the function and/or predicate symbols already recognized
by the system. This view of programming suggests to define a scheme that
extends the constraint programming scheme with a mechanism to enrich
the underlying constraint domain X" with user defined function symbols.

The rest of this section is structured as follows. Subsection 6.3.1 gives
an overview of the state of the art on declarative constraint programming.
In Subsect. 6.3.2 we describe our framework which supports the extension
of the constraint programming scheme with user defined function symbols
over a constraint domain.

6.3.1 State of the Art

The most popular framework which supports the integration of constraint
solving capabilities with programming is constraint logic programming (CLP)
introduced by Jaffar and Lassez [JL87, JM87]. In this framework, the
scheme CLP(X) defines a language based on Horn clausal logic which is
augmented with the capacity of solving constraints in a particular con-
straint domain &X'. We now briefly describe here the CLP languages that
have received substantial development effort.

CLP(R) [JMSY90] has linear arithmetic constraints and computes over
the domain of real numbers. Nonlinear constraints are ignored (delayed) un-
til they become effectively linear. CHIP [DvHS*88] and Prolog III [Col90]
compute over several domains. Both compute over boolean domains: Pro-
log IIT over the 2-valued boolean algebra and CHIP over a larger boolean
algebra that contains symbolic values. Both CHIP and Prolog III perform
linear arithmetic over the rational numbers. CHIP also performs linear
arithmetic over bounded subsets of integers (known as finite domains), and
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Prolog III also computes over a domain of strings. CAL [ASST88] defines
a family of CLP languages over algebraic, boolean, and linear algebraic
domains. The constraint solving techniques include Grébner bases [Buc85]
and the Simplex method to solve linear algebraic constraints. In the pro-
totype system RISC-CLP(R) [Hon92b] non-linear constraints are fully in-
volved in the computation. Solving them is achieved with two algebraic
methods: Partial Cylindrical Algebraic Decomposition and Grébner bases.
RISC-CLP(CF) supports constraints over the domain of complex functions,
such as functional equalities, differential equations etc. Constraint solving
is realized by iterating several solving methods such as Laplace transfor-
mation, non-linear equation solving, etc.

The first proposal for a constraint functional logic programming scheme
(CFLP) seems to be [DGP91b, DGP91a], where a scheme for defining
constrained functional logic languages over arbitrary constraint domains
is presented. Roughly speaking, they define CFLP(X) as CLP(FP(X)),
that is, as an instance of CLP(X") where the base structure A" is enriched
with new functions defined by means of a functional language, and where
the constraints include equations between FP(X') expressions, to be solved
by narrowing. In [LF92, LF94] Lépez proposes a CFLP(X) scheme in
which programs are built as sets of constrained rewrite rules in untyped
first-order logic and nondeterministic functions are disallowed. Similarly
to CLP, CFLP(X) programs have a least model which is a conservative
extension of the constraint domain X’; a calculus called constraint lazy nar-
rowing is proposed as a sound and complete operational mechanism for
solving CFLP goals. Due to the presence of defined functions, the design
of a CFLP scheme is much more challenging than that of CLP. Firstly,
it is necessary to make the constraint solving and the lazy narrowing op-
erational principles mutually dependent. Secondly, the equations can not
be treated as constraints as in constraint programming, but as joinability
and/or reducibility statements whose meaning has to be clarified. Lépez
does this by adopting a cpo-based semantics, where he computes over a
Scott domain and all the functions and/or predicates are continuous.

Another logical framework for the design of a declarative program-
ming language is CRWL (Constructor-based conditional ReWriting Logic)
[GMGRA96, GMGRA97, GMGRA99]. This scheme supports nondeter-
ministic functions whose combination with lazy evaluations turns out to be
helpful. An experimental system called 7O)Y [LFSH99] was implemented
based on the CRWL paradigm and extended recently with support for al-
gebraic datatypes and higher-order functions.

Recently, some work has been done to combine CFLP with CRWL. The
paper [ASLFRA99] proposes a first-order CFLP language, called SETA,
whose domain is a combination of primitive and user-defined domains.
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SETA’s primitive domain is given by a constraint domain X', as in CLP(X).
In addition, the user can define his own datatypes using a polymorphic type
constructor for multisets and arbitrary free type constructors.

6.3.2 Constraint Functional Logic Programming

We employ the functional logic programming style for extending the ex-
pressive power of CP (X, S) with new function symbols. We call our scheme
CFLP(X,S,(), and can describe it as

CFLP(X,S,C) = CP(X,S) + FLP(C)

where

e X is a constraint domain equipped with a solver cooperation (CS,)x,

e S is a strategy that describes for the solver cooperation {(CS,,)x,

e C is a calculus for solving systems of equations involving function
symbols defined by the user. Such a calculus is called a constraint
lazy narrowing calculus, and it is the result of generalizing a lazy
narrowing calculus to act over equational goals constructed over a
signature which, besides defined function symbols and constructors,
contains additional operators whose meaning is given by the algebra
of the underlying constraint domain (so called external operators).

We regard a system based on the CFLP(X,S,() scheme as a combination
of two subsystems:

1. a constraint solving subsystem which is in charge to solve the con-
straints of the goal. This subsystem is an implementation of the
scheme CP(X,S) determined by the explicit parameters X and S
and the implicit solver cooperation (CS,)x,

2. a functional logic subsystem which handles the user defined abstrac-
tions in the goal. The operational semantics of this component is
described with the calculus C.

These two operational principles are mutually dependent, and the main
problem is to find a sound way to integrate them.
In the rest of this section we formalize the basic ideas outlined above.
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The Language

We assume given
e a constraint domain X = (X, A, V, ®) where

- X = (Sp U {bool}, F. UII) is a simply-typed signature and S
is the inductive closure of Sy U {bool} under the function type
constructor. The symbols in F, are called external symbols,

- A= <{AT}T€S7a>7

- O={~;:7,7 = bool,>,: 7,7 — bool | T € S}
U{true : bool, false : bool},

e a finite set Fy of simply-typed symbols called defined symbols,
e 3 finite set F, of simply-typed symbols called constructors

such that F., Fq, Fe \ {true,false}, Il and V are mutually disjoint.
We define F := F. U FyUF,, ¥ := (S,F UII), and the set ®' as the
closure of the set ®, U Eq(F,V) under conjunction and disjunction.

Definition 69 (constrained rewrite rule) A constrained rewrite rule
over a constraint domain X = (X, A,V,®) is an expression of the form

fl,) =r<E
where
o f(l,),r € T(F,V) are terms of the same base type,
o fc Fqand f(l,,) is a pattern,

o Ec &q(F,V)* is a sequence of equations representing their conjunc-

tion, such that V(r) C V(f(l,,)) UV(E).

The term f(l,,)is called the left-hand side, r the right-hand side, and E the
conditional part of the constrained rewrite rule. If E = 0O then we simply
write f(l,) — 7.

Constrained rewrite rules provide the means to define one’s own functions
over a given constraint domain.

Definition 70 (program) A CFLP program is a set of constrained rewrite
rules.
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Definition 71 (equation) An unoriented equation is an expression of the
form s =~ t where s,t are terms of the same type. An oriented equation is
an ezpression of the form s > t where s,t are terms of the same type.

Definition 72 (strict equation) An unoriented strict equation is an ez-
pression of the form s = t where s,t are terms of the same type. An oriented
strict equation is an expression of the form s > t where s,t are terms of
the same type. A strict equation is either an unoriented strict equation or
an oriented strict equation.

Strict equations are also called equations with strict semantics. We denote
the set of equations and strict equations by Eq(F, V).

Definition 73 (constrained rewriting) The constrained rewriting rela-
tion induced by a CFLP program R is the binary relation on T (F,V) defined
as follows:

AT.s =R AT.t

if there exist
e a position p € Pos(AT.s) with {y} = BV(A\T.s,p),
o f € Fy such that (AZ.s)|p, = f(5n),

an G-lifted fresh variant of a rule f(I,) = r < E, and

e a substitution 8 € T(F,V)
such that
(a) \T.t = (NT.5)[r0]p, and AT.sp = AT.I,0 for all k € {1,... ,n}.

(b) If \y.s' = A\y.t' € {EO} then \y.s' | g A\y.t" where | is the joinability
relation induced by —r on T (F,V)

(c) If \y.s' = Ag.t' € {EO} then INT.u € T(F. U Fe,V) such that
AY.s' =% AT.u and A\g.t' =5 AT.u,

(d) If \y.s' > A\y.t' € {EG} then A\y.s' =35 A\y.t'

(e) If \y.s' > Xy.t' € {EO} then \T.t' € T(F.UF,V) and Ag.s' =%
Gt

Thus we interpret > as —g-reducibility, ~ as —-joinability, and > and
= as their strict counterparts.

Given a CFLP program R over a constraint domain X, one can ask
questions about the properties that hold in the intended model of R. Such
questions are called queries.
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Definition 74 (query) A query (or goal) is a formula /\;g\[:1 er where
€1,...,6N € Sq(f,V)

An answer to a query G is a substitution 6 such that G6 holds in the rewrite
logic associated with the given program R. Proving that 8 € Subst(F,V)
is an answer of G is done by constrained rewriting.

Definition 75 (solution) A solution (or answer) of a goal G = /\;g\[:1 ek
with respect to a CFLP program R is a substitution 6 € Subst(F,V) such
that for any equation e € {ey |1 < k < N} we have

o \T.s0 g A\T.t0 if e is of the form A\T.s =~ A\T.t,

o there ezists a term \T.u € T(F. U F.,V) such that A\T.s0 —r AT.u
and XT.t0 = AT.u if e is of the form A\T.s = A\T.t,

o \z.s0 =5 AT.t0 if e is of the form A\T.s > AT.t,

o \T.s0 =5 AT.t0 and N\T.t0 € T (F.UF.,V) if e is of the form XT.s >
AT.t.

We denote by Ansg(G) the set of solutions of a goal G with respect to R.

Solving a goal G with respect to a CFLP program R amounts to computing
a representation of Ansg(G). Our main concern is to define an efficient
calculus to solve CFLP goals. For this purpose we employ a calculus called
constrained lazy narrowing.

Constrained lazy narrowing

We employ a calculus for solving CFLP goals which is based on a top-down
execution methodology similar to lazy narrowing: it incrementally binds
the logical variables in the goal by performing so called constrained lazy
narrowing steps. Constrained lazy narrowing is the natural extension of
lazy narrowing from functional logic programming with inference rules to
solve constraints, i.e. equations between terms built without user defined
function symbols. The constraints generated during constraint narrowing
are collected into a constraint store and solved with a CP(X,S) scheme.

In order to capture the incremental computation of a solution, we de-
scribe the constrained lazy narrowing calculus as a set of inference rules on
triples of the form (0 | {&,} | {) where the components of the triple have
the following meaning:

e 0 is the (partial) solution computed so far,
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e {€,,} is the sequence of equations of the current goal which are still
relevant for the functional logic component of the CFLP system,

e ¢ is the set of constraints collected so far. For solving systems of
constraints we employ a CP(X,S) scheme where S is a strategy for
a cooperation (CS,,)x which defines a constraint solver over X'.

Such triples are called states. A state (6 | {€x} | £) denotes the goal

A AN e

ec{e, fUE

The sequence {€,,} is called the functional logic store of the state, and ¢ is
called the constraint store of the state.

The inference rules below define our constraint lazy narrowing calculus
as a natural extension of the lazy narrowing calculus CLNg described in
Sect. 5.10. The symbols E, E', Ei, E, stand for arbitrary sequences of
equations.

[d] decomposition

(v [ {1, AZ.g(50) = AT-g(En), En} | €)
(v [ {E1, AT-5n = NT.tn, B2} | €)

if ¢ {~,=,>,>} and g € F,

(v [ {Ey, AT.g(50) = MT.g(tn), En} | §)
(Y| {E1, AT -5, 2 ATy, Bo} | €)

if e {~,>} and g € Fy
[on] constrained narrowing at nonvariable position

(v [ {E1, AT 5 b Aoy, BT = AT, Es) | €)

if =2e {%,z_l,i,i71,>,>>} and f(I,,) = r < E is a fresh Z-lifted
variant of a rule in R

[ov] constrained narrowing at variable position

(v [ {E1, XT.X (5m) = AT -t, Er} | €)

(70 | {E10,\E.H, (5,m0) > \T.L,, B, NB.r 22 XT.40, 20} | £6)

if ¢ {~,~71, = >,>}, \T.t is a rigid term, f(I,) = r <« Eis a
fresh Z-lifted variant of a rule in R and § = {X = A7y, f(Hm(Tn))}
with H,, fresh variables of appropriate types.
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[del] deletion

[ LB ATt~ AT B | € (7| (B, NEt o AT, Bb) | €)
(v {EL, E2} | §) (v {EL, E2} | §)

[i] imitation
(O [ {1, AT f(50) = AT X (), B2} | §)
(v8 | {Er0, \T.5p0 =2 AT. Xy, E20} | £0)

if 2 {mynh == n > >, 0 = (X = A0 f(XL0))
where f € F. U F; and X,, are fresh variables of appropriate types.

[p] projection
(v | {E1,\T.X (50) 2 ATt En} | §)

(40 | {E10, XT.5;(H, (5,0)) = \T.0, Ex8} | €6)

if e {~m, vt =, =7 b >, >, 1 <0 <y ATt s rigid, 6 =
{X = Ngn.yi(Hy(Wn))}, ys : T — 7, and Hy, : 7, are fresh variables.

[va] variable abstraction
(v [{E, X2 s[X([@)]g = AT, A7 -s]p = g X (), Ea} | €)

if =e {%7%717i7i7171>71>717>>7>>71}7 I'OOt()\f.S) € ‘7:87 {y} =
BY(AZ.s,p) and (AZ.s)|, € Alien(AT.s)

[ff] flex/flex equations
(v [ {E1, \T.X () = NT.X (yp), En} | €)
(v0 | {E10, E20} | £0)
where =€ {~,>,>»,=}, 0 = {X = \gn.Z(Z)} with {Z} = {y; | v =
y;} and Z is a fresh variable of appropriate type.

(7 | {Eh /\EX(y_n) = )‘E'Y(E)v E2} | £>
(v0 | {EL0, Ex0} | £6)

where =€ {~,>,>,=}, 0 = {X = \y,,.Z(2),Y = M\y/,.Z(2)} with
{z} = {a} N {y,,} and Z is a fresh variable of appropriate type.

[cp+] constraint propagation

(v {E1, e, Ex} | §)
(v [{Er, B2} [ €U {e})
ifeeq(F.UF.,V).
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[cp—]
([ {E:} [EU{e})
(v {e, Ex} [ €)
ifed Eq(F.UF,V).
[cs] constraint solve
o I{E}E)

(10| {E6} | &)
if £ € 254(FeVFV) and (9,¢') € CFss,)(8)-

The inference rules [cp+] and [cp—] abstract away the cooperation between
the functional logic component and the constraint solving subsystem; the
[cs] rule encapsulates the computation performed by the a constraint solv-
ing subsystem that implements the scheme CP(X,S), and the rest of the
rules describe the computation steps performed by the functional logic sub-
system.

The computation of solutions of a given goal A\, ej proceeds by gener-
ating so called constrained lazy narrowing refutations, i.e. constrained lazy
narrowing derivations of the form: (¢ | {€x} | 0) =* (v | O] &) with A, ¢
an S(CS,,)-canonical form. Obviously, the constrained lazy narrowing cal-
culus is sound, i.e.,if G = A\;_, e isagoal and (e | {&;,} | 0) =* (v | O | &)
and 6 € [ ;¢ #]* then v8 € Ansp(G).

The constrained lazy narrowing calculus inherits from the calculus CLNg
the sources of high nondeterminism that make it inconvenient for practical
applications. Therefore, it is useful to identify acceptable restrictions of
the CFLP programs and goals, such that our constrained lazy conditional
narrowing calculus (CLCNC for short) can be refined towards more deter-
ministic versions. The deterministic refinements are achieved by imposing
a suitable selection strategy of the equation from the functional logic store
and suitable priorities between the inference rules of CLCNC which can be
applied to the selected equation.

Thus, we regard the argument C of the CFLP(X,S,C) scheme as a
deterministic refinement of CLCNC, characterized by a suitable equation
selection strategy and a suitable priorities for the inference rules applicable
to the selected equation.

Similar to the design of the deterministic refinements of the calculus
LNg presented in Chapter 5, the design of an effective constrained lazy
narrowing calculus C is determined by the following considerations:

1. The properties of the CFLP program. The most important property
is confluence, i.e. if A\T.s <+}; AT.t then A\Z.s |z AZ.t. Other important
properties are such as left-linearity, orthogonality, etc.,
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2. The class of solutions which we want to compute. In functional logic
programming we are usually interested in computing R-normalized
substitutions. In Chapter 5 we have seen how this restriction can be
used to make deterministic refinements of the calculus LNy, .e.g, to
restrict the application of outermost narrowing at variable position.
A similar restriction of the constrained narrowing at variable posi-
tion can be achieved by adopting a similar notion of R-normalized
solution and generalizing the notion of precursor to constrained lazy
narrowing,

3. The semantics of equations. For example, by distinguishing equations
with strict semantics, it is possible to define a more efficient calculus.

To describe the nondeterminism which is inherent to the computations
performed with the calculus C, we introduce the concept of configuration.

Definition 76 (configuration) A configuration is a sequence of n states

A,,, which represents their logical disjunction.

The initial configuration of the system is (e | {en} | 0) where A", e, is
the initial goal.

If we want to find all the solutions of a goal A", e, which can be
computed with C, we enumerate all the C-refutations starting with (e |
{em} | 0) in accordance with a suitable search strategy. We adopt the
breadth-first strategy defined by the following inference rules:

[cfg] inference rules for configurations

A4,

o 6.1

T (6.1)
if A is C-reducible and (v | {em} | )==A], ..., A== A}, are all the
possible C-steps starting with A.

A4,

ik (6.2)

A, A

if A is C-irreducible and there is j > 1 such that A; is C-reducible.
The state A is called the state selected in the [cfg]-step.

6.4 A Distributed Model of CFLP(X,S,()

In Fig. 6.1 we illustrate the overall architecture of a distributed system
based on the CFLP(X,S,C) scheme.
The system consists of two subsystems:
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User interface
Answer
table
CFLP interpreter
(calculus C)

CFLP
Functional logic

pool ask unct 81
component

Distributed constraint

tell 3
solving component
Scheduler
constraint strategy
pool SCS,, ..., CS)

constraint
solvers

Fig. 6.1: CFLP(&X,S,C) : distributed architecture
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. a CFLP interpreter based on a constrained lazy narrowing calculus C,

a distributed constraint solving subsystem which implements a scheme
CP(X,S) for a cooperation (CS,,) x such that S(CS,,) is a component
solver on X.

The constraint solving subsystem consists of:

1.

a number of constraint solving resources which implement the con-
straint solving capabilities of the components of (CS,,)x. Every re-
source is an implementation of a constraint solver, and resources
may be located in a distributed environment, such as a computer
network. We denote by Cscg; r, the sequence of available resources
csgs; 1, --- ,C8¢s;,k; Which implement the solving capability of CS;
(1<i<n).

. a scheduler, which

allocates/deallocates the constraint solving resources of the system,

realizes the [cs]-steps of the CFLP interpreter by coordinating the
constraint solving process of the individual constraint stores in accor-
dance with the strategy S.

The two components—CFLP interpreter and scheduler—communicate asyn-
chronously via ask/tell messages sent over a bidirectional link connection
denoted by Ink. The connection Ink is a pair (Ink;, Ink2) of message queues,
where [nk; is used for passing messages from the CFLP interpreter to the
scheduler, and Ink; is used for passing messages in the other direction. We
adopt a producer/consumer communication protocol and make use of the
following primitive operations for communication:

LinkWrite(Ink, msg) : send the message msg over Inks_;,

LinkRead(Ink) : consume the message which was sent first over Ink;
(if any),

LinkReadyQ(Ink) : yields True if Ink; contains a message that can
be consumed, and False otherwise

where 7 = 2 if the operation is performed by the CFLP interpreter, and
1 = 1if it is performed by the scheduler.
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6.4.1 The CFLP Interpreter

The CFLP interpreter acts on the configuration of the CFLP system which
is stored in the CFLP pool. The operational semantics of the interpreter is
given by the calculus C.

We first give an informal description of the operational semantics of the
[cs]-steps of the CFLP interpreter in our distributed model. Upon [cs]-steps
on a state A = (v | {en} | ¢), the CFLP interpreter requires the result of
computing CFg g (€). To get this result, the CFLP interpreter does the
following operations:

1. it sends to the scheduler a query to solve the system of constraints &
via a message ask(£,m) with m € N. To guarantee a safe communica-
tion interpreter/scheduler, we assume that m is a message identifier,
i.e. if ask(&,my) and ask(£s,me) are distinct messages sent by the
interpreter to the scheduler then m; # my

2. it suspends the evaluation of the corresponding goal until the dis-
tributed constraint subsystem starts returning the result

3. it maintains a table Answer in which it stores the messages returned
by the scheduler. The entry Answer(m) contains the list of messages
retrieved so far as replies to the message ask(§, m).

In our model, we assume that the set CFg g (£) is computed incremen-
tally and its components are returned to the CFLP interpreter via tell
messages. The ask messages are sent to the distributed constraint solving
subsystem via SendMsg calls (see Fig. 6.2). If the interpreter has sent a
message ask(¢,m) to the scheduler and CFgzgr)(§) = {(0k, &) [ 1 <k <
N} then the scheduler is supposed to send back the sequence of messages
{tell(fx,&,m) | 1 < k < N}, followed by a message done(m) to signal
that the computation of CFg gy (§) has finished.

We describe now the operational semantics of the CFLP interpreter for
the distributed model outlined above.

1. we extend the syntax domain of states with expressions of the form
(v [ {£,vait(¢,m), E'} [ 0) and (v | false | £).

A state of the form (y | {E,wait(&,m),E'} | 0) is called a wait-
state, and it is the result of applying a [cs]-step to (v | {E} | ).
Its presence in the CFLP pool indicates that the CFLP interpreter
has suspended the evaluation of (v | {E1} | €) until the distributed
constraint subsystem will return (an element of) CFg g, )(€). The
wait-states are considered to be reducible states.
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procedure SendMsg(in ask(£,m))

Inputs & set of constraints
m  : message identifier
Globals Ink : link connection interpreter/scheduler

Answer : table of messages received from the scheduler
Answer(m) < {};
LinkWrite(Ink, ask(£,m));

return True

Fig. 6.2: Procedure: SendMsg

A state of the form (y | false | ) is called a failure state, and it
denotes a final state which does not contribute to the computation of
any solution.

2. we extend the calculus C with inference rules for wait-states. When-
ever a state (y | {E,wait(£,m), E'} | 0) is selected in a [cfg]-step, the
CFLP interpreter calls the function GetMsg(m) (see Fig. 6.3) in an
attempt to retrieve the elements of CFg g (&) computed so far and
generates the new configuration accordingly.

procedure GetMsg(in m)

Inputs & set of constraints
m  : message identifier
Globals Ink : link connection between interpreter and scheduler

Answer : table of messages received from the scheduler

while LinkReadyQ(Ink)
msg < LinkRead(Ink);
if msg == tell(d,&,m')
Answer(m') + Append(Answer(m'), msg)
elseif msg == done(m')
Answer(m') + Append(Answer(m'), msg)
res < Answer(m);
Answer(m) + {};
return res

Fig. 6.3: Procedure: GetMsg
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Inference rules

The inference rule [cs] for our distributed model of CFLP becomes

[cs] constraint solve

(VI{E} &
(v {wait(¢,m), E} | 0)
if SendMsg(ink, ask(&, m)).

In addition, we have the following inference rules for configurations:

[cfg], inference rules for wait-configurations

(v | {E,vait(£,m), E'} | 0), 4,
Ay, (0O [{E1ON} | &), (v [ {E, wait(§,m), B'} | 0)  (6.3)

if {tell(fn,&n, m)} = GetMsg(m).

(v [{E, wait(¢,m), E'} | 0), 4,

— (6.4)
Ap, (YO [{EON, E'ON} | En), (7 | false | 0)
if {tell(fn,&n, m),done(m)} = GetMsg(m).
[cfg],, inference rules for other configurations
A4,
R (6.5)
A, Al

if A is non-wait-state which is C-reducible and (y | {&n} | f):C:>A’1,
cee A:C:>A;c are all the possible C-steps starting with A.

A A,

jr— 6-6
T A (6.6)

if A is C-irreducible and there is j > 1 such that A; is C-reducible.

6.4.2 The Scheduler

The scheduler implements a strategy S of a solver cooperation (CS,)x for
solving the constraints received from the CFLP interpreter via ask mes-
sages. It makes use of a local area of memory called constraint pool, in
which it maintains a dynamic data structure CTree, called constraint tree.
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CTree is a tree whose nodes are expressions of the form (v, £),, where
v € Subst(F,V), £ is a set of constraints, and m is a positive integer index.
Whenever an ask(£,m) message is received from the CFLP interpreter,
the scheduler adds the node (g, &), as son of the root of the constrained
tree. The branches of the constraint tree are labeled with solver identifiers
which are either from {C—Sn} or from a set Idsp.. of special solver iden-
tifiers (e.g., Idspec = {Abs}). Branches are labeled in such a way that if

C2

(o &odm =2 (11, &0m = ... 2 (Vp, &p)m 18 a path in CTree start-
ing from a son (Yo, &o)m of the root, then (yp, &) =1 % (v,,&p) is a
S(CS,,)-subderivation.

Solving the constraints received from the CFLP interpreter is achieved
by expanding the nodes of the constrained tree. The expansion of a node
P = (v,&), is realized by applying to £ the solver whose identifier labels
the branches of CTree starting from P. If this identifier is ¢ and ¢(§) =
\/fcv:1 Bk, &) then we create the nodes (v61,&1)m, -, (VON,EN)m as sons
of P, and label the newly created branches with c.

The expansion of a node (v, &),, stops when ¢ is an S(CS,,)-canonical
form. In this case the node is called final, and we denote it by (v, &) m.

A cstep with ¢ = CS; € {CS,} can be performed only when there is
available a resource cscs, ;. The scheduler is required to implement a fair
scheduling algorithm of the resources available, i.e. whenever the content
of node is not a S(CS,,)-canonical form and its expansion requires the ap-
plication of a CS;-solver, then a resource from {cs¢s, ; | 1 < j < k;} will
be eventually allocated for expanding that node.

If (6,&)m is a final node then (0, €) is an answer to the query received
from the CFLP interpreter via the message ask with tag m. To model [cs]-
steps in our distributed model we need a means to transmit the content of
a final node of CTree back to the CFLP interpreter.

The procedure which describes the operations performed by the sched-
uler on CTree is shown in Fig. 6.4. We describe it with help of the following
auxiliary functions.

GetSolverId(in P) yields the identifier of the solver required to expand
node P.

Alloc(in id,in (v, &), inout AllocTbl, inout state) checks whether it
is available a resource cs for id. If yes, then
1. allocate cs and update AllocTbl accordingly,
2. send £ to be solved by cs,
3. state((y,&)m) < (Twait”, id, cs).
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procedure Schedule(in S)

Inputs S : strategy for a cooperation (CS,,)x
Globals Ink : stream of messages from the CFLP interpreter
Locals CTree : constraint tree

{€sCs k b1<i<n :solving resources of the cooperation (CS,)x
state : table that associates to every node P of CTree

one of the following states
7idle”: P waits to be expanded,
(P wait”, id, cs): P is currently being expanded by
a resource cs} for the solver id € {CS),,

AllocTbl : allocation table for constraint solving resources,

M : list of tags of ask queries to be answered

(Setup)
CTree « the tree consisting of the node Py := (g, {})o;
state(Fy) < "done”; M «+ [ ];
while True do
if LinkReadyQ(ink)
ask(v', ¢, m')«+LinkRead(Ink);
Insert (7', &), in CTree as son of Pp;
M + Append(M,m'); M' + [ ];
it M £[]
m « First(M); M < Rest(m); IsDone < True
for each node P(= (7,£),,) of CTree with state(P) # ”done” do
IsDone < False;
if P == (7,
LinkWrite(Ink, tell(y,&,m));
state(P) < 7 done’

elseif state(P) == "idle”
id + GetSolverId(P);
if id € Idg,

PTree + SpecialExpand (P, id);
CTree < CTree[P < PTree]
else
Alloc(id, P, AllocTbl, state);
elseif state(P) == ("wait”, id, cs)
{{(On,EN)} + GetAnswers(cs);
Add the nodes {P; | P; = (70;,&i)m,1 <i < N} as sons of P
and label the corresponding branches with id;
P, < 7idle”; ... ; Py < "idle’;
if IsOver(cs)
Dealloc(cs, AllocTbl); state(P) + ” done”
if IsDone LinkWrite(Ink, done(m))
else M < Append(M,m)

Fig. 6.4: Procedure: Schedule
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Dealloc(in ¢s,inout AllocThbl) deallocates the resource cs and updates
the table AllocTbl accordingly.

SpecialExpand(in (7, £),,, in ¢s,inout state) performs the following op-
erations:

1. compute cs(§) = vIICV:1<6k:7€kJ>7

2. construct the tree T' with root P := (v, &)m, sons Py := (Y0n, &N )m
and branches labeled with c¢s,

3. state(P;) < "idle”, ... ;state(Py) < "idle”, state(P) < " done”,
4. return T

GetAnswers(in cs) returns the list of answers computed so far by cs

IsOver(cs) yields True if ¢s has finished the computation and False oth-
erwise.

Note that the scheduler generates an OR-tree whose expansion is realized
with strategy S. Upon generation, if a node P := (v,&),, € CTree is not
final then:

o if state(P) = ”done” then P has N sons (v1,&)m,--- (YN, ENIm

such that [y]AE = \/i,vzl([yk] A&r). This means that P is an OR-node
of CTree.

e if state(P) = ("wait”, id, csy and P has N sons (v1,&1)m,--- > (YN, ENYm
then we only know for sure that [y] A€ < \/;g\[:1 ([v] A&k)- P becomes
an OR-node when its state changes to ” done”.

Constraint solving resources

The constraint solving resources are implementations of the solvers of a co-
operation (CS,,)x. They are in charge of solving the systems of constraints
received from the scheduler.

It may be the case that the computation performed by a particular
constraint solver may be complex and time consuming. In our distributed
model, we assume that a constraint solver c¢s computes the elements

{(Ok, &) |1 <k <N}

of a disjunction cs(¢) one after the other, and makes them accessible to the
scheduler (via GetAnswer calls) as soon as possible.
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Chapter 7

The CFLP System

In this chapter we describe the design and implementation of an exper-
imental system called CFLP [MS98, MIS99b, MIS99a] which is based on
an instance of the scheme CFLP(X,S,C) outlined in the previous chap-
ter. The system is implemented completely in Mathematica™ [Wol96] and
uses the MathLink protocol [Miy99, Wol96] for interprocess communica-
tion. Mathematica™ is a computer algebra system whose kernel is based
on a particular version of higher-order term rewriting, and therefore it is
very suitable for doing symbolic computations with complex structures in
mathematics and programming. In addition, Mathematica™ is delivered
with powerful packages for solving symbolic constraints, such as methods
for solving differential and partial differential equations, Simplex algorithm
for systems of linear equations, Grobner basis methods for systems of poly-
nomial equations, etc.

The characteristic features of our experimental system are the following:

e X is a constraint domain (¥, .A4,V,®) whose computation domain ¢
allows to express systems of linear and polynomial equations, differ-
ential equations, and partial differential equations. It is based on a
solver cooperation (CS;)x where

1. CS; is a solver which can solve algebraic equations which in-
volve invertible functions, and represents the solutions in terms
of formal inverse functions.

2. CSs can solve systems of equations between multivariate poly-
nomials over the domain of complex numbers,

3. CSs is a solver for systems of differential equations over algebraic
extensions of C,

165
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4. CS; is a solver for partial differential equations over algebraic
extensions of C,

e the strategy S for solver cooperation is fp(Abs); fp(CSy;. .. ; CS,),

e The calculus C of the functional logic component of CFLP can be
selected by the user from a collection of constrained lazy narrowing
calculi which are extensions of first- and higher-order lazy narrowing
calculi investigated by us

e The language of terms of the system is is an extension with A-abstractions
of the language of terms in Mathematica™, and thus it closely re-
sembles the standard mathematical representation.

e The user can adjust the distributed constraint solving subsystem of
CFLP by specifying the constraint solving resources used upon the
computations.

The rest of this chapter is structured as follows. In Sect. 7.1 we define the
language of CFLP. In Sect. 7.2 we describe the operational semantics of the
CFLP interpreter. The distributed constraint solving subsystem of CFLP is
described in Sect. 7.3. Finally, in Sect. 7.4 we describe the user interface
of the system.

7.1 The Language

In this section we describe the main syntax constructs of CFLP.

The language of terms of CFLP consists of simply-typed A-terms in long
Bn-normal form, built over a simply typed signature ¥ = (S, F) with
F = F.UF;UF.). We adopt the usual Mathematica notation for terms,
extended with the construct A[{z1,...,zy}, s] for the A\-term Az, .s.

An equation is an element of the set £¢(F, V) of expressions of the form

set|s>t|s=t]|s>t

where s,t € T(F,V) are simply typed A-terms of the same type. The
semantical distinction between the equational constructs is as follows:

e s & tis an unoriented equation. A solution of s &~ t is a substitution
0 such that s |x s,

e s[>t is an oriented equation. A solution of s > ¢ is a substitution 6
such that s§ —% t6,
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e s = t is an unoriented strict equation. A solution of s = ¢ is a
substitution 6 such that s& —} u and t0 =% u for some term u €
T(F.UFe, V),

e s> tis an oriented strict equation. A solution of s > t is a substi-
tution 6 such that s6 —% tf and t§ € T(F. U F., V).

A goal in CFLP is an expression of the syntax domain
e|{G1,...,Gp} | G1V...VGy | G1]|...||Gp | true | false | ®
where e € Eq(F,V) and Gy, ... ,G, are goals.

e {G4,...,G,} denotes a sequential-AND goal. The subgoals Gy, ...,
G, are solved sequentially, in an order established by a particular
goal selection strategy Sgoq; Which is specific to the calculus C of the
CFLP interpreter,

e G| ...||Gy denotes a sequential-OR goal: the subgoals Gi,... ,Gj
are solved one after the other, starting with G; and ending with G,,,

e (G1V...VG, denotes a parallel-OR goal: the subgoals Gy, ... ,G,, are
solved with a fair strategy, i.e. a strategy that guarantees that every
subgoal will be eventually solved,

e true denotes the goal whose set of solutions is V,
e false denotes the goal with no solutions, i.e. [false]* =0,

e the goal ® has the same denotational semantics as true, but a differ-
ent operational semantics: when the interpreter acts on ®, it simply
discards it and afterwards it performs a [cs]-step. & provides the
user with a means to control the cooperation between interpreter and
distributed constraint subsystem.

A CFLP program is a set of rewrite rules of the form f (I,) = r < G where
f € Fa, f(ln), r are CFLP terms of the same base type, and G is a CFLP
goal.

7.2 The Interpreter

The CFLP interpreter implements the calculus C of the scheme. The CFLP
system provides the user with the liberty to choose a suitable calculus from
a set of built-in ones. The right choice depends on certain properties of the
program that describes the problem which we want to solve.

The current implementation of CFLP has built-in the following con-
strained lazy narrowing calculi:
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LNCP : the default constrained lazy narrowing calculus used upon a CFLP
session, obtained by specializing the calculus CLNg. The calculus is in
general incomplete because it does not perform outermost narrowing
at variable position,

LN, : an implementation of the calculus LN, with strategy S, outlined
in Sect. 5.9,

LCNC, LNC; : implementations of the constrained versions of the first-
order lazy narrowing calculi LCNC, LNC, LNC, described in Sect.
3.2.

7.2.1 Notions and Notation

In this subsection we introduce some preliminary definitions that are used
in describing of the operational semantics of the CFLP interpreter by a set
of inference rules.

In the design of the built in calculi of the interpreter we took into account
a generalization of the notion of precursor introduced in Def. 43, pp. 98.
Because CFLP goals have a recursive structure, we introduce the concept
of precursor of a CFLP goal, and define it as a CFLP goal. Initially, all
the subgoals of the initial goal have no precursor. We keep track of the
precursors of equations at runtime by introducing a new construct:

prec(G1 5 GQ)

where G'1, G are goals. This construct stands for the sequential-AND goal
{G1,G2} such that G is the precursor of G.
A runtime goal is an expression of the syntax domain

e |prec(Gi,G2) | {G1,...,GN}|G1V...VGN |G1]]...||GN
| wait(&,m) | tell(y, G, ) | true | false | ®

where e € £q(F,V), € € 264(FeV7Y) iy € N and G, Gy, ... ,Gy are goals
in CFLP.

A state in CFLP is an expression of the form (y | G | ) where v €
Subst(F,V), G is a runtime goal, and ¢ € 259°V) | An equational state in
CFLP is a state of the form (v | e | £) with e € Eq(F,V). An elementary
state in CFLP is a state of the form (v | e | §) with e € E¢(F, V) U {®}.

An configuration in CFLP is either

e 3 state, or

e a logical disjunction of configurations. There are two constructs for
the logical disjunction of the configurations Ay,..., An:
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— Ai]]...||AnN, and
— Ay V...V Ay, abbreviated \/fcv:1 Ap.

The first construct denotes a sequential-OR disjunction of the config-
urations Aj,..., Ay, whereas the second one denotes a parallel-OR
disjunction of the configurations Ay,... ,An.

The configurations of a sequential-OR disjunction are reduced to final
configurations sequentially, from left to right. The configurations of
a parallel-OR disjunction are reduced simultaneously to final config-
urations, by means of a round-robin reduction strategy.

7.2.2 Constrained Lazy Narrowing Calculi

We define a constrained lazy narrowing calculus C by a system of inference
rules that can be defined in a bottom-up way as follows:

1.

inference rules for elementary states,

. inference rules for non-elementary states,
. inference rules for configurations,

2
3
4.
5

simplification rules for configurations,

. simplification rules for goals.

The built-in calculi of CFLP differ only at the level of inference rules for
elementary states and by the goal selection functions associated with them.

In the rest of this subsection we give the inference rules which are com-
mon to all constrained lazy narrowing calculi.

Inference rules for non-elementary states

[AND] sequential-AND

[precly

(7 [{Gp. G, G} )
(10 | {G,0,G", G0} | &)

if G = selyour({Gp, G, G, }) and (e | G | §) =4 (0| G' | £') is an a-step
with a € {[AND], [prec|;, [prec]z, [OTH]},

precursor goal

(v | prec(Gi,Gs) | §)
(0 | prec(GY, G20) | £)
it selgoqi(prec(G1,G2)) = Gh and (¢ | G1 | &) =4 (@ | G} | &) is an
a-step with @ € {[AND], [prec];, [prec]s, [OTH]},
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[precle goal with precursor

(v | prec(G1,Ga) | €)
(78 | prec(G10,G3) | &)

it selyoqi(prec(G1,G2)) = G2 and (e | G2 | &) =4 (@ | G5 | £') is an
a-step with @ € {[AND], [prec];, [prec]s, [OTH]}.

[OTH] otherwise

alGelo
GI
if (v | G| &) is an elementary state and (y | G | ) =4 G' is an a-step
of C for elementary states which satisfies its restrictions.

Inference rules for configurations

[V] parallel-OR
M N
Vpm1 Ap VAVYV 4
VoL, Ay vVl A, v A

if Ay,..., A, are final configurations, A is not a final configuration
and A =, A’ is an a-step with a € {[V], [|l], [G]},

[ll] sequential-OR
Al [[As | AllAL - - 1A
AAL - [JARI AL - AN
if Ay,...,A, are final configurations, A is not a final configuration
and A =, A’ is an a-step with a € {[V], [||], [G]},

[G] state
alGlg
vg:1 Ay,
if (v | G| &) is not a final state, (y | G | &) =q A1, ..., (7| G |

&) =4 A are all the nondeterministic a-steps of C with « € {[AND],
[prec]y, [prec]z, [OTH]}.

Simplification rules for configurations

VllczlAk = A

(VIG1V...VvGnr | Vie (7 [ Ge 16)

(v | tell(6, G, €) | D) = (WG |8

(Y IGull- - NG | €) TGOy [ G [ €)
(v|false|&) vV Vi, Ak Vi1 Ak
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It is easy to see that the simplification rules for configurations define a
canonical simplifier. We assume that the configurations are implicitly re-
duced to the canonical form defined by simplification rules for configura-
tions.

Simplification rules for goals

{G} = G
{G_P7 true, G_Iq} = {G_Ih G_:z}
{G), false, G/} = false
{Gpa{sz}aG;l} = {GING:]:G;!}
{GiV..VGN, G} = Vil 4Gk, G}
{Gill.-IGN, G} = {GL, G- I{GN, G}
{G1,ask(0,G,¢),G2} = ask({G10,G,G20},¢)
prec(true, G) = G
prec(false, G) = false
prec(G, false) = false
prec(G .VGnN,G) = V,Ig\’:1 prec(Gy, G)
prec(G, G1 .VGyN) = \/;g\f:1 prec(G, Gg)
prec(G1]| .. ||GN,G) = prec(G1,G)|| ... ||prec(Gn, G)
prec(G,G1]|--.||GN) = prec(G,G1)]|...||lprec(G,GnN)

The siplification rules for goals define a goal canonical simplifier. We assume
that the reduction of a goal to its canonical form is an implicit operation.

Remarks

The simplification rules for CFLP goals and configurations are designed in
such a way that the simplified configurations consist of elementary states
of the form (y | G | §) with G a runtime goal which is free of sequential-OR
and parallel-OR operators. Moreover, G does not contain occurrences of
subgoals of the form tell(8,G’,£'): they always vanish during simplification.

7.2.3 The Calculus LNCP

LNCP is the default calculus of the interpreter. In order to characterize
it, we state its inference rules for elementary states, the restrictions which
limit the nondeterminism between its inference rules for equational states,
and the goal selection function.
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Inference rules for elementary states

[f] failure detection

[d]

(V[ M5 > AT.f(50) | )
(| false|&)

if f e Fq, -
(0 | VS (55) = MTg(F) | ©
(7| false|¢)
if f,g€ Fe, f#g, and =€ {~, >, =, >},
(v1el&
(7| false|¢)

if £ ¢ 2894(7<UFeV) (that is, € contains an equation ¢/ € Eq(F.UF.,V))
and e € Eq(F,V)

decomposition
(v [ AT.9(5n) = AT.g(t0) | €)
O [ NTosn = X000} | €)
if g € F. and =€ {~,>,=,>},
(7 | XE-£(57) = NE.f () | )
(v [ {\T.5p Z ATt} | €)
if f € Fy and =€ {=~, >},

deletion
(V| ATt AT E) (v | ATt > ATt &)

(7] true[&) (7] true[&)

constrained narrowing at nonvariable position

(Y| XZ.f(5,) 2 ATt €)
(v | prec(prec({\T.s,, > AT .1, }, G), \T.r 22 AT.E) | €)

if e {~,~ L, =, =" >, >} and f(I,,) = 7 < G is a fresh Z-lifted
variant of a rule in R,
constrainted narrowing at variable position

(7 | NE.X (53) = X5 | &)

(v8 | prec(prec({\T.Hp(smb) > AT.1,}, G), AT.r = \T.t) | £6)

if ¢ {~,~71, = >,>}, \T.t is a rigid term, f(I,) = r < G is a
fresh Z-lifted variant of a rule in R and § = {X = A7y, f(Hm(Tn))}
with H,, fresh variables of appropriate types,
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[i] imitation
(v [ A7.f(5:) = AT X(3) | §)
(70 | \T.5,0 =2 Xz X, | £6)

. —1 ~N =\

if e {~,~7, 0,07, >, > 550 = {X = X\g.f(Xa®@)}
where f € F.UF,; and X,, are fresh variables of appropriate types.

[p] projection
(0 | X (57) = ATt | €)
(16| true | €0)

if e {m,nt, = =7 ol > > 1< i <y ATt s rigid, 6 =
{X = Ngn.yi(Hy(Wn))}, ys : T — 7, and Hy, : 7, are fresh variables.

[va] variable abstraction

(v | A\T.s 2 ATt | )
(v | A\T.s[X (D) = AT, A\Y.s]p, = AT.X () | §)

B> >l = =71 root(M\Es) € Fo, {7} =
z.

s)|p € Alien(A\T.s)

if e {~,~71,>,
BV(\z.s,p) and (

[ff] flex/flex equations

(7 | Ve X () = N2 X (55) | €)
(70 | true | €0)

where =€ {~,>,>»,=}, 0 = {X = \gp.Z(Z)} with {Z} = {y; | v =
y;} and Z is a fresh variable of appropriate type.

(v [ A2 X () = ATY (yp,) | €)
(70 | true | £6)

where =€ {m,>,>,=}, 0 = {X = M\, Z(2),Y — M\y),.Z(2)} with
{z} ={wn} N{y!,} and Z is a fresh variable of appropriate type.

[cp+] constraint propagation

(ylel&)
(7] true | £U{e})

ifee Eq(F. UF.,V) is a constraint.



174 CHAPTER 7. THE CFLP SYSTEM

[cs] constraint solve
(®]&
(v [ wait(§,m) | 0)

if ¢ € 264(7eV7eV) and SendMsg(Ink, ask(£,m))

(y1O]¢) (v | true | )
(v | wait(§,m) | 0) (v | wait(§,m) | 0)

if ¢ € 289(FDFV) A e s not a S(CS,)-canonical form and Send-
Msg(Ink, ask(£,m)),

[wait] wait
(v | wait(&,m) | )
(v | Vi, tell(8y, true, &) V wait(€,m) | 0)

if {tell(On,&n, m)} = GetMsg(m)

(v | wait(§,m) | 0)
(7] \/;g\f:1 tell(fx, true, &) V false | )

if {tell(fn,&n, m),done(m)} = GetMsg(m).

In CFLP we eliminate the nondeterminism between [cp+] and the other
inference rules of LNCP applicable to a selected equation s =t € Eq(F. U
Fe, V) by defining a suitable criterion to decide whether s 2 t is a constraint
or not. Our constraint decision procedure does the following tests:

e If s =t is a rigid/rigid equation then it is not a constraint,

e Otherwise s = t is a constraint only if (root(s) Uroot(t)) NV is a
constraint variable, i.e. a variable whose range of values is determined
by solving a system of constraints. In CFLP we keep track of the
constraint variables in the runtime goal as follows:

— we provide a means to declare the constraint variables in the
initial runtime goal (see Sect. 7.4),

— the variable abstractions introduced during [val-steps are con-
straint variables,

— if X is a constraint variable and X is bound to a term ¢ then
V(t) are constraint variables.
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Note that there is no nondeterminism between the inference rules of
CFLP for configurations. Also, there is no nondeterminism between the
inference rules of CFLP for non-elementary states. The nondeterminism of
LNCP is due to the various alternatives to realize an [OTH]-step. These
alternatives are determined by the syntactic structure of the runtime goal
of the elementary state and by the restrictions of the calculus LNCP.

Restrictions

The restrictions of the calculus LNCP specify the inference rules that are
considered for reducing an equational state and the priorities of applying
them. We describe the restrictions of LNCP in tabular form. (See Figs. 7.1,
7.2,73,74.)

root(s) \"0°° D) V(t) Fq F. UBV(t) Fe
V(s) | [f°/8]/[cp]” | [f°/[on]s | [67/(E% 1Y) | [/ (ep]’, [val)
Fa [f]"/[on]t f]" /fon] [f]" /[on]i [f]"/[on]t
FUBV(s) | /(% p°) | [T /[on]3 [(]*/[d]? '/ ([cp]?, [va]®)
Fe | 10 /(cpl?, [val?) | [f]*/[on]3 | [f1*/(cpl?, [va]®) | [/ ([cp]?, [val®)

Fig. 7.1: LNCP: inference rules for equational state (y | AT.s = A\Z.t | £)

root(s) \ ") V(t) Fa F.UBV(t) Fe
V(s) | /167 /lepl” | 1] | [ /(0% 1) | [/ (epl”, [val®)
Fa [£]"/[on]” f [£]" /[on]” [f]/[on]”
F-UBV(s) | [T/ o) | [ (/1] | [/ ([cp], [va]®)
Fe | 17 /(epl®, [val®) [ [f] | [T/ (fep]”, [val®) | [T/ (cpl”, [val®)

Fig. 7.2: LNCP: inference rules for equational state {7y | AT.s > AZ.t | £)

The superscripts of the labels used in the table indicate the priorities of
applying the corresponding inference rules.

The inference rule [f] is specified with highest priority in all the entries
of the tables for equational states. This means that whenever [f] can be ap-
plied, only [f] is applied. Also, no outermost narrowing at variable position
is performed for solving oriented strict equations. This decision may affect
the completeness of the computation, but it drastically reduces the search
space for solutions.

Note that the right place to impose the priorities depicted in Figs. 7.1,
7.2,7.3, 7.4 is in the precondition of the inference rule [OTH].



176 CHAPTER 7. THE CFLP SYSTEM

root(s)\ " ) V(t) Fy F. UBV(t) F.
V(s) | [T /[del]/[f]? [f]la/([og]z [f]l/ . [,f)]1 .
/lep]* [il%, [p]) (7 ") | (ep]’, [val")
Fa [f]*/ [f]" /[del]/ [f]" /[on]? f1* /[on]”
([on]?, [i]%, [p]*) | (fon]t, [on]3, [d]*)
F.UBV(s) | [f1Y/(07, [p]P) [f]"/[on]? [f]" /1d]? [t/
/([cp]®, [va]®)
Fe | I /([cp]?, [val®) [f]" /[on]” [g]l/ . [{]1 .
([epl*, [val®) | ([epl, [val®)

Fig. 7.3: LNCP: inference rules for equational state (y | AT.s & A\ZT.t | £)

root(s)\ "2 ) V(t) Fy F. UBV(t) F.
V(s) | [T /[del]/[f]? [f1°/ [Of]l/? [,f)]1 .
/lep]* () (7 ") | (ep]’, [val")

Fa [f]*/ [f]" /[del]/ [f]" /[on]? f1*/[on]”

([on]?, [i]%, [p]*) | (fon]t, [on]3, [d]*) ‘

F.UBV(s) | [f1Y/(07, [p]P) [f] [f]* /1d]? {1/
‘ ‘ /([cp]®, [va]®)
Fe | 1]/ ([cp]?, [val®) [f] [g]l/ . [,f)]1 .
([epl*, [val®) | ([epl, [val®)

Fig. 7.4: LNCP: inference rules for equational state (y | AT.s > AZ.t | £)

The goal selection function

The goal selection function depends on the history of the LNCP-derivation
which is captured in the syntactic structure of the runtime goal.

First, we define two subsets of the set of inference rules of LNCP for ele-
mentary states: the set RP™° of inference rules for equations with precur-
sors, and the set R™°P"¢ of inference rules for equations without precursors.

Rrovree = (1], [d], [del], [on], [i, [p], [val, [&], [cp+], [€], [wait]},
R¥ee = 0w \ {[ff]}.
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For a given runtime goal G we define the partial function

( Fe(Gg,a) if G={G,...,G,}, Fe(Gi,a) = L
for all i < k and Fe(Gg,a) # L,
Fe(Gy,a) if G = prec(Gy,G2) and Fe(Gh,a) # L,
Fe(Ga, prec) if G = prec(Gy,Gs), Fe(Gra) = L,
and Fe(Go, prec) # L,
Fe(G,a) = (G,R) ifGe&q(F,V)U{a}
U{wait(&,m) | € € 269(FV7V) iy € N}
and R # 0, where R is the set of inference
rules in R* with highest priority
which are applicable to u = v,
1 otherwise

\

where a € {prec, noprec}. The result Fe(G) is L if G is a final goal, or a
pair of the form (e, R) where e is the equational subgoal which is selected,
and R is the set of inference rules that are applied nondeterministically
upon [OTH] steps.

The goal selection function selyyq; is defined by:

L if Fe(G, noprec)

1,
Selgoa,l(G) T { e if FC(G, noPTec)

= (e, R).
From this definition results that the inference rule [ff] is never applied to
flex/flex equations with precursors.

7.2.4 The Calculus LCN,

LCN, with strategy S. is a suitable choice for solving problems that can be
described with CFLP programs which are left-linear confluent fully-extended
conditional PRSs, and neither the program nor the goal contain external
operators.

The CFLP implementation of LCNy performs the inference rules of
LNCP U {[rm]}, except [va], [cp+], [cs] and [wait] which are not needed in
pure functional logic programming. Therefore we can characterize LCN»
by stating its inference rules for equational states. We group these inference
rules into two categories:

Rs: inference rules for strict equations,

Rns: inference rules for nonstrict equations.
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Restrictions

The restrictions of the calculus LCNy are the ones described in Chapter 5,
Sect. 5.9 for PRSs, but lifted to conditional PRSs. We describe here the
way how these restrictions are implemented in CFLP.

For each of the sets Ry and R,s we consider two versions, one for
equations with precursors and another one for equations without precursors.
The sets of inference rules for equations without precursors are:

o RToPTeC = R, if the selected equation is strict,

o Rrovree — [[f] [d], [on], [ov]™*®", [i], [p], [ff]} if the selected equation
is non-strict.

and the sets of inference rules for equations with precursors are:
P RgTEC — Rs;
o RPrec — L[] [d], [on], [ov], [i], [p]} for the subcalculus LCNZ .

We express the restrictions on the inference rules applicable on the selected
equation of a runtime goal G with the partial function F¢(G, noprec). The
call Fe(G, noprec) yields L if G is a final goal; otherwise, it returns the pair
(e, R) with e the selected equation and R the set of inference rules which
are applied nondeterministically during an [OTH]-step to solve the selected
equation. The function Fc is defined as follows:

([ Fe(Gp,a) it G={G1,...,Gp}, Fe(Gi,a) = L
for all i < k and Fe(Gy, o) # L,
Fe(Gy,a) if G = prec(Gy,Gs) and Fe(Gy, o) # L,
Fe(Ge, prec) if G = prec(Gy,Gs), Fe(Gra) = L,
and Fc¢(Go, prec) # L,
(u=2v,R) fuxveq(F,V)and R # ), where R is
the set of inference rules in Rg with
highest priority which are applicable to u = v,
1 otherwise

Fe(G,a) :

\

where a € {prec, noprec}.

The goal selection function

The goal selection function selyq; is defined by:

L if Fe(G, noprec)

1,
selgoai(G) -—{ e if Fe(G, noprec)

(e, R).



7.3. THE DISTRIBUTED CONSTRAINT SOLVING SUBSYSTEM 179

Note that selgou € Sy, and thus the calculus LNy with selection function
selgoqr is sound and complete for CFLP programs represented by left-linear
confluent fully-extended pattern rewrite systems.

7.2.5 Other Calculi

The other built-in calculi of the CFLP interpreter are implemented in a
similar way as the calculi described before. In general, the built-in calculi
correspond to implementations of different definitions of the function Fec
and use the goal selection function of the calculus LNCP.

7.3 The Distributed Constraint Solving Sub-
system

In the current implementation of CFLP, the constraint solving resources of
the system are built on top of the constraint solving capabilities provided
by Mathematica. Four types solvers for solving constraints over the domain
of real and complex numbers have been integrated into the system:

e 3 solver for systems of equations between multivariate polynomials
over the domain of complex numbers.

e a solver for systems of differential equations over algebraic extensions

of C,

e a solver for partial differential equations over algebraic extensions of

G,

e a variable elimination solver which can solve algebraic equations which
involve invertible functions.

All solvers are implemented by separate Mathematica processes exe-
cuting in parallel and communicating with the constraint scheduler via
MathLink connections. There are two types of CFLP constraint solvers:

e Local constraint solvers. These solvers run as subsidiary Mathematica
kernel processes of the CFLP constraint scheduler and run on the same
machine with the CFLP interpreter.

e Shared constraint solvers. A shared constraint solver is started on
the local or a remote machine from outside a CFLP session and can be
connected later to more schedulers, which may run on possibly differ-
ent machines. This means that we may have the situation depicted
in Fig. 7.5.
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Fig. 7.5: CFLP: shared constraint solving architecture

During a CFLP session, the distributed constraint solving subsystem can be
configured by specifying:

e the number and type of the local constraint solving resources,

o the remote machines which provide shared constraint solving resources.
The scheduler component of a CFLP session maintains a list of ma-
chine names which are intended to provide shared constraint solving
resources. Whenever the user modifies this list upon the system con-
figuration, the CFLP scheduler does the following operations:

1. it disables its connections to the shared constraint solving re-
sources running on machines which are not specified in the cur-
rent list of machine names,

2. it establishes MathLink connections to the constraint solving re-

sources available on the newly specified machines.

The facility to use shared constraint resources is currently supported only
on Unix-like platforms.
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7.4 The User Interface

CFLP is delivered as a collection of packages that can be loaded upon a
Mathematica session. By loading the package TSolve.m and executing the
command

Start CFLP| |

the user of a Mathematica session starts the processes that implement the
CFLP system and gets access to its constraint solving capabilities.
Access to CFLP is provided via the function TSolve. The syntax call is:

TSolve[goal, opts)
or

TSolve[goal, vars, opts| where
e goal is the variable annotated goal to be solved in CFLP syntax, and
e opts are Mathematica options specific to the TSolve call,

e vars is a list of symbols which are interpreted as logical variables in
the goal.

The following options are recognized by the TSolve function:
Rules the list of variable annotated rules of the CFLP program,

Constructor the list of constructor symbols used in the specifications of
goal and of the CFLP program,

DefinedSymbol the list of defined symbols introduced by the CFLP pro-
gram. This option is now obsolete: upon a TSolve call, all the
symbols defined in the program specified with the Rules option are
regarded as defined symbols,

NSolution the maximum number of solutions to be computed upon a
TSolve call,

ConstraintVars the constraint variables in the initial goal.

Upon a TSolve call, the variable symbols of the goal and CFLP program
are identified as follows:

o the logical variables in goal are identified by putting an overbar above
to at least one occurrence of each variable in goal,
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e the variables in a CFLP rule are identified by underlining at least one
occurrence of each variable in that rule.

In addition, the variables, defined symbols, and constructor symbols may
be type annotated. A type annotation of a symbol v is an expression of the
form v : 7 where 7 is a type expression. A type expressions can be:

e Basic type. The following basic types are recognized in CFLP: Bool
for booleans, Float for real numbers, Compl for complex numbers,
Strings for strings in Mathematica representation, Rat for rationals,
Int for integers, Symb for symbols in Mathematica representation,
and O for the void type.

e Type variable. Type variables are denoted by undefined Mathematica
symbols.

e List type. The expression TyList(7) denotes the type of lists with
elements of type 7.

e Function type. The expression 71 X ... X 7, — 7 denotes the type
of functions which take arguments of types 71,...,7, and return a
result of type 7.

The constructor symbols may be type annotated in the list of construc-
tors specified with the Constructor option, and the defined symbols may
be type annotated in the list of defined symbols specified with the De-
finedSymbol option. The logical variables of a goal can type annotated
in the places of their underlined occurrences in the goal. The variables of a
CFLP rule can be type annotated in the places of their overlined occurrences
in the rule.

Type annotations are meaningful if we enable a polymorphic type checker
which verifies the type consistency of the CFLP goal and program. If the
polymorphic type checker is disabled, then the type annotations are simply
ignored. For example, in the call

TSolve[f [z,z : Float] = {z}],
DefinedSymbol — {f : Float x Float — TyList[Float]},
Rules — {f[z,y : Float] — {y*> + 2 x}} ]

the CFLP goal is f[z,z] = x with logical real variable z, and the CFLP
program consists of the rule

flz,y] = {y* +2 2}}
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where z,y are universally quantified variables over the domain of reals.
In addition, it is known that f is a defined function symbol of two real
arguments which returns as result a list of reals.

The defined symbols can also be declared with the CFLP command De-
finedSymbol; instead of specifying the option

DefinedSymbol — {f; : 7,..., fn:Th}
inside a TSolve call, the user can first give the command
DefinedSymbol[f, : 71,... , fn : Ty]

and next perform the TSolve call without the option DefinedSymbol.
In a similar way, the system CFLP provides command counterparts for
the options Constructor and Rules.
Support for typing in expressions in CFLP syntax is provided via a palette
which is displayed when the CFLP system is started. In addition, the palette
contains control buttons which allow the user to

e configure the CFLP session,
e enable/disable type-checking the CFLP goal and program,
e interrupt a non-terminating TSolve call,

e end the CFLP session.
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Chapter 8

Examples

In this section we present examples which illustrate the constraint solving
capabilities of the CFLP system.

8.1 Program Calculation

Consider the problem of writing a program to check whether a list of num-
bers is steep [HT99]. A list is said to be steep if each element of the list is
greater than the average of the elements that follow it. A straightforward
CFLP program to solve this problem is

steep[{}] — True,
steep[[n | ns]] — n > avgns] A steep[ns],
avg[ns] — sum[ns]/length[ns],
sum[{}] — O (8.1)
sun([n | ns]] — n+ sum[ns],
length[{}] — O,
length[[n | ns]] — 1+ lengthlns]

where

e A : Bool x Bool — Bool, >: Rat x Rat — Rat, / : Int x Int — Rat are
external operators,

e steep, ,avg, sum, length are the defined symbols which are specified
in the CFLP program.

This program is modular and easy to read. Unfortunately it is very ineffi-
cient (of quadratic complexity) due to the repeated applications of avg to

185
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the sublists. It can be shown that an efficient program with linear com-
plexity exists.

steepOpt[ns] — sel-cl[steepAux|ns]]

where sel-c1, sel-c2 and sel-c3 are the selectors of the ternary construc-
tor c, and

steepAux[{}] — c¢[True,0,0],
steepAux[[n | ns]] — c[ (n > sel-c2[ns]/sel-c3[ns]) A sel-cl[ns],
n + sel-c2[ns],
1+ sel-c3[ns]]

It is desirable to have a means to automatically compute the efficient ver-
sion steepOpt of the steep function from its readable version. This kind
of program transformation is based on the theory of constructive algorith-
mics [Bir87, Bac95], and can be described by a series of applications of
calculational rules that describe program properties.

The computation of steepOpt from steep can be realized with the
following fusion calculational rule [Bir89):

fleg = ¢
flgla,r]] = hla,r] (8.2)
flfoldrlg,e,z]] = foldr[h,e',z]

where foldr : (a x f — ) x 8 x TyList[a] — f is defined as usual:

foldr(g,e,{}] — e,
foldr[g,e,[n | ns]] — g[n,foldr[g,e,ns].

The computation proceeds as follows:

1. consider steepAux[ns] = c[steep[ns], sum[ns], length[ns]] where c is
a ternary constructor operator,

2. to make rule (8.2) applicable, we choose f = steepAux, g = Cons (the
CFLP list constructor), e = {} and e’ = steepAux[e] = c[True,0, 0],

3. compute h such that steepAux[[n | ns]] = h[n, steepAux|ns]] for all
naturals n and lists of natural numbers ns. More specifically, we look
for h2, h2, h3 such that

steepAux|[n | ns]] = c¢[ hl[n, steep[ns], sum[ns|, length[ns]],
h2[n, steep[ns], sum[ns], Length[ns]|,
h3[n, steep[ns], sum[ns|, Length[ns]]],
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4. compute steepOpt = A\[{ns}, sel-cl[foldr[h, €, ns]]].

Now we show how this translation can be achieved with the CFLP system.
We consider the CFLP program

Prog := { steep[{}] — True,
steep[[n | ns]] = n > avg[ns] A steep[ns],
avg[ns] — sum[ns]/length[ns],
sum[{}] = 0
sum[[n | ns]] = n + sum[ns],
length[{}] — O,
length[[n | ns]] — 1+ length[ns],
steepAux[ns| — c[steep[ns], sum[ns|, lengthlns]|};

and the CFLP goal:

G := M{n,ns}, steephux|[n | ns]]]
A{n,ns}, [ E[n, steep[ns], sum[ns|, length[ns]],
h2[n, steep[ns], sum[ns|, lengthns]],
h3[n, steep[ns], sum[ns|, Length[ns]]]];

Note the way how the A-abstraction construct is used to express an equa-
tional formula of the form VZ.(s & t) in higher-order logic: we write
AT.s &~ AT.t. In particular, G denotes the equational formula

dhl1,h2,h3. Vn,ns.
steepAux|[n | ns]] & c[ hl[n, steep[ns], sum[ns], length[ns]],
h2[n, steep[ns], sum[ns], Length[ns]],
h3[n, steep[ns], sum[ns], length[ns]]].

By performing the command:

TSolve[G,
Rules — Prog,
Constructor — {c, Plus, Greater, And, Times, Power}|

the system responds:

{{ h1 — A[{28125, 28126, 2§127, 2$128}, 28125 > Zig;
z

h2 — A[{2$409, 2$410, 2$411, 28412}, 28409 + 2$411],
h3 — A[{2$533, 2$534, 2$535, 28536}, 1 + 2$536]} }

&& 2$126],

The computation of steepOpt from steepAux is now straightforward.
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Remarks

The application of the fusion rule for computing the efficient version of
the steep function requires the capability to perform higher-order term
rewriting and unification of higher-order patterns. Both operations are
supported in CFLP.

Note that upon the TSolve call we declare the Mathematica operators
And, Greater, Plus, Times, and Power as constructors. By default, these
operators are external symbols, and the calculus LNCP will generate cor-
responding constraints which are submitted to the distributed constraint
solver. For this particular problem we wish to treat these operators as
constructors, and therefore we declare them as such.

8.2 Electrical Circuit Modeling

Our second example shows how electric circuit layouts can be described and
computed with CFLP. This example illustrates the utility of simply-typed
A-terms for describing

e the behaviour in time of electrical circuits,
e the recursive construction of complex circuit layouts.

In addition, the computation which describes the composition of electri-
cal circuits is a complex task which requires the cooperation of different
constraint solvers.

We first define the spec function which describes the behavior in time
t of an electrical component as a function of the current i[t] and voltage
v[t] in the circuit. The CFLP rules of spec correspond to a recursive defini-
tion, where we base case describes the behavior of elementary circuits such
as resistor, capacitor, and inductor, and the inductive case describes the
behavior of serial and parallel connections of electrical components. The
CFLP program is given below. We don’t explain the underlying electronic
laws since it should be easy to read them off from the program.

(* declare the CFLP constructors *)
Counstructor|res, ind, cap, comp, serial, parallel];
(* specify the CFLP program *)
Prog:={
spec|res[r_: Float], v : Float — Float, i : Float = Float] — True <
Al{t}, olt]] = A[{t}, r+ift]],

spec[ind[l : Float], v : Float — Float, i : Float — Float] — True <

At} olt]] & Al{t}, U+ 't
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spec|cap[c: Float],v : Float — Float, i : Float — Float] — True <
At} ilt]] = A[{t}, ¢+ o'[t]],
spec[serial[{}], A[{t}, 0],7: Float — Float] — True,
spec[seriall[comp | comps]],v,i] — True <
{spec[comp, v1,i] ~ True, spec[serial[comps], v2,i] ~ True,
Al{t}, olt]] & Al{t}, vd[t] + w2[t]]},
spec[parallel[{}],v : Float = Float, A[{t}, 0]] — True,
spec[parallel[[comp | comps]],v,i] = True <
{spec|[comp, v,il] ~ True, spec|[parallel[comps],v,i2] ~ True,

ALt} )] = A{t}, ad[t] + a2[¢]]

Note the usage of the list construct in the recursive specification of serial and
parallel connections of electrical components. The CFLP system recognizes
the following list constructions:

e {t1,...,t,}: the list consisting of components ¢;,... ,t,,

e [ h | tl]: CFLP list in Prolog-style notation; it denotes the list with
head h and tail ¢.

8.2.1 RLC Circuit

Consider the problem of finding the behavior in time of the current in an
electrical circuit consisting of a serial connection of a resistor with R = 2,
an inductor with L = 1 and a capacitor with C = 1/2 (see Fig. 8.1), under
the additional conditions that the voltage is a constant in time and the
current was 0 at time 0.

R=2 L=1 C=1/2

B

V=50

Fig. 8.1: RLC circuit

In this case, the goal which we want to solve is

G := {spec[seriall{res[2], ind[1], cap[l/2]}], A[{t}, 50],i] ~ True, i[0] ~ 0}

The logical variable (that is, the existentially quantified variable) of the
goal is i. Note the usage of the expression A[{t}, 50] for specifying that the
voltage is constant (50 ) in time.
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Now we can ask the CFLP system to solve the problem by computing
the solutions of G :

TSolve[G, Rules — Prog, ConstrVariables — {i}]

The system responds:
{{i = A[{t},—c1$5 e ' Sin[t]}}

Note that the computed answer is a parametric solution, since c4 is a vari-
able.

The CFLP system allows the user to trace the computation steps per-
formed by the interpreter and by the distributed constraint solving subsys-
tem. The trace of the execution of the interpreter shows how the initial
configuration (¢ | G | {}) is reduced by the CFLP interpreter to a state of
the form (e | ® | £) where

€= [v8348 ~ A[{t},d'[t]], i ~ A[{t}, v8381[t]/2],
A{t}, V] ~ A[{t}, 2 i[t] + v$348[t] + v§381[¢]],4[0] ~ 0}

The system of constraints £ is sent to the constraint scheduler which coor-
dinates the instances of the constraint solvers CS;, CSs, CSsz, CS; to solve
it. A trace of the computation performed by the distributed constraint
subsystem reveals how the answer is computed.

1. An instance of CS) acts on (¢ | £) and yields (6; | &) where

o 6 = {v$348 — A[{t},v$381"[t]/2],i — A[{t},v$381'[t]/2]},

o & = {A[{t},V —v8381[t] — v$381'[t] — v$381"[t]/2] =~ A[{t},0],
v$381'[0] =~ 0},
e v$348,v$381 are fresh variables introduced upon LNCP steps.

2. An instance of CS; is applied to (#;,&) (note that CS, is not appli-
cable to &) and yields (0105, &) where

o 0> = {v$381 — A[{t},V + c1$5 et Cos[t] — c1$4 et Sin[t]]},
o & = {cl$5 —cl$4 = 0}

3. An instance of CS; is applied to (2, &2) and yields (616203, {}) where
03 = {c1$4 — —cl1$5},

4. The CFLP scheduler returns the result to the CFLP interpreter, such
that the following [G]-step is performed:

<6|®|£>:><019293|D|0>
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In this way the system reaches a final configuration, from which is gen-
erated the answer (016203)[y(q), that is {i = A[{t}, —c185 e~* Sin[t]}.

If we supply more information, such as the value of the current at time
t=1:

TSolve[{G,i[1] ~ 1}, Rules — Prog, ConstrVariables — {i}]

then the system is able to uniquely determine the current as a function of
time:

({i - )\[{t},% ¢!=t Csc[1] Sinff]}}.

8.2.2 A Problem of Circuit Design

The following example illustrates how OR-parallelism is treated in CFLP.
Let an electric circuit be given with a resistor R1 of 0.1M (2 connected in
parallel with a resistor R2 of 0.4M (2, and a capacitor K in serial connection
with the two resistors. Also, there is a kit of electrical components in which
capacitors of 1uF, 3uF, 5uF, 20uF and 50uF are available. We want to
know which capacitor to use in our circuit such that the time until the
voltage of the capacitor reaches 98% of the final voltage is less than 1s. To

[

solve this problem, we employ a slightly changed version of the program
Prog used in solving the previous problem. In order to make the voltage of
a capacitor explicit, we specify it in the following way:

spec|caplc, v],v,i] = True <

At} ift]] = Al{t}, e x o'[2]

Let Progl be the program corresponding to this slight change. Now, the
CFLP goal corresponding to our problem is:

Gi={k~105VEkx3x10VEk~2x10°Vkr5x10"7,
spec[serial]

{cap[k, V1], parallel[{res[10°], res[4 x 10°]}]}],
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Al{t}, V], i] = True,
®,V1[0] ~ 0,
®, (V1[1] > 0.98 x V) ~ True}

Note the usage of ® to explicitly invoke the distributed constraint solving
subsystem to solve the constraints accumulated so far, and the use of the
parallel-OR construct to specify the components of our electrical kit. The
logical variable used in the specification of G are:

iz i[t] denotes the current at time ¢ in the circuit,

k: the characteristic value of the capacitor,

V1: V1[t] denotes the voltage of the capacitor at time t.
The call

TSolve[G, {V1,i},
Rules — Progl,
ConstrVariables — {i},
Constructor — {V}]

yields the answer:

(S S ) RUNN. S
1000000 J ’ 1000000

Note that CFLP yields answers only for the variables which are annotated
in G, which in this case is k only. In this case, the initial configuration
is A = (e | G| 0), which is simplified immediately to \/?:1 A; where A;
are states of the form (¢ | G; | 0) witth G1, G2, G3, G4 sequential-AND
goals which differ only by the first equation. Assume that the distributed
constraint solving subsystem of CFLP makes use of 3 instances of CS; and
2 instances of CSs;. A possible scenario of the evolution in time of the
computation performed by CFLP upon solving the goal G is as shown in
Fig. 8.2. Note that in the time interval [¢1, t2] there is no resource available
to process the state which descended from A4, and in the time interval
[t2,t4] there is no resource available to process the states which descended
from A; and A4. The computation performed in the time interval [t5, ¢4]
detects the inconsistency of the constraints represented in the descendants
of A3 and A4.

The solving effort can be reduced if we take into account the operational
semantics of CFLP. For instance, we can solve our problem by considering
the goal
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CFLP A
components
esy2 Al | A3
CScsy, 1 A2 Ad
Scs, .3 Al|A4 ,
Sesy 2 A2| 1 0 | Al | A3
CScsy.1 A3 A2| | Ad
Al AL AL
interpreter A2 o |A2] A2
A3 Lo A3 A3
A4 o ma| |A4]
0 t ottt Time

Fig. 8.2: CFLP: time complexity of overall computation

G1 := {spec[serial]
{cap[k, V1], parallel[{res[10°],res[4 x 10°]}]}],
A{t}, V],i] = True,
®, V1[0] =~ 0,
k~1075VE~3%x108VvE~2%10"°VEka5%x1072,
®, (V1[1] > 0.98 %+ V') = True}

The call

TSolve[G1,{V1,i},
Rules — Prog,
ConstrVariables — {i},
Constructor — {V}]

yields the same answer, but the computation consumes fewer resources. The
reason is that CFLP first computes a solution for V1 which is generic for
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any characteristic value k of the capacitor. This computation requires only
2 constraint solving resources instead of 8. Next, k is bound to 4 possible
values (parallel-OR nondeterminism) and CFLP filters out the inadmissible
values of k.

8.2.3 Computation of Circuit Specifications

Consider the problem of finding the specifications of all the electrical circuits
that can be built with a kit of given electrical components. We encode the
specification of an electrical circuit as a list with 3 elements

{comp, i[t], v[t]}
where

e comp is a constructor term that describes the geometric structure of
the electrical circuit. For example, the constructor term

serialfres[R1], parallel[{cap[C1],res[R2], ind[L]}]]

describes a serial connection of 3 electrical components: a resistor
R1, a parallel connection of a capacitor C1 with a resistor R2, and an
inductor L,

e i[t] describes the behaviour in time of the current in the electrical
circuit,

e v[t] describes the behaviour in time of the voltage in the electrical
circuit.

We represent the kit of available circuit components with a list, e.g.
{res[10°],res[4 x 10°], cap[10~°]}

describes a kit consisting of two resistors with resistances of 0.1M and
0.4MQ and a capacitor with capacity of 1uF.

First we provide a predicate MkCompl[kit, comp] which holds if comp is
a circuit made of the components of the kit of electrical components kit.
MkComp is defined in terms of two predicates which are mutually recursive:
MkSerialComp and MkParallelComp. The meaning of these predicates can
be easily read off from the CFLP rewrite rules given below. The auxiliary
function split is provided for partitioning the electrical components of the
kit into two subsets, which are used for constructing two electrical circuits
which are connected in serial or in parallel.
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MkComp[kit, comp] — MkSerialComp[kit, comp],
MkComp[kit, comp] — MkParallelComp|kit, comp],
MkSerialComp|comp, comp] — True,
MkParallelConme, comp] — True,
MkSerialComp|[L, comp| — True < {
split[L, L1,[H | T]] ~ True
{MkSerialComp[L1, compI] = True,
MkParallelComp[[H | T], comp?2] ~ True}||
{MkParallelComp[L1, compI] ~ True,
MkParallelComp[[H | T], comp2] ~ True}||

{MkParallelComp|[L1, compl] ~ True,

MkSerialComp[[H | T], comp2] ~ True},

comp =~ serial[compl, comp2]},
MkParallelComp[L, comp] — True < {

split[L, L1,[H | T]] ~ True

{MkSerialComp[L1, compI] = True,

MkParallelComp[[H | T], comp?2] ~ True}||

{MkSerialComp[L1, compI]| ~ True,

MkSerialComp[[H | T, comp?2] = True}||

{MkParallelComp|[L1, compl] ~ True,
MkSerialComp[[H | T], comp2] = True},

comp = parallel[compl, comp?2]}, split[{comp}, comp,{}] — True,
spLit[{comp}, {}, comp] — True, —
split[[compl, comp2| T],11,12] — True <

{split[[compl | T], L1, L2] =~ True,

{l1 = [comp2| L1],12 ~ Lo }||{I1 =~ L1,12 ~ [comp2 | L2]}}

A circuit consisting of only one component can be regarded either as a serial
connection of one component, or as a parallel connection of one component.
Note that any electrical circuit can be described either as a serial connection
of two sub-circuits where one of them is a parallel connection, or as a parallel
connection of two sub-circuits where one of them is a serial connection. This
is the reason why we do not generate

e serial connections of serial connections, or
e parallel connections of parallel connections.

The predicate MkSerialComp[L,comp| describes the following process of
constructing a non-trivial serial connection of electric circuits with compo-
nents from L:

1. First, L is split into nonempty two sublists L1 and L2,
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2. L1 is used for constructing a component compl, and +2 is used for
constructing a component L2, such that at least one of the com-
ponents compl and comp?2 is a parallel component. Note how the
sequential-OR construct is used in the condition part of MkSerialComp
to specify this condition. Note that we could have used the parallel-
OR construct instead,

3. the component comp is built up by connecting comp! and comp2 in
serial.

In a similar way is defined the construction of a non-trivial serial connection
of electric circuits.

Let Progl be the program obtained by extending Prog with the defining
rules of the predicates MkComp, MkSerialComp, MkParallelComp and split.
This program can be used to generate all the possible configurations of
circuits built with a given set of electrical components. For instance, the
call

TSolve[{kit ~ {res[R]1],res[R2], res[R3]},
MkComp][kit, comp| ~ True},
(i),
Rules — Progl, Constructor — {R1, R2, R3}]

yields as result a list of bindings of comp to all possible electrical circuit
configurations built with 3 resistors R1, R2, R3:

{{comp — serial[{serial[{res[R3],res[R2]}],res[R1]}]},
comp — parallel[{serial[{res[R3],res[R2]}],res[R1]}]},
comp — serial[{serial[{res[R2],res[R3]}], res[R1]}]},

comp — parallel[{serial[{res[R2],res[R3|}],res[R1]}]},

L

To compute the specifications of the electrical circuits consisting of two
resistors R1 and R2, one inductor L1, and one capacitor C'1, we can call

TSolve[{kit ~ {res[R1],res[R2], ind[L1], textttcap|C1]},
MkComp[kit, comp| ~ True,
spec[comp, A[{t}, V], A\[{t}, i[t]]] = True,
compspec ~ {comp, A[{t}, V], A[{t}, i[t]]}},
{kit, comp, i},
Rules — Progl, Constructor — {R1, R2,L1,C1,V}]
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Upon the call we assume that the voltage is a constant in time. We express
this fact by describing the voltage function with the A\-term A[{t}, V] where
V' is an arbitrary value. By declaring V' as a constructor, the CFLP system
will treat it as a symbolic constant. The call resumes with a list of bindings
of complist to the specifications of circuits built with resistors R1, R2,
inductor L1 and capacitor C'1. At page 199 we illustrate the first 3 answers
returned by CFLP.

8.3 A Ballistic Problem

This problem from [MR94] consists in finding the falling point of an object.

y )

Xf

X

The object is launched with initial speed V0 and incidence angle a with
the ground. The problem is to determine the falling point on the earth of
an object, knowing its initial speed V0 = 500m/s and the initial incidence
a = 45°.

We denote by Tf the falling time, by Vx the horizontal projection of
V0, and by Vy the vertical projection of V0. Then the movement of the
object can be described in terms of its coordinates (z[t],y[t]) at moment ¢

as follows:
Vx = V0 * cos(a),

Vy = V0 *sin(a),
z[t] = Vx x t,
y[t] = Vy x t — 981 x t2/200.

To solve this problem, we specify the following CFLP program:

Prog:= {ballistic [V,a] = {A[{t}, z[t]], A[{t}, y[t]]} < {
Vx & V x Cos[a], Vy = V = Sin[a],
A[{t}, z[t]] = A[{t}.Vx = t],
N{t}ylt]] = A[{t}, Vy = t — 981 = t2/200]},
falling [V0,a] - Xf < {
ballistic[VO0,a, Tf] ~ {A[{t}, z[f]], A[{t}, 9[t]]},
z[Tf] ~ Xf, y[Tf] ~ 0}}

and the goal
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G := falling[500, Pi/4] ~ Xf
The call
TSolve[G, Rules — Prog, ConstrVariables — {X{}]

will yield, apart form the degenerated solution {Xf — 0}, the solution

25000000

Xf—» —
{ TRl

a system of equations that is solved with the solvers CS; and CSs.

} . In this case, the initial problem is reduced to solving
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{compspec - {parallel[
{serial[{serial[{cap[Cl], ind[L1]}], res[R2]}], res[R1]}], A[{t}, V],
(-«/H Rznfm) t

1
PR — [c1$1e 2vet 1 (- Cl R2 + \/ -4 11 +C1R2? )

2+/c1 11

A[{t}, c1

(c1 rR2+1VCl V-411+c1R22 ) t
cl$2e” ZoTia (c1 rR2 +Yc1 '\/-4 L1+Cl R22)

]%1}}

2C1L1[

{compspec » {serial[{serial[{serial[{cap[Cl], ind[L1]}], res[R2]}], res[R1]}],

(c1 R1+C1R2-1/ -4 C1 L1+ (-C1 R1-C1 R2) 2 ) t

[cl $3e” 2C1L1

AL{t}, V1, A[{t}, c1 [— PYTER]

(C1R1+C1R2—\/—4C1L1+ (—C1R1—C1R2)2)] -

[c1 R1+C1 R2+4/ -4 C1 L1+ (-C1 R1-C1 R2) 2 ] t

[c1$4 e Z2CILL

2ClLl

(C1R1+ClR2+\/—4C1L1+ (-C1R1 - C1R2)? )]]]}}

{compspec -

{parallel[{serial[{serial[{ind[Ll], cap[Cl]}], res[R2]}], res[R1l]}], A[{t},

(—VHRz+V-4L1+c1322 )t
cls5e 2+/ct 11 (-ve1 R2+'\/—4L1+ClR22) 1
vl, A[{t}, c1 -
2+/c1 L1 2c1lLl

+ 11

(cuum/c_l v/-a1r1+c1Rr22 )r.
cl$ée” PEEAY (c1 R2 + V/c1 \/-4 L1 + C1 R22 )

{compspec - {serial[{serial[{serial[{ind[Ll] , cap[C1l]}], res[R2]}], res[R1l]}],

(c1 R1+C1R2-1/ -4 C1 L1+ (-C1 R1-C1 R2)2 ) t

[cl $7e” 2C1Ll

AL{t}, VI, A[{t}, -
[{t}, v1, A[{t} c1[ PYTE]

(C1R1+C1R2—\/—4C1L1+ (-C1R1 -C1R2)? )] -

[c1 R1+C1 R2+4/ -4 C1 L1+ (-C1 R1-C1 R2) 2 ] t

[c1$8 e Z2C1Ll

2ClLl

(C1R1+ClR2+\/—4C1L1+ (-C1R1 - C1R2)? )]]]}}
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Chapter 9

Conclusion

This thesis introduces a scheme for concurrent constraint functional logic
programming and describes an instance which is a distributed implemen-
tation in a network of computers. The scheme is based on an operational
semantics which combines the principles of cooperative constraint solving
over a constraint domain with the principle of higher-order lazy narrowing
for conditional pattern rewrite systems.

Higher-order constructs are a desirable feature in functional logic pro-
gramming and, by extension, in constraint functional logic programming
too. Therefore, a large part of the thesis was concerned with the design of
a powerful higher-order lazy narrowing calculus. For the needs of functional
logic programming, we addressed two extensions:

e lazy narrowing with ATRSs in applicative term algebras, and

e lazy narrowing with PRSs and conditional PRSs in simply-typed term
algebras

and proposed various refinements to make them more efficient.

In the design of our cooperative constraint functional logic program-
ming scheme we took into consideration the second extension of the func-
tional logic programming style, i.e. lazy narrowing with conditional PRSs
in simply-typed term algebras.

We want to emphasize that the scheme outlined in this thesis is, by
no means, the end of the story. A careful analysis of the properties inte-
grated calculus is still missing, but it is very likely that theoretical results
obtained in pure functional logic programming can be generalized to our
CFLP model. A very interesting direction of research is to find a good
characterization of the notion of precursor in CFLP. Keeping track of the

201
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precursors of a subgoal is more difficult because of the possibility to transfer
precursors in the constraint store during [cp+]-steps.

The intention of our experimental system CFLP is to prove the suitability
of the distributed model for cooperative constraint solving described in
Sect. 6.4. We didn’t focus on the design of an efficient implementation,
which is another promising direction of future research.
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