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Zusammenfassung

Das Hauptziel dieser Arbeit ist der Entwurf eÆzienter Kalk�ule die als

die operationale Semantik einer funktional-logis
hen Programmierspra
he

h�oherer Ordnung mit der F�ahigkeit zum L�osen von Constraints dienen

k�onnen, sowie deren verteilte Implementierung auf einem Computer-Netz-

werk.

Die Hauptvorteile einer Logik h�oherer Stufe gegen�uber einer Logik er-

ster Stufe sind die Quanti�zierung �uber Funktionen und Pr�adikate und ihre

Abstraktionsme
hanismen. Programmieren mit Funktionen h�oherer Stufe

ist Standard in funktionalen Spra
hen und k�urzli
h entwi
kelte Spra
hen

wie �-Prolog illustrieren die praktis
he N�utzli
hkeit des logis
hen Program-

mierens h�oherer Stufe. Funktional-logis
he Programmierspra
hen sind ge-

genw�artig haupts�a
hli
h auf Logik erster Stufe einges
hr�ankt, obwohl die

letzten Jahre Zeuge eines wa
hsenden Interesses waren, die operationalen

Prinzipien von funktional-logis
hen Spra
hen auf Logiken h�oherer Ordnung

auszudehnen.

In dieser Arbeit pr�asentieren wir vers
hiedene Kalk�ule f�ur "lazy nar-

rowing" f�ur eine Logik h�oherer Stufe. Wir beweisen, dass unsere Kalk�ule

wesentli
he Eigens
haften wie Korrektheit und Vollst�andigkeit erf�ullen, falls

die funktional-logis
he Spra
he gewisse Eins
hr�ankungen aufweist. Im all-

gemeinen sind die von uns untersu
hten Eins
hr�ankungen in der funktional-

logis
hen Fors
hungsgemeinde weit akzeptiert, bzw. sind sie Erweiterungen

von Eins
hr�ankungen, die Standard in der funktional-logis
hen Program-

mierung erster Stufe sind.

Wir behaupten, dass die in dieser Arbeit vorgelegten Kalk�ule bessere

M�ogli
hkeiten f�ur eine operationale Semantik f�ur funktional-logis
hes Pro-

grammieren h�oherer Stufe sind, als wir bisher in der Literatur vorgefunden

haben.

Um die L�osungskapazit�at einer funktional-logis
hen Spra
he h�oherer

Ordnung zu verbessern, zielen wir weiters auf die Integration der operationa-

len Prinzipien von "lazy narrowing" h�oherer Stufe und vom glei
hzeitigem

L�osen von Constraints ("
on
urrent 
onstraint solving") ab. Con
urrent
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onstraint solving ist bereits als ein gangbarer Ansatz bekannt, um die

L�osungskapazit�aten vers
hiedener L�oser in einem System zu integrieren,

das Probleme l�osen kann, die kein einzelner L�oser alleine zu behandeln im-

stande ist.

Wir de�neren ein S
hema CFLP(X ;S; C) f�ur 
onstraint logi
 program-

ming, das die Integration eines lazy narrowing Kalk�uls C h�oherer Stufe (die

funktional-logis
he Komponente) mit den operationalen Prinzipien einer

L�oser-Kooperation ber einem Constraint-Berei
h X bes
hreibt. Die L�oser-

Kooperation ist dur
h eine Sammlung von L�osern CS

1

; : : : ;CS

n

de�niert,

die zur L�o�ung eines gegebenen Problems mittels einer Strategie S zusam-

menarbeiten.

Weiters bes
hreiben wir ein experimentelles System, das wir in Mathe-

mati
a ges
hrieben haben und das die Implementierung einer Instanz des

von uns entwi
kelten S
hemas darstellt. Das System heisst CFLP und besteht

aus einem funktional-logis
hen Interpreter, der auf einer Mas
hine l�auft,

und einem verteilten Subsystems zur Constraint-L�osung. Das verteilte Sub-

system besteht aus einer Anzahl von L�osern, die auf vers
hiedenen Mas
hi-

nen laufen k�onnen, und einer speziellen Komponente, dem Constraint-

Verwalter, der die Strategie S zur Koordination der L�oser implementiert.

Zuletzt illustrieren wir Verhalten und Benutzung von CFLP mit ver-

s
hiedenen Beispielprogrammen.



Abstra
t

The main goal of the thesis is the design of eÆ
ient 
al
uli that 
an serve

as operational semanti
s of a higher-order fun
tional logi
 programming

language with 
onstraint solving 
apabilities, and their distributed imple-

mentation on a network of 
omputers.

The main advantages of higher-order logi
 versus �rst-order logi
 are

quanti�
ation over fun
tions and predi
ates and its abstra
tion me
ha-

nism. Higher-order programming is standard in fun
tional programming

languages, and re
ent languages su
h as �-Prolog illustrate the pra
ti
al

utility of higher-order logi
 programming. Currently, fun
tional logi
 pro-

gramming is mainly restri
ted to �rst-order logi
, although re
ent years

witnessed a growing interest to extend the operational prin
iples of fun
-

tional logi
 programming to higher-order logi
.

In this thesis we present various lazy narrowing 
al
uli for higher-order

logi
. We prove that our 
al
uli satisfy essential properties, su
h as being

sound and 
omplete, if the fun
tional logi
 programs satis�es 
ertain restri
-

tions. In general, the restri
tions investigated by us are widely a

epted

by the fun
tional logi
 
ommunity, or are higher-order generalizations of

restri
tions whi
h are standard in �rst-order fun
tional logi
 programming.

We 
laim that the 
al
uli proposed in the thesis are better 
hoi
es for

an operational semanti
s of higher-order fun
tional logi
 programming than

what we have found in the literature.

Se
ondly, in order to improve the solving 
apability of a higher-order

fun
tional logi
 programming language, we aim at integrating the opera-

tional prin
iples of higher-order lazy narrowing and of 
on
urrent 
onstraint

solving. Con
urrent 
onstraint solving is already re
ognized as a viable ap-

proa
h to integrate the 
onstraint solving 
apabilities of various 
onstraint

solvers in a system that 
an solve problems that none of the single solvers


an handle alone.

We de�ne a s
heme CFLP(X ;S; C) for 
onstraint logi
 programming,

whi
h des
ribes the integration of a higher-order lazy narrowing 
al
ulus C

(the fun
tional logi
 
omponent) with the operational prin
iple of a solver
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ooperation over a 
onstraint domain X : The solver 
ooperation is de�ned

by a 
olle
tion of 
onstraint solvers CS

1

; : : : ;CS

n

; whi
h 
ooperate upon

solving a given problem in a

ordan
e with a strategy S:

Next, we des
ribe an experimental system written in Mathemati
a,

whi
h is the implementation of an instan
e of the s
heme des
ribed by

us. The system is 
alled CFLP, and it 
onsists of a fun
tional logi
 inter-

preter running on one ma
hine, and a distributed 
onstraint solving sub-

system. The distributed 
onstraint solving subsystem 
onsists of a number

of 
onstraint solvers running on possibly di�erent ma
hines and a spe
ial


omponent 
alled 
onstraint s
heduler, whi
h implements the strategy S to


oordinate the solver 
ooperation.

Finally, we illustrate the behaviour and utility of CFLP with several

example programs.
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Chapter 1

Introdu
tion

Many interesting and 
omplex problems from mathemati
s and s
ien
es 
an

be redu
ed to solving systems of equations over various 
onstraint domains.

The design and implementation of theoreti
al frameworks that support an

easy formulation and eÆ
ient solving methods of su
h problems has re
eived


onsiderable interest during the last de
ade.

The most su

essful paradigms whi
h support solving systems of equa-

tions over 
onstraint domains are the out
ome of integrating some form

of de
larative programming (e.g., logi
 programming, fun
tional program-

ming, or fun
tional logi
 programming) and 
onstraint solving. The de
lar-

ative programming 
omponent provides a means to de�ne one's own ab-

stra
tions (user de�ned predi
ates and/or fun
tions) over a 
onstraint do-

main. We mention here the CLP(X ) s
heme [JL87℄ for 
onstraint logi


programming, and the proposals of a CFLP(X ) s
heme for 
onstraint fun
-

tional logi
 programming [DGP91b, DGP91a, LF92, LF94℄.

There have been, among others, two streams of development in the

paradigm of 
onstraint solving:

� 
ooperative 
onstraint solving, and

� distributed 
onstraint solving.

Cooperative 
onstraint solving [Mon96, Hon92b, Hon94, Hon92a, Rue95℄

is 
on
erned with the possibility of 
ombining di�erent 
onstraint solvers

whi
h 
an solve di�erent admissible 
onstraints, in an attempt to obtain a

more powerful solver that 
an solve systems of 
onstraints that none of the

individual solvers 
an handle alone. The 
entral problem in 
ooperative


onstraint solving is the design of a suitable 
ooperation me
hanism.

Distributed 
onstraint solving [Leu93℄ refers to the following s
enario. A

distributed 
onstraint system is 
omposed of several ma
hines 
alled nodes.

1



2 CHAPTER 1. INTRODUCTION

Nodes 
ommuni
ate via message passing. During program exe
ution, 
on-

straints are generated in the nodes in
rementaly and asyn
hronously. The

problem is to determine whether the 
onstraints 
ontained in the nodes are


olle
tively satis�able and determine the values of the variables satisfying

these 
onstraints whenever possible.

In this thesis we aim at the design and implementation of a s
heme for

de
larative programming with 
onstraints that integrates the advantages of

fun
tional programming, logi
 programming, 
ooperative 
onstraint solving

and distributed 
onstraint solving. More pre
isely, our main goal is to

design and implement a system that integrates:

1. fun
tional logi
 programming,

2. higher-order equational logi
,

3. 
ooperative 
onstraint solving, and

4. distributed 
onstraint solving.

The out
ome is a s
heme CFLP(X ;S; C) for 
ooperative 
onstraint fun
-

tional logi
 programming. The s
heme des
ribes a system 
onsisting of

1. a fun
tional logi
 interpreter whose operational semanti
s is a lazy

narrowing 
al
ulus C,

2. a distributed 
onstraint solving subsystem for solving 
onstraints over

a 
onstraint domain X . The distributed 
onstraint solving system


onsists of

(a) a number of 
onstraint solvers whi
h may run on di�erent ma-


hines in a distributed environment,

(b) a s
heduler, whi
h 
oordinates the 
onstraint solving pro
ess 
ar-

ried out by the individual solvers in a

ordan
e with a 
oopera-

tion strategy S.

Motivation

There are various reasons why we have 
hoosen fun
tional logi
 program-

ming as the starting point of our development. Firstly, fun
tional logi


programming is already the result of integrating two of the most su

essful

de
larative programing styles: logi
 programming and fun
tional program-

ming, in a way that 
aptures the main advantages of both [Han97℄. Sound

and 
omplete operational prin
iples for fun
tional logi
 programming have

been identi�ed and eÆ
ient implementations [AKP93, Smo95, HS95, Loo95,
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HAK

+

00, SHC96, Nai91℄ witness its utility for pra
ti
al appli
ations. Se
-

ondly, our strong 
ooperation with the members of the SCORE group from

University of Tsukuba, Japan gave us the opportunity to deeply understand

the details of the design and implementation of an eÆ
ient fun
tional logi


programming 
al
ulus.

One of the most important subgoals in this thesis is to extend the fun
-

tional logi
 programming style with higher-order 
onstru
ts and to identify


al
uli for higher-order fun
tional logi
 programming that 
an serve as op-

erational semanti
s. Re
ent proposals to extend fun
tional logi
 program-

ming with support for higher-order 
onstru
ts indi
ate the high potential

of su
h a paradigm in modeling 
omplex real-world problems [NI95, SNI97,

Pre98, MMIY99℄. Higher-order 
onstru
ts su
h as fun
tion variables and �-

abstra
tions are widely used in fun
tional programming, and higher-order

logi
 programming languages, most notably �-Prolog, have shown their

pra
ti
ality. The main 
hallenge in adopting higher-order 
onstru
ts in

fun
tional logi
 programming is the design of an eÆ
ient operational prin-


iple.

By integrating fun
tional logi
 programming with 
onstraint solving we

aim at extending the fun
tional logi
 s
heme with the 
apa
ity of solving


onstraints over a given 
onstraint domain. Among the formalisms for a


onstraint fun
tional logi
 programming s
heme CFLP(X ) mentioned in

the literature we re
all the ones proposed by Darlington [DGP91b℄ and by

L�opez-Fraguas [LF92, LF94℄. It turns out that de�ning a CFLP(X ) s
heme

is more 
hallenging then de�ning a CLP(X ) s
heme, mainly be
ause of the


ompli
ations of de�ning a 
lear semanti
s of the integrated model, and of

the fa
t that 
onstraint solving and the operational prin
iple of fun
tional

logi
 programming are mutually dependent. Of parti
ular interest is the

s
heme proposed by L�opez-Fraguas, whi
h 
an be formally des
ribed as:

CFLP(X ; C) = FLP(C) + CP(X )

i.e., as the 
ombination of a fun
tional logi
 
omponent whose operational

semanti
s is given by a lazy narrowing 
al
ulus C, and a 
onstraint pro-

gramming s
heme CP(X ): The CP(X ) s
heme is de�ned by the 
onstraint

domain X and its asso
iated 
onstraint solver.

This s
heme 
an be improved if

1. we extend the s
heme CP(X ) by repla
ing the underlying 
onstraint

solver on X with a solver 
ooperation. A similar approa
h was pro-

posed by Hong [Hon94, Hon92a℄ who studied this extension from the

perspe
tive of 
onstraint logi
 programming

2. we de�ne a distributed model for the CFLP s
heme extended with a

solver 
ooperation.



4 CHAPTER 1. INTRODUCTION

Our 
ontribution

The main goal of the thesis is to de�ne a suitable operational semanti
s

for higher-order 
onstraint fun
tional logi
 programming. Our approa
h is

to de�ne various higher-order lazy narrowing 
al
uli whi
h are suitable for

higher-order fun
tional logi
 programming, and to extend their 
omputing

power with a 
ooperative 
onstraint solving me
hanism.

The starting point of our investigation is the lazy narrowing 
al
ulus

LNC with leftmost equation sele
tion strategy [MOI96℄, a sound and 
om-

plete 
al
ulus for fun
tional logi
 programming. It has been shown [MO98℄

that by imposing reasonable restri
tions on the fun
tional logi
 programs

and on the equational goal, the nondeterminism between the inferen
e rules

of LNC 
an be 
ompletely eliminated without losing the important prop-

erties of soundness and 
ompleteness . This property makes LNC a good


andidate for an operational semanti
s of fun
tional logi
 programming.

Our �rst 
ontribution relates to the usage of lazy narrowing with ap-

pli
ative term rewriting systems (ATRS for short). Appli
ative term al-

gebras are more expressive than �rst-order term algebras be
ause of the

presen
e of higher-order variables. The generalization of the 
al
ulus LNC

to appli
ative term algebras is straightforward and its soundness and 
om-

pleteness results are preserved. Unfortunately, LNC with ATRS is highly

nondeterministi
, mainly be
ause of the many 
hoi
es to perform outer-

most narrowing steps, and thus the sear
h spa
e for solutions is huge. In

Chapter 4 we identify a re�nement of LNC, 
alled LNCA, whi
h repla
es

the outermost narrowing rule of LNC with inferen
e rules that are applied

more deterministi
ally, and prove that LNCA is sound and 
omplete. We


onje
ture that LNCA 
an be re�ned towards more deterministi
 versions

by following an approa
h similar to the deterministi
 re�nement of LNC.

Our se
ond 
ontribution is in the �eld of algebras of simply-typed �-

terms and of fun
tional logi
 programming with pattern rewrite systems

(PRS for short). This theoreti
al framework is more expressive than the

previous one be
ause it supports �-abstra
tions. Our development draws

on two sour
es: the 
al
ulus LN with PRS [Pre98℄ and the deterministi


re�nements of the 
al
ulus LNC. LN 
an be viewed as a higher-order gen-

eralization of LNC, and LN satis�es soundness and 
ompleteness results

whi
h are similar to those of LNC. Therefore, we 
onsidered important

to try to lift the deterministi
 re�nements of LNC to a suitable extension

of the 
al
ulus LN. The out
ome is a 
olle
tion of lazy narrowing 
al
uli

for simply-typed �-algebras, whi
h we prove to be sound and 
omplete

for 
ertain 
lasses of PRSs. Sin
e the restri
tions that de�ne our 
lasses

of PRSs are higher-order versions of restri
tions of TRSs whi
h are stan-

dard in fun
tional logi
 programming, we 
laim that they are reasonable
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for higher-order fun
tional logi
 programming. We 
laim that the 
al
uli

proposed by us are better than the ones proposed so far in the literature.

Our third 
ontribution relates to the possibility to 
ombine the advan-

tages of higher-order fun
tional logi
 programming and 
ooperative 
on-

straint solving. We propose a s
heme CFLP(X ;S; C) for 
ooperative 
on-

straint fun
tional logi
 programming de�ned over algebras of simply-typed

�-terms. The s
heme des
ribes a system that integrates a fun
tional logi


programming system based on a lazy narrowing 
al
ulus C for PRSs with

a 
ooperative 
onstraint solving system. Formally

CFLP(X ;S; C) = FLP(X ; C) + CP(X ;S)

where C is a lazy narrowing 
al
ulus for PRS, X is the underlying 
on-

straint system, and S is a strategy that de�nes the way how the individual


onstraint solvers 
ooperate upon solving 
onstraints over X .

Fourth, we propose a distributed model of CFLP(X ;S; C). To illustrate

the suitability of our distributed model, we des
ribe the implementation of

an instan
e of it 
alled CFLP, and give some appli
ation examples for the

resulted system.

Stru
ture of the thesis

The stru
ture of the thesis is as follows:

Chapter 2 introdu
es mathemati
al preliminaries that are used through-

out the thesis. Basi
 
on
epts and properties related to universal

algebra, general logi
 and equational logi
 are presented.

Chapter 3 gives a brief a

ount to the fun
tional programming frame-

work.

Chapter 4 des
ribes our �rst 
ontribution to the �eld of higher-order

fun
tional logi
 programming: lazy narrowing with appli
ative term

rewriting systems. We propose a new 
al
ulus 
alled LNCA, whi
h


an be regarded as a deterministi
 re�nement of the 
al
ulus LNC for

ATRS, and give a detailed proof of its soundness and 
ompleteness.

Chapter 5 des
ribes our se
ond 
ontribution to higher-order fun
tional

logi
 programming: lazy narrowing with pattern rewrite systems. We

adopt the theoreti
al framework of higher-order equational reasoning

proposed by Prehofer [Pre98℄ and de�ne a lazy narrowing 
al
ulus

for PRS, 
alled LN

�

: The 
al
ulus LN

�


an be regarded as an ex-

tension of the 
al
ulus LN proposed by Prehofer to solve systems of
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oriented equations. LN

�

is designed to solve systems of both ori-

ented and unoriented equations, and is extended with inferen
e rules

to perform full uni�
ation of higher-order patterns. In Se
t. 5.3 we

prove the soundness and 
ompleteness of LN

�

with respe
t to 
ertain

equation sele
tion strategies. Se
tions 5.4{5.9 des
ribe re�nements of

LN

�

towards more deterministi
 versions. Most of these re�nements

are inspired by similar re�nements of the �rst order 
al
ulus LNC

des
ribed in [MO98℄. In Se
t. 5.10 we de�ne an extension of LN

�

to 
onditional PRSs and dis
uss how some of the re�nements of LN

�

des
ribed in the previous se
tions 
an be lifted to the 
onditional 
ase.

Chapter 6 gives an a

ount to our third and fourth 
ontributions. We

de�ne a 
ooperative 
onstraint fun
tional logi
 programming s
heme

CFLP(X ;S; C) that 
ombines the advantages of fun
tional logi
 pro-

gramming and 
ooperative 
onstraint solving. A distributed model

of the s
heme is outlined in order to take advantage of the 
onstraint

solving resour
es available in a distributed environment.

Chapter 7 des
ribes an instan
e of the distributed model of the s
heme

CFLP(X ;S; C) de�ned in the previous 
hapter. We have implemented

a system 
alled CFLP 
onsisting of a fun
tional logi
 interpreter run-

ning on one ma
hine and of various 
onstraint solvers whi
h 
an run

on possibly di�erent ma
hines. The system is implemented 
om-

pletely in Mathemati
a and makes use of the MathLink 
ommuni-


ation proto
ol for interpro
ess 
ommuni
ation via message passing.

Chapter 8 illustrates the pra
ti
al utility of CFLP with examples.



Chapter 2

Mathemati
al

Preliminaries

In this 
hapter we present some preliminary notions and results used in the

thesis. Basi
 
on
epts and properties of universal algebra, general logi
,

and equational logi
 are presented. The presentation is 
arried out for the


ase of many-sorted signatures.

Notation

We �rst establish some notational 
onventions that will be used from now

on. A (possibly empty) sequen
e a

m

; a

m+1

; : : : ; a

n

of synta
ti
 obje
ts is

denoted by a

m;n

. The empty sequen
e is denoted by 2. We write a

n

instead of a

1;n

: The subs
ript n will be dropped when irrelevant, i.e., we

will write x instead of x

n

when n is irrelevant. This notation for sequen
es

is extended to sequen
es of fun
tion appli
ations and sequen
es of binary

relations between expressions as follows:

� f(a

m;n

) denotes the expression f(a

m

; a

m+1

; : : : ; a

n

);

� a

m;n

(e) denotes the sequen
e a

m

(e), a

m+1

(e); : : : ; a

n

(e);

� If a

m;n

; b

m;n

are sequen
es and

�

=

an in�x operator then a

m;n

�

=

b

m;n

stands for a

m

�

=

b

m

; a

m+1

�

=

b

m+1

; : : : ; a

n

�

=

b

n

:

Thus, we 
an write a

n

�

=

b

n

instead of a

1

�

=

b

1

; : : : ; a

n

�

=

b

n

:

Given a synta
ti
 domain D, we denote by D

�

the set of sequen
es

of obje
ts in D: If rel is a binary relation over D then rel

+

denotes the

transitive 
losure of rel, and rel

�

denotes the re
exive and transitive 
losure

of rel:

7
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2.1 Indu
tive De�nitions

Most obje
ts used in logi
 and 
omputer s
ien
e are de�ned indu
tively.

By this we mean that we often de�ne a set of obje
ts as the smallest set of

obje
ts 
ontaining a given set X of obje
ts, whi
h is 
losed under a given

set F of 
onstru
tors. In this se
tion we give a formal des
ription of this

notion.

De�nition 1 (indu
tive 
losure) Let A be a nonempty set, X � A and

F a set of fun
tions f : A

n

! A:

We say that a subset Y of A is indu
tive on X i�

� X � Y , and

� for every f : A

n

! A, for every y

n

2 Y : f(y

n

) 2 Y:

The interse
tion of all indu
tive sets on X, denoted by X

+

, is 
alled the

indu
tive 
losure of X under F .

Note that X

+

is an indu
tive set on X whi
h is 
losed under F . Frequently,

X

+

is 
alled the least set 
ontaining X and 
losed under F .

Alternatively, we 
an de�ne the sequen
e of sets fX

i

g

i�0

de�ned by:

X

0

= X and

X

i+1

= X

i

[ ff(x

n

) j (f : A

n

! A) 2 F; x

n

2 X

i

g;

and X

+

:=

S

1

i=0

X

i

: It 
an be shown that X

+

= X

+

:

It is often the 
ase that we de�ne fun
tions indu
tively over an indu
tive


losure. The existen
e and uniqueness of su
h an indu
tive de�nition is

guaranteed if the indu
tive 
losure has spe
ial properties, like being freely

generated.

De�nition 2 (freely generated set) Let A be a nonempty set, F a set

of fun
tions on A and X

+

the indu
tive 
losure of X under F . We say that

X

+

is freely generated by X and F if the following 
onditions hold:

1. the restri
tion of every fun
tion f : A

n

! A in F to X

n

+

is inje
tive,

2. for every f : A

m

! A, g : A

n

! A in F : f(X

m

+

) \ g(X

n

+

) = ;,

3. for every f : A

n

! A in F and every x

n

2 X

+

: f(x

n

) 62 X:

In logi
, terms, formulae and proofs are given by indu
tive de�nitions.

Another important 
on
ept is that of a fun
tion de�ned re
ursively over an

indu
tive set freely generated.
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Let A be a nonempty set, X a subset of A, F a set of fun
tions on A and

X

+

the indu
tive 
losure of X under F . Let B be any nonempty set, and

let G be the set of fun
tions over the set B, su
h that there is a fun
tion

d : F ! G that asso
iates with every fun
tion f : A

n

! A in F a fun
tion

d(f) : B

n

! B in G.

Lemma 1 (unique homomorphi
 extension theorem) If X

+

is freely

generated by F and X then for every fun
tion h : X ! B there is a unique

fun
tion h

�

: X

+

! B su
h that

1. for all x 2 X : h

�

(x) = h(x), and

2. h

�

(f(x

1

; : : : ; x

n

)) = d(f)(h

�

(x

1

); : : : ; h

�

(x

n

)):

The properties 1. and 2. mean that h

�

is a homomorphism, 
alled the

unique homomorphi
 extension of h:

2.2 Universal Algebra

In this se
tion, the notion of universal algebra is brie
y outlined. In order

to support typed expressions we 
onsider the formalism of many-sorted

algebra.

Many Sorted Signature

For any set S, an S-sorted set is a family fA

s

g

s2S

of sets indexed by S.

The operations and relations on sets are generalized to S-sorted sets in the


omponentwise way. For example, fA

s

g

s2S

� fB

s

g

s2S

i� A

s

� B

s

for all

s 2 S:

De�nition 3 (signature) A many-sorted signature (signature for short)

is a pair � := hS;Fi su
h that

� S is a set of sorts (or types),

� F is a (possibly empty) set,

� � is equipped with a mapping

type : F ! S

�

� S

whi
h assigns to any symbol f 2 F an expression type(f) 2 S

�

� S


alled the type of f .

A symbol f of sort �

n

; � is to be interpreted as an operation taking n

arguments, the i-th argument being of type �

i

, and yielding a result of type

� . We will write f : �

n

! � whenever f 2 F with type(f) = �

n

; �:
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Many-sorted algebra

Suppose � is a many-sorted signature. We assume that ! ranges over S

�

, f

ranges over F , and �; �

1

; �

2

; : : : range over S. The arity ar(f) of f : ! ! �

is de�ned as the length j!j of the sequen
e ! 2 S

�

: Symbols of arity 0 are


alled 
onstants.

De�nition 4 (�-algebra) Given a signature � = hS;Fi, a �-algebra A

is a pair hfA

�

g

�2S

; �i where fA

�

g

�2S

is an S-sorted family of nonempty


arrier sets and � is a map su
h that:

� �(f) 2 A

�

if f : � ,

� �(f) is a fun
tion �(f) : A

�

1

� : : :�A

�

n

! A

�

if f : �

n

! �:

fA

�

g

�2S

is 
alled the 
arrier of A and is denoted by jAj:

Just as fun
tions and equivalen
e relations are de�ned for sets, we 
an

extend these notions to their operation preserving 
ounterparts for algebras

and name them homomorphism and 
ongruen
e.

De�nition 5 (homomorphism) A homomorphism h : A ! B from a �-

algebra A = hfA

�

g

�2S

; �i to a �-algebra B = hfB

�

g

�2S

; �i is an S-indexed

set of maps h = fh

�

: A

�

! B

�

g

�2S

su
h that

� for every f : � , h

�

(�(f)) = �(f),

� for every f : ! ! � su
h that ! = �

n

and a

1

2 A

�

1

; : : : ; a

n

2 A

�

n

,

h

�

(�(f)(a

1

; : : : ; a

n

)) = �(f)(h

�

1

(a

1

); : : : ; h

�

n

(a

n

)):

A monomorphism is an inje
tive homomorphism, an epimorphism is a sur-

je
tive homomorphism, and an isomorphism is a bije
tive homomorphism.

The 
lass of �-algebras is denoted by Alg(�): Together with the �-

homomorphisms, it forms a 
ategory denoted by Alg(�):

De�nition 6 (initial �-algebra) A �-algebra A is initial in a 
lass C of

�-algebras if A 2 C and for any B 2 C there exists a unique homomorphism

from A to B:

Subalgebra

A �-algebraB = hfB

�

g

�2S

; �i is a subalgebra of a �-algebraA = hfA

�

g

�2S

; �i

if

� fB

�

g

�2S

� fA

�

g

�2S

, and

� for every f : �; �(f) = �(f), and
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� for every f : �

n

! � : �(f) = �(f)�

B

�

1

�:::�B

�

n

:

Given a �-algebra A = hfA

�

g

�2S

; �i; let X = fX

�

g

�2S

� fA

�

g

�2S

: The

least subalgebra of A 
ontaining X is the subalgebra [X ℄ of A whose 
arrier

is f[X

�

℄g

�2S

where [X

�

℄ :=

S

1

i=0

[X

�

℄

i

and

[X

�

℄

0

= X

�

[ f�(f) j type(f) = �g;

[X

�

℄

i+1

= [X

�

℄

i

[ f�(f)(x

n

) j f : �

n

! �; x

1

2 [X

�

1

℄

i

; : : : ; x

n

2 [X

�

n

℄

i

g:

It is easy to see that the 
arrier of [X ℄ is the indu
tive 
losure of X under

F := f�(f) j f 2 Fg:

We always assume that the 
arriers A

�

of a �-algebraA = hfA

�

g

�2S

; �i

are nonempty. To avoid having any 
arrier [X

�

℄ of [X ℄ empty, we assume

that either there exists a 
onstant (f : �) 2 F , or there is some (f : �

n

!

�) 2 F su
h that [X

�

i

℄ 6= ; if i 2 f1; : : : ; ng:

A set of �-variables is an S-sorted set of symbols V := fV

�

g

�2S

su
h

that V \ F = ;:

Term Algebra

Given a signature � and an S-sorted set V = fV

�

g

�2S

of variables , we

de�ne the following indu
tive 
losure of strings on F and V (involving

symbols '(', ')', ','):

[T

�

℄

0

= V

�

[ ff j type(f) = �g;

[T

�

℄

i+1

= [T

�

℄

i

[ ff(t

n

) j f : �

n

! �; t

1

2 [T

�

1

℄

i

; : : : ; t

n

2 [T

�

n

℄

i

g:

and de�ne the set T (F ;V) := fT (F ;V)g

�2S

where T (F ;V)

�

:=

S

1

i=0

[T

�

℄

i

:

We observe that if we interpret the variable symbols of V as mere 
onstants

then T (F ;V) has a stru
ture of �-algebra whi
h is freely generated by F

and V : This algebra is 
alled the term algebra over � and V . A �-term (or

simply term) is an element of T (F ;V):

The fa
t that T (F ;V) is free on V implies that for every �-algebra A

and every S-sorted fun
tion v : V ! jAj there exists a unique homomorphi


extension v

�

: T (F ;V) ! jAj: An S-indexed fun
tion v : V ! jAj is 
alled

A-valuation.

An important theoreti
al result is that T (F) := T (F ; f;g

�2S

) has a

stru
ture of initial �-algebra in Alg(�): This �-algebra is 
alled the ground

term algebra on � or the Herbrand universe.

The main operations on �-terms are repla
ement and substitution.

The repla
ement operation 
an be easily des
ribed by using the notion

of position.
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De�nition 7 (position) The set Pos(t) of positions in a �-term t 2

T (F ;V) is the set of sequen
es of natural numbers de�ned indu
tively as

follows:

Pos(t) :=

�

f�g if t 2 V ;

f�g [ fi�p j 1 � i � n; p 2 Pos(t

i

)g if t = f(t

1

; : : : ; t

n

):

Given a term t, we de�ne the set of variable positions of t as Pos

V

(t) := fp 2

Pos(t) j tj

p

2 Vg, and the set of non-variable positions of t as Pos

F

(t) :=

fp 2 Pos(t) j tj

p

62 Vg:

De�nition 8 (subterm) Let t 2 T (F ;V) and p 2 Pos(t): The subterm

of t at position p, denoted by tj

p

, is:

tj

p

:=

�

t if p = �;

(t

i

)j

q

if t = f(t

1

; : : : ; t

n

) and p = i�q:

By V(t) we denote the set of variables o

urring in t, i.e. V(t) := ftj

p

j

p 2 Pos

V

(t)g: Positions are partially ordered by the pre�x ordering �; i.e.

p � q if there exists an r su
h that p�r = q. We write p < q if p � q and

p 6= q: Positions p; q are disjoint, denoted p ? q; if neither p � q nor q � p.

De�nition 9 (repla
ement) If p 2 Pos(t) and s is a term su
h that

type(s) = type(tj

p

) then t[s℄

p

denotes the term obtained from t by repla
ing

the subterm at position p by the term s.

A substitution is a fun
tion � : V ! T (F ;V) su
h that D(�) := fX 2

V j �(X) 6= Xg is �nite. The set D(�) is 
alled the domain of �: If

D(�) = fX

n

g then we may write � as fX

1

7! �(X

1

); : : : ; X

n

7! �(X

n

)g,

abbreviated fX

n

7! �(X

n

)g. The empty substitution, denoted by ", is the

substitution with an empty domain. The image of � is the set I(�) :=

f�(X) j X 2 D(�)g; and the range of � is Rng(�) := V(I(�)): � is 
alled

ground if Rng(�) = ;, and idempotent if D(�) \ Rng(�) = ;. We denote

by Subst(F ;V) the set of substitutions. If t is a �-term then we write t�

instead of �

�

(t): The 
omposition of two substitutions �; � 2 Subst(F ;V)

is the substitution �� de�ned by (��)(x) := (�(x))�. If V � V then the

restri
tion ��

V

2 Subst(F ;V) is

��

V

(X) :=

�

�(X) if X 2 D(�) \ V ,

X otherwise.

We write � = � [V ℄ i� ��

V

= ��

V

:

A renaming is a substitution of the form � := fX

n

7! Y

n

g with Y

n

distin
t variables.

We say that a synta
ti
 obje
t G

0

is a fresh variant of a synta
ti
 obje
t

G if G

0

= G� with � a renaming su
h that D(�) = V(G) and Rng(�)


ontains variables whi
h did not o

ur so far.
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Congruen
es, Quotient Algebras

Given a �-algebra A = hfA

�

g

�2S

; �i, a 
ongruen
e relation over A is an

S-sorted equivalen
e relation � on jAj whi
h is 
ompatible with all fun
tion

symbols, i.e. � = f�

�

g

�2S

and for all a

1

; b

1

2 A

�

1

; : : : ; a

n

; b

n

2 A

�

n

, if

a

1

�

�

1

b

1

; : : : , a

n

�

�

n

b

n

and f : �

1

; : : : ; �

n

! � then �(f)(a

1

; : : : ; a

n

) �

�

�(f)(b

1

; : : : ; b

n

):

If � is a 
ongruen
e over jAj then A=

�

:= hfA

�

=

�

�

g

�2S

; �=

�

i is a

�-algebra, where

� �=

�

(f) = [�(f)℄ for every 
onstant f ,

� �=

�

(f([a

1

℄; : : : ; [a

n

℄)) = [�(f)(a

1

; : : : ; a

n

)℄ for every f : �

1

; : : : ; �

n

!

� and a

1

2 A

�

1

; : : : ; a

n

2 A

�

n

:

Here [a℄ denotes the set fb j b �

�

ag if a 2 A

�

: The algebra A=

�

is 
alled

the quotient algebra of A asso
iated with � :

Conversely, every �-algebra A = hfA

�

g

�2S

; �i indu
es a 
ongruen
e

relation �

A

on T (F) de�ned by t

1

�

A

t

2

if t

A

1

= t

A

2

; where

t

A

:=

�

�(t) if t is a 
onstant in F

�(f)(t

A

1

; : : : ; t

A

n

) if t = f(t

n

)

2.3 General Logi


General logi
 is a powerful formalism whi
h is helpful in getting an intuitive

understanding of the main logi
al notions related to the development of

fun
tional logi
 and 
on
urrent 
onstraint programming languages.

In this se
tion we review the main 
on
epts and properties of general

logi
 whi
h are used in this thesis. The main referen
e is [Mes89℄.

We will make use of a few basi
 
ategori
al notions when introdu
ing

the main 
on
epts of general logi
s, but familiarity with 
ategory theory is

not ne
essary in order to obtain an intuitive understanding of the relevant

logi
al notions. A reader unfamiliar with 
ategory theory may get an infor-

mal but easy to understand reading by translating some of the 
ategori
al


on
epts into their set-theoreti
 approximations, for example by translating

"
ategory" to "
lass" or "set", "fun
tor" to "fun
tion", and so on. For a

good introdu
tion to the main 
ategori
al 
on
epts we refer to [Pie91℄.

The key ingredients of a general axiomati
 theory of logi
s are: a syn-

tax, a notion of entailment of a senten
e from a set of senten
es, a notion

of model, and a notion of satisfa
tion of a senten
e by a model. It is desir-

able to have also a notion of proof 
al
ulus, whi
h formalizes the proofs of

entailments.
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The syntax of a logi
 is typi
ally given by a signature � together with

a grammar whi
h des
ribes how to build senten
es. For �rst-order logi
, a

typi
al signature 
onsists of a set of fun
tion symbols and a set of predi
ates,

ea
h with a pres
ribed type, whi
h are used to build up the usual senten
es.

To keep the formalism as general as possible, we only say that for ea
h

logi
 there is a 
ategory Sign of possible signatures for it, and a fun
tor

sen assigning to ea
h signature � the set sen(�) of all its �-senten
es.

In general logi
, the meaning of senten
es 
an be established in two

ways:

1. by the satisfa
tion relation between models and senten
es, or

2. by the entailment relation between senten
es.

Thus, in the framework of general logi
, a logi
 is 
hara
terized by an ab-

stra
t dedu
tion system whi
h de�nes the entailment relation of the logi
,

and a model 
lass, 
alled institution in [Mes89℄, whi
h provides the inter-

pretation of the senten
es of the logi
. General logi
 provides a pre
ise

axiomatization of logi
 by viewing logi
 as a harmonious relationship be-

tween its proof-theoreti
 stru
ture and its model satisfa
tion stru
ture.

2.3.1 Entailment Systems

The entailment system of a logi
 
hara
terizes its proof -theoreti
 stru
ture

by asserting the provability of a senten
e � with respe
t to a set of senten
es

�. The senten
es in � 
an be seen as assumptions and � as a 
on
lusion.

Formally, an entailment system 
an be de�ned as follows:

De�nition 10 (entailment system) An entailment system is a triple

E = hSign; sen;`i with Sign a 
ategory of signatures, sen : Sign ! Set

a fun
tor, and `: Sign ! Set a fun
tor mapping ea
h signature � to a re-

lation `

�

� 2

sen(�)

� sen(�) su
h that the following properties are satis�ed:

re
exivity 8� 2 sen(�); f�g `

�

�

monotoni
ity if � `

�

� and � � �

0

then �

0

`

�

�

transitivity if � `

�

�

i

for i 2 I and � [ f�

i

j i 2 Ig `

�

� then � `

�

�:

Entailment systems de�ne an abstra
t relation between senten
es. By re-

garding the senten
es as axioms, an entailment system dedu
es theorems

with respe
t to the axioms.

De�nition 11 (theory, theorem) Let hSign; sen;`i be an entailment sys-

tem and � � sen(�). We 
all theory of � the set f� j � `

�

�g of dedu
tive


onsequen
es of �. We denote by �

�

the theory of �. A theorem of � is

an element of �

�

.
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Thus, for a given entailment system, a theory 
an be represented as a pair

T = h�;�

�

i; where � are the axioms of T:Whenever a �nite set of senten
es

� is given, � itself 
an be regarded as the presentation or the axiomatization

of the theory. For simpli
ity, we may identify theories with their presenta-

tions, i.e. T = h�;�i instead of h�;�

�

i, sin
e the presentations (programs)

are of interest to us.

We asso
iate to an entailment system hSign; sen;`i the 
ategory Th of

its theories, whi
h has as obje
ts pairs T = h�;�i with � � sen(�). A

morphism H : h�;�i ! h�

0

;�

0

i of Th is a signature morphism H : �! �

0

su
h that if � 2 � then �

0

`

�

0

2 H(�):

2.3.2 Models

The model theoreti
al semanti
s of a logi
 system is given by assigning a

meaning to ea
h synta
ti
 entity of the logi
. The axiomatization of the

model theory is 
aptured by the notion of institution.

De�nition 12 (institution) An institution is a tuple hSign; sen;Mod; j=i

where

� Sign is the 
ategory of signatures,

� sen : Sign ! Set is the fun
tor whi
h asso
iates to ea
h signature �

the set sen(�) of its senten
es,

� Mod : Sign ! Cat is a 
ontravariant fun
tor asso
iating to ea
h

signature � the 
ategory Mod(�) of all its models. We denote by

Mod(�) the 
olle
tion of obje
ts of Mod(�),

� j= is a fun
tion asso
iating with ea
h signature � a binary relation

j=

�

� Mod(�)� sen(�) 
alled the satisfa
tion relation between models

and �-senten
es su
h that the following 
ondition holds:

8M

0

2 Mod(�

0

);8H : �! �

0

; 8� 2 sen(�) :

H

op

(M

0

) j=

�

�,M

0

j=

�

0

H(�):

Given a set of senten
es �, we denote by Mod(�;�) the sub
ategory of

Mod(�) 
onsisting of all models in Mod(�) satisfying all the senten
es in

�, i.e.:

Mod(�;�) := fM 2 Mod(�) j 8� 2 �:M j=

�

�g:

It 
an be shown that the relation j=

�

�

� 2

sen(�)

� sen(�) de�ned as

� j=

�

�

� i� 8M 2 Mod(�;�):M j=

�

�

is an entailment relation. A senten
e � is a logi
 
onsequen
e of � i� � j=

�

�

�:
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2.3.3 Logi


A logi
 system is a sound 
ombination of an entailment system with an

institution. By soundness we mean that all dedu
ed theorems of a presen-

tation � must be its logi
 
onsequen
es. Formally:

De�nition 13 (logi
) A logi
 is a tuple L = hSign; sen;Mod;`; j=i su
h

that:

1. E = hSign; sen;`i is an entailment system,

2. I = hSign; sen;Mod; j=i is an institution,

3. If hSign; sen; j=

�

i is the generi
 entailment system asso
iated with I

then the following soundness 
ondition holds: For any � 2 Sign, and

� 2 sen(�)

8� �

�n

sen(�):� `

�

�) � j=

�

�

�

L is 
omplete if

8� �

�n

sen(�):� `

�

�( � j=

�

�

�

This de�nition emphasizes the proof-theoreti
 and model-theoreti
 sides

of a logi
. We have seen that any institution I = hSign; sen;Mod; j=i 
an

be always asso
iated with an entailment system E = hSign; sen;`i by tak-

ing `

�

:=j=

�

�

: On the other hand, it has been shown [Mes89℄ that any

entailment system E = hSign; sen;`i 
an be asso
iated with an institu-

tion I = hSign; sen;Mod; j=i: When the signature � is given, the logi
 may

be given either as an entailment system hsen(�);`

�

i or as an institution

hsen(�);Mod(�); j=

�

i where sen(�) is 
alled the language of the logi
.

2.3.4 Proof Cal
uli

A proof 
al
ulus realizes the entailment relation of a logi
. The entailment

system of a logi
 
an be realized by many di�erent proof 
al
uli. For ex-

ample, in �rst order logi
 we have Hilbert style, natural style and sequent


al
uli among others, and the way in whi
h proofs are represented and

generated by rules of dedu
tion is di�erent for ea
h of these 
al
uli. There-

fore, it is quite reasonable to axiomatize separately an abstra
t notion of

dedu
tion 
al
ulus, 
alled proof 
al
ulus, for a given logi
.

What a proof 
al
ulus does is to asso
iate to ea
h theory T a stru
ture

P (T ) of proofs that use axioms of T as hypotheses. P (T ) has an alge-

brai
 stru
ture (e.g., a proof tree) that allows to obtain new proofs out of

previously given proofs by operations that mirror the dedu
tion rules of

the 
al
ulus in question. Su
h a stru
ture 
an be abstra
tly modeled by a

parti
ular 
ategory Stru
.
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De�nition 14 (proof 
al
ulus) A proof 
al
ulus is a tuple

C = hSign; sen;`; P; proof; �i

where

1. hSign; sen;`i is an entailment system,

2. P : Th ! Stru
 is a fun
tor whi
h asso
iates a stru
ture P (T ) to

ea
h theory T ,

3. proof : Stru
! Set is a fun
tor whi
h asso
iates to ea
h theory T its

proof set proofs(T ) := proof(P (T )),

4. a natural transformation � : proofs ! sen su
h that for ea
h theory

T = h�;�i the fun
tion �

T

: proofs(T )! sen(�) satis�es

� 2 �

T

(proofs(T )), � `

�

�

i.e., �

T

(proofs(T )) = �

�

for any theory T = h�;�i: �

T

is 
alled the

theorem proje
tion fun
tion of the theory T:

Usually, proof 
al
uli have a spe
ialized nature, in the sense that only 
er-

tain signatures are admissible as syntax (e.g., �nite signatures), only 
er-

tain axioms are allowed as axioms, and only 
ertain senten
es are allowed

as 
on
lusions. The obvious reason for imposing su
h restri
tions is that

proofs are more eÆ
ient under the given restri
tions. For example, the re-

stri
tion of axioms to Horn 
lauses in logi
 programming makes resolution

mu
h more eÆ
ient; the restri
tion of axioms to 
on
uent rewrite systems

in equational logi
 programming makes equational dedu
tion enormously

more eÆ
ient than unrestri
ted equational dedu
tion. These 
onsiderations

lead to the notion of proof sub
al
ulus, whi
h is just like a proof 
al
ulus,

ex
ept that appropriate restri
tions are imposed as follows:

� a sub
lass of admissible signatures is spe
i�ed;

� for ea
h admissible signature �, a family of sets � � 2

sen(�)

, 
alled

sets of admissible axioms is also spe
i�ed;

� for ea
h admissible signature �, a subset 
on
(�) � sen(�), 
alled

sets of admissible 
on
lusions is also spe
i�ed;

� the assignments P (T ), proofs(T ) and �

T

are similar to those in a

proof 
al
ulus, ex
ept that they are restri
ted to theories T = h�;�i

having admissible signature and axioms, and �

T

maps an admissible

proof p 2 proofs(T ) to an admissible 
on
lusion �

T

(p) 2 
on
(�).
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For e�e
tive 
omputations, Meseguer proposes the notion of e�e
tive proof

sub
al
ulus, whi
h is derived from the formalism of proof sub
al
ulus by

providing additional axioms that are useful in making the 
al
ulus me
ha-

nizable.

2.4 First-Order Logi
 with Equality

In this se
tion we de�ne the �rst-order logi
 with equality as an instan
e

of general logi
.

Syntax

First we de�ne the language of �rst-order equational logi
. We assume given

a multi-sorted signature � = hS;F [ �i with the following 
hara
teristi
s:

� S is a nonempty set of sorts whi
h 
ontains the spe
ial sort bool,

� F is a �nite (possibly empty) set of fun
tion symbols,

� � is a set of predi
ate symbols; it is assumed that � satis�es the

following 
onditions:

{ if p 2 � then p : ! ! bool

{ for every � 2 S, the equality symbol �

�

: �; � ! bool is in �

{ the 
onstants true : bool and false : bool are in �.

� (F n ftrue; falseg) \ � = ;

and an S-sorted set of variables V = fV

�

g

�2S[bool

su
h that V

�

is an in�nite

set for every � 2 S:

A �-term (term for short) is an element of T (F ;V). We write t : �

whenever t 2 T (F ;V)

�

:

An atomi
 �-formula is an element of the set de�ned indu
tively as

follows:

� if p : bool 2 � then p is an atomi
 �-formula

� if t

1

2 T (F ;V)

�

1

; : : : ; t

n

2 T (F ;V)

�

n

and p : �

n

! bool then p(t

n

) is

an atomi
 �-formula.

An atomi
 �-formula of the form t

1

�

�

t

2

, abbreviated t

1

� t

2

, is 
alled

equation. We denote the set of equations by Eq(F ;V). The set sen(�) of

�-senten
es is the least set satisfying the following properties:

� every atomi
 �-formula is in sen(�),
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� if G;H 2 sen(�) then (G ^H) 2 sen(�) and :F 2 sen(�),

� if X 2 V

�

and G 2 sen(�) then (8X : �:G) 2 sen(�) and (9X :

�:G) 2 sen(�):

Models, Satis�ability

The models of �rst-order equational logi
 are �-algebras. A �-algebra over

a multi-sorted signature � = hS;F [ �i of a �rst-order logi
 with equality

is a �-algebra A = hfA

�

g

�2S

; �i whi
h satis�es the following 
onditions:

� A

bool

= ftrue; falseg where ftrue; falseg is a boolean domain

� �(true) = true, �(false) = false and �(�

�

) = =

�

where =

�

is the

equality operator over A

�

.

The institution of a �rst-order equational logi
 is h�; sen;Alg; j=i, where

the satis�ability relation is de�ned as follows:

De�nition 15 (satis�ability) For any �-algebra A and A-valuation v :

V ! jAj and G 2 sen(�) the relation A satis�es G w.r.t. v, written as

A; v j= G, is indu
tively de�ned as follows:

� A; v j=

�

p(t

n

) i� �(p)(v

�

(t

1

); : : : ; v

�

(t

n

)) holds,

� A; v j=

�

:G i� (A; v j=

�

G) does not hold,

� A; v j=

�

(G ^H) i� (A; v j=

�

G) and (A; v j=

�

H),

� A; v j=

�

8X : �:G i� (A; v

X

j=

�

G) for all valuations v

X

: V ! jAj

with v

X

(Y ) = Y for all Y 6= X,

� A; v j=

�

9X : �:G i� there exists a 2 A

�

su
h that A; v[X := a℄ j=

�

(G) for some a 2 A

�

: Here v[X := a℄ is the valuation de�ned by

v[X := a℄(Y ) = v(Y ) for all Y 6= X and v[X := a℄(X) := a:

The relation A j=

�

G holds i� for any valuation v : V ! jAj : A; v j=

�

G

holds, where v ranges over the set of all A-valuations.

Given a �-senten
e G 2 sen(�) we denote by V(G) the set of free variables

in G. If t is a �-term then V(t) denotes the set of variables in t.

De�nition 16 (universal 
losure, existential 
losure) The universal


losure of a senten
e G is the senten
e 8X

n

:G; abbreviated 8G, where

V(G) = fX

1

; : : : ; X

n

g.

The existential 
losure of G is the senten
e 9X

n

:G; abbreviated 9G,

where V(G) = fX

1

; : : : ; X

n

g:
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Entailment

Let E be a set of �-senten
es. For testing whether a �-senten
e � is valid

(i.e., if E j=

�

�

G) there are two logi
al results of 
entral importan
e:

� G�odel's Completeness theorem: there exists an entailment system

E = hsen(�);`

�

i su
h that E j=

�

�

G, E `

�

G:

� Chur
h's unde
idability of validity: there is no de
ision pro
edure

(i.e., a pro
edure whi
h always terminates) for de
iding whether a

formula is valid. In another words, any pro
edure for testing the va-

lidity of a formula (or, a

ording to G�odel's 
ompleteness theorem, the

provability in a 
omplete logi
) must run forever when given 
ertain

non-true formulae as input.

Proof Cal
ulus

We adopt here a sequent style representation to de�ne an e�e
tive proof


al
ulus. With this formalization, logi
al dedu
tion be
omes a sear
h for


ertain sequent proofs. A sequent E `

�

� denotes the state of a proof

pro
edure whi
h attempts to determine whether � follows from E: A proof


al
ulus whi
h realizes the entailment relation of the logi
 is based on a set

C

s

of dedu
tion rules (also 
alled inferen
e rules) of the form

s

1

: : : s

n

s

whi
h assert the provability of the sequent s from the provabilities of the

sequents s

1

; : : : ; s

n

: A proof of the entailment of the sequent s

0

= E `

�

�

is a tree with root s

0

and empty sequents as leaves. The presen
e of a

sequent s with sons s

1

; : : : ; s

n

in the proof tree is justi�ed by the existen
e

of an inferen
e rule

s

1

: : : s

n

s

2 C

s

. The 
onstru
tion of a proof tree 
an

be realized with the following sear
h fun
tion on sets

sear
h(S [ fsg) =

n

sear
h(S [ fs

1

; : : : ; s

n

g) j

s

1

: : : s

n

s

2 C

s

o

:

The entailment relation of an equational logi
 is realized by a proof 
al
ulus

C = h�; sen; P; proof; �i where

� P : Th ! Stru
 is a fun
tor mapping ea
h equational theory T =

h�; Ei to the 
ategory P (T ) whose obje
ts are sets of sequents fs

n

g

and whose morphisms are sequen
es of elementary steps of the form

S [ fsg

C

s

=)S [ fs

n

g where

s

1

: : : s

n

s

2 C

s



2.4. FIRST-ORDER LOGIC WITH EQUALITY 21

� for ea
h theory T = h�; Ei, the fun
tor proof maps P (T ) to the set

proof(P (T )) = ffE `

�

�g

C

s

=)

�

fg j (fE `

�

�g

C

s

=)

�

fg) 2 P (T )g

� for ea
h theory T = h�; Ei, we de�ne

�

T

(proof(P (T ))) := f� j (fE `

�

�g

C

s

=)

�

fg) 2 proof(P (T ))g:

The generation of a proof with a sear
h fun
tion is highly nondeterministi
,

be
ause of:

1. the 
hoi
e of the node whi
h is expanded next,

2. the 
hoi
e of the inferen
e rule to be applied to the sele
ted node.

For programming purposes, e�e
tive proof sub
al
uli whi
h re�ne the naive

generation of proofs by sear
h have been developed.

2.4.1 E�e
tive Proof Sub
al
uli

We re
all here the most popular proof sub
al
uli used in �rst-order equa-

tional dedu
tion: demodulation, uni�
ation, paramodulation, term rewrit-

ing, and narrowing.

Demodulation

Demodulation is an e�e
tive proof sub
al
ulus whi
h realizes entailment

relations of the form E `

�

s � t where E is a set of equations and s � t is

an equation. From the soundness 
ondition of equational logi
, the following

impli
ation must hold E j=

�

�

s � t) E `

�

s � t:

An important theoreti
al result is that Alg(�)=

�

E is an initial algebra

in Alg(�; E); where �

E

is the 
ongruen
e indu
ed by E on T (F ;V): (See

[MG85℄ for a detailed proof.) Therefore, de
iding whether E j=

�

�

s � t

amounts to de
iding whether Alg(�)=

�

E j=

�

s � t:

G.Birkho� [Bir35℄ gave the following system of inferen
e rules for real-

izing the entailments of the form E j=

�

�

s � t:

[G1℄ E `

�

t � t

[G2℄

E `

�

s � t

E `

�

t � s

[G3℄

E `

�

s � t E `

�

t � u

E `

�

s � u
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[G4℄

E `

�

s

1

� t

1

: : : E `

�

s

n

� t

n

E `

�

f(s

n

) � f(t

n

)

if f : �

n

! � is an operator of appropriate type

[G5℄

E `

�

s � t

E `

�

s� � t�

where � 2 Subst(F ;V)

and showed that Alg(�)=

�

E j=

�

s � t i� E `

�

s � t: Based on this

theoreti
al result, we 
an prove an entailment E `

�

s � t by using the

sear
h fun
tion with the inferen
e rules (G1)-(G5). This method is very

nondeterministi
, and thus too ineÆ
ient for 
omputation purposes: a bet-

ter method is the one based on demodulation. The demodulation 
al
ulus


onsists of two dedu
tion rules: [G1℄ and [dem℄, where

[dem℄

E `

�

s ' t

E `

�

s[r�℄

p

' t

where (l ' r) 2 E, p 2 Pos(s), and sj

p

= l�: Here, s ' t stands for s � t

or t � s: Note that a [dem℄-dedu
tion step requires the 
omputation of a

substitution � su
h that sj

p

= l�: A substitution � for whi
h D(�) � V(t)

and s = t� is 
alled mat
her of t with s: The existen
e of mat
hers is

de
idable; moreover, if a mat
her exists then it is unique and 
omputable.

A demodulation refutation is a sequen
e of demodulation steps

s � t

DM

=)

[dem℄

s

1

� t

1

DM

=)

[dem℄

: : :

DM

=)

[dem℄

u � u

DM

=)

[G1℄

2:

Su
h a refutation 
orresponds to the following proof by demodulation of

E `

�

s � t :

fE `

�

s � tg

DM

s

=)E `

�

s

1

� t

1

DM

s

=) : : :

DM

s

=)fE `

�

u � ug

DM

s

=)fg:

Demodulation is a sound and 
omplete proof 
al
ulus, i.e. E `

�

s � t

if and only if there exists a proof by demodulation s � t

DM

=)

*

2:

Uni�
ation

Uni�
ation is 
on
erned with realizing entailments of the form ; `

�

9G,

where G is a senten
e of the form (s

1

� t

1

) ^ : : : ^ (s

n

� t

n

); abbreviated

V

n

i=1

(s

i

� t

i

): Be
ause T (F) is initial in Alg(�), we have that ; j=

�

;

9G

i� T (F) j= 9G i� there exists a ground substitution � 2 Subst(F ;V) su
h

that T (F) j=

�

G�; or equivalently, that s

i

� � t

i

� for all i 2 f1; : : : ; ng:

We 
all uni�er of

V

n

i=1

(s

i

� t

i

) any substitution � 2 Subst(F ;V) su
h

that s

i

� = t

i

� for all i 2 f1; : : : ; ng; and denote by U(G) the set of uni�ers

of G. It is not diÆ
ult to see that U(G) is an ideal of Subst(F ;V), i.e. if

� 2 U(G) and 
 2 Subst(F ;V) then �
 2 U(G): This suggests to de�ne the

following relation on Subst(F ;V):
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Let V � V and �

1

; �

2

2 Subst(F ;V): We say that �

1

V -subsumes �

2

,

notation �

1

�

V

�

2

if there exists 
 2 Subst(F ;V) su
h that �

2

=

�

1


 [V ℄: V is omitted when V = V :

It is easy to see that �

V(G)

is a quasi-order on U(G) and that

� 2 U(G) ^ � �

V(G)


 ) 
 2 U(G):

We denote by <

V

the partial order indu
ed by �

V

. An important theo-

reti
al result is that <

V

is well-founded. A minimal element of U(G) with

respe
t to <

V(G)

is 
alled most general uni�er of G, and most general uni-

�ers are unique modulo renaming. We write � = mgu(G) to express the

fa
t that � is a most general uni�er of G.

Proving that ; `

�

9G amounts to proving that G has a most general

uni�er. Most general uni�ers 
an be 
omputed with the inferen
e rules of

the 
al
ulus UN shown in Fig. 2.1. The expression s ' t stands for s � t

[del℄

; `

�

9(G

1

^ (t � t) ^ G

2

)

; `

�

9(G

1

^G

2

)

[v℄

; `

�

9(G

1

^ (X ' t) ^G

2

)

; `

�

9(G

1

^G

2

)�

where X 62 V(t) and � = fX 7! tg

[de
℄

; `

�

9(G

1

^ f(s

n

) � f(t

n

) ^G

2

)

; `

�

9(G

1

^

V

n

i=1

(s

i

� t

i

) ^G

2

)

Fig. 2.1: The 
al
ulus UN: inferen
e rules for uni�
ation

or t � s: A 
onvenient representation of an uni�
ation step resulted from

the appli
ation of a dedu
tion rule

; `

�

9G

; `

�

9G

0

with label � 2 f[de
℄,[del℄g

and 
omputed substitution � is

1

G

UN

=)

�;�

G

0

: The subs
ript � is omitted

when irrelevant. A UN-refutation is a sequen
e

G

UN

=)

�

1

G

1

UN

=)

�

2

: : :

UN

=)

�

n

2

abbreviated G

UN

=)

*

�

2 where � := �

1

: : : �

n

. It is well known that ; `

�

9G

i� there PU-refutation G

UN

=)

*

�

2: Moreover, � = mgu(G):

Paramodulation

Paramodulation is an e�e
tive proof sub
al
ulus whi
h realizes entailment

relations of the form E `

�

9G where E is a set of equations and G is of the

1

the substitution 
omputed upon a [de
℄ or [del℄ inferen
e step is assumed to be "
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form (s

1

� t

1

)^ : : :^ (s

n

� t

n

), abbreviated

V

n

i=1

(s

i

� t

i

): Su
h a senten
e

G is 
alled a goal.

A

ording to Birkho�'s theoreti
al result, proving E `

�

9G amounts

to proving that there exists a substitution � : V(G) ! T (F ;V) su
h that

E `

�

G�: In the literature, su
h a substitution � is 
alled E-uni�er or

E-solution of G: We denote by U

E

(G) the set of uni�ers of a goal G.

The set U

E

(G) is an ideal of Subst(F ;V), i.e. if � 2 U

E

(G) and 
 2

Subst(F ;V) then �
 2 U

E

(G): It is easy to see that �

V(G)

is a quasi-order

on U

E

(G):

For programming purposes it is desirable to 
ompute a 
omplete set of

E-uni�ers of G, i.e. a set 
U

E

(G) � U

E

(G) whi
h satis�es:

� if 
 2 U

E

(G) then there exists � 2 U

E

(G) su
h that � �

V(G)


:

Paramodulation is an e�e
tive proof sub
al
ulus whi
h generates proofs

from whi
h a 
omplete set of E-uni�ers 
an be extra
ted. It 
onsists of

only two inferen
e rules:

[u℄

E `

�

9(G

1

^ (s � t) ^G

2

)

E `

�

9(G

1

� ^G

2

�)

if � = mgu(s; t),

[pm℄

E `

�

9(G

1

^ (s ' t) ^G

2

)

E `

�

9(G

1

� ^ ((s[r℄

p

)� ' t�) ^G

2

�)

where l ' r is a fresh variant of an equation in E, p 2 Pos(s), and sj

p

=

l�: Given E � Eq(F ;V), a paramodulation step (PM-step for short) is

an expression of the form G

PM

=)

�

G

0

where

G

G

0

is either a [u℄-step with


omputed substitution � or a [pm℄-step with 
omputed substitution �.

Note that performing a [u℄-step requires the 
omputation of an mgu :

this 
an be a
hieved with the uni�
ation 
al
ulus. Thus the uni�
ation


al
ulus is a sub
al
ulus of paramodulation. A proof by paramodulation of

the entailment E `

�

9G is a sequen
e of steps:

G

PM

=)

�

1

G

1

PM

=)

�

2

: : :

PM

=)

�

n

2;

abbreviatedG

PM

=)

*

�

2where � := �

1

: : : �

n

. The main properties of paramod-

ulation are:

Soundness if G

PM

=)

*

�

2 then � 2 U

E

(G), and

Completeness if 
 2 U

E

(G) then there exists G

PM

=)

*

�

2 with � �

V(G)


:

Soundness guarantees that paramodulation is an e�e
tive proof sub
al
ulus

whi
h realizes entailments of the form E `

�

9

V

n

i=1

(s

i

� t

i

), and 
omplete-

ness ensures its appropriateness for 
omputing a 
omplete set of E-uni�ers.



2.4. FIRST-ORDER LOGIC WITH EQUALITY 25

Term Rewriting

The demodulation dedu
tion rule is in
onvenient for an operational seman-

ti
s be
ause of the high nondeterminism due to the 
hoi
e of the axiom to

be used and of the term position where demodulation takes pla
e. Term

rewriting is a spe
ialization of demodulation whi
h is designed to redu
e

these sour
es of nondeterminism.

Term rewriting is based on the idea of repla
ing equals by equals. Fol-

lowing this idea, equations between terms are oriented into rewrite rules.

For instan
e, the equations 0+X � X and X+su

(Y ) � su

(X+Y ) form

an algebrai
 spe
i�
ation of the fun
tion + assuming the term 
onstru
tors

0 and su

: We 
an orient these equations and obtain two (rewrite) rules:

0 +X ! X and X + su

(Y ) ! su

(X + Y ): With orientation, we gain

an operational model: redu
tion. We 
an redu
e a term with the rules of

+, e.g.:

a+ su

(0 + b)! a+ su

(b)! su

(a+ b):

Formally, a rewrite rule is an oriented equation written in the form

l ! r with l; r 2 T (F ;V); l 62 V and V(r) � V(l): A term rewriting

system (TRS for short) is a �nite set of rewrite rules. The rewriting relation

!

R

� T (F ;V)� T (F ;V) with respe
t to a TRS R is de�ned as follows:

s!

R

s[r�℄

p

if sj

p

= l� for some p 2 Pos

F

(s) and (l ! r) 2 R:

The term l� is 
alled a redex and we say s rewrites to t by 
ontra
ting

redex l�: The expression s !

R

t is 
alled a rewrite step. Alternatively, we


an write s !

p;�;l!r

t or s !

p;l!r

t when we want to make expli
it the

position, substitution and variant of the rewrite rule involved in performing

the rewrite step. When no 
onfusion 
an arise, we will omit to spe
ify R

as pre�x or subs
ript.

Noti
e that upon rewriting in the presen
e of a TRS axiomatization,

the axioms are applied in only one dire
tion. The rewrite rules 
an be

interpreted as partial de�nitions of the head symbols of their left-hand

sides. That is, in the presen
e of a term rewriting system R we 
an regard

the set of operators F as the disjoint union of two sets of symbols: the set

F

d

:=ff 2 F j f = root(l) for some rule l ! r 2 Rg of de�ned symbols, and

the set F




:=F nF

d

of 
onstru
tors. Constru
tors are inje
tive, i.e. if 
 2 F




then 
(s

n

) = 
(t

n

) i� s

i

= t

i

for all 1 � i � n, and di�erent 
onstru
tors

build di�erent terms, i.e. if 
; d 2 F




with 
 6= d then 
(s

m

) 6= d(t

n

):

A term s is an R-normal form, or R-normalized, if there is no term

t with s !

R

t: A term s has an R-normal form if there exists an R-

normal form t su
h that s !

�

R

t: If s has a unique R-normal form then

we denote this unique normal form by s#

R

: A term t is R-normalized if
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there is no rewrite step t!

R

t

0

: A substitution � is R-normalized if X� is

R-normalized for all X 2 D(�):

Two terms s and t are R-joinable, notation s #

R

t, if there exists a term

u su
h that s!

�

R

u and t!

�

R

u:

Term rewriting systems are 
onvenient axiomatizations of equational

theories. The most important properties of term rewriting systems whi
h

are useful in de�ning e�e
tive proof sub
al
uli for the entailment system of

equational logi
 are 
on
uen
e and termination. A TRS R is terminating

if there are no in�nite redu
tion derivations t

1

!

R

t

2

!

R

t

3

!

R

� � �

R is 
on
uent if for all terms s; t

1

; t

2

with s !

�

R

t

1

and s !

�

R

t

2

we have

t

1

#

R

t

2

: Note that termination implies the existen
e of normal forms,

whereas 
on
uen
e implies uniqueness of normal forms.

Proving entailments of the form E `

�

s � t is greatly simpli�ed if we

know that E is the axiomatization of a theory whi
h 
an be presented with a


on
uent and terminating TRS R: we 
ompute the (unique) normal forms

s#

R

and t#

R

and 
ompare them synta
ti
ally. Be
ause of the 
on
uen
e

property, the 
omputation of a normal form is a deterministi
 pro
ess sin
e

both the 
hoi
e of the rewriting position and the 
hoi
e of of the rewrite

rule are don't 
are nondeterministi
. A rewriting proof of an entailment

R `

�

s � t 
an be represented by a sequen
e of steps

s � t!

R

s

1

� t

1

!

R

: : :!

R

s

n

#

R

� t

n

#

R

abbreviated s � t!

�

R

s

n

#

R

� t#

R

, where

s � t!

R

s

0

� t

0

:, (s = s

0

^ t!

R

t

0

) _ (s!

R

s

0

^ t = t

0

)

Term rewriting 
an be used as operational semanti
s of fun
tional pro-

gramming languages. A fun
tional program is a set R of 
on
uent and

terminating rewrite rules. Typi
al queries in fun
tional logi
 programming

are: R `

�

s � t and R `

�

9X:X � t: Queries of the �rst type are proven as

shown above, whereas queries of the se
ond type are proven by 
omputing

u = t#

R

and binding X to u: In su
h languages, redu
tion of a term to

normal form is 
alled evaluation.

Due to its simpli
ity, term rewriting be
ame a resear
h �eld of its own,

where essential properties su
h as termination and 
on
uen
e are being

deeply investigated [Klo90, Klo92℄. One important appli
ation is the fol-

lowing: for a given a theory T = h�; Ei �nd a presentation h�;Ri with

R a 
on
uent and terminating TRS. If su
h a presentation exists, the en-

tailment relation E `

�

s � t is equivalent with R `

�

s � t, whi
h 
an be

realized with the proof sub
al
ulus that has been outlined here.

Term rewriting is also at the 
ore of well developed appli
ations of theo-

rem proving, program synthesis via 
ompletion and algebrai
 spe
i�
ations.
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Among the other properties of TRSs whi
h are relevant for equational

dedu
tion, we re
all left-linearity, right-linearity, orthogonality and 
on-

stru
torness. A rewrite rule l ! r is left-linear (right linear) if l (r) does

not 
ontain multiple o

urren
es of the same variable. A TRS R is left-

linear (right-linear) if it 
onsists only of left-linear (right-linear) rewrite

rules. In order to de�ne orthogonal TRSs we �rst introdu
e the notion of


riti
al pair.

De�nition 17 (
riti
al pair) Let R be a TRS and l

1

! r

1

and l

2

! r

2

be variants without 
ommon variables su
h that there exists p 2 Pos

F

(l

1

)

and a most general uni�er � of (l

1

)j

p

and l

2

: The pair (l

1

[r

2

℄

p

�; r

1

�) of

redu
ts of l

1

� is a 
riti
al pair of R:

De�nition 18 (orthogonal TRS) A TRS R is orthogonal if it is left-

linear and has no 
riti
al pairs.

De�nition 19 (
onstru
tor TRS) A TRS R is 
onstru
tor if it 
onsists

of rewrite rules of the form f(l

n

)! t with l

n

2 T (F




;V):

Narrowing

We already des
ribed how the restri
tion of axioms to 
on
uent and termi-

nating TRSs greatly simpli�es the design of an e�e
tive proof sub
al
ulus

for entailments of the form R `

�

s � t: In this subse
tion we des
ribe

how this restri
tion 
an make the realization of dedu
tions of the form

R `

�

9

V

n

i=1

(s

i

� t

i

) mu
h more eÆ
ient than with paramodulation.

A synta
ti
 obje
t G

0

is a fresh variant of a synta
ti
 obje
t G if:

(i) V(G

0

) do not o

ur in any synta
ti
 obje
t 
onstru
ted so far, and

(ii) there exists a renaming � su
h that G

0

= G�:

For instan
e, the rewrite rule R

0

= Z + su

(W )! su

(Z +W ) is a fresh

variant of the rule R = X+su

(Y )! su

(X+Y ) be
ause V(R)\V(R

0

) =

fX;Y g \ fZ;Wg = ; and R

0

= R� where � = fX 7! Z; Y 7! Wg is a

renaming substitution.

Narrowing, proposed originally as a theorem proving tool [Fay79, Hul80℄,

is an e�e
tive proof 
al
ulus for entailments of the form

R `

�

9

n

^

i=1

(s

i

� t

i

)

where R is a 
on
uent term rewriting system. It 
an be viewed as a spe
ial-

ization of paramodulation whi
h is a natural 
ombination of term rewriting

and uni�
ation. The narrowing relation de�ned below was introdu
ed by

Hullot [Hul80℄.
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De�nition 20 (narrowing) We say that a term s is narrowable into a

term t if there exist a position p 2 Pos

F

(s); a fresh variant l ! r of a

rewrite rule with V(l) \ V(s) = ;, and a substitution � su
h that

� � is a most general uni�er of sj

p

and l, and

� t = (s[r℄

p

)�:

We write s;

p;l!r;�

t or simply s;

�

t: The relation; is 
alled narrowing.

When 
onfusions may arise, we underline the subterm or side of the equa-

tion to whi
h narrowing is applied. We write s ;

�

�

t if there exists a

narrowing derivation

s = t

1

;

�

1

� � �;

�

n

t

n

= t

with � = �

1

: : : �

n

: If n = 0 then � = ":

The narrowing relation 
an be used to de�ne an e�e
tive proof sub
al-


ulus whi
h realizes the entailment relation R `

�

9G where G is a senten
e

of the form

V

n

i=1

(s

i

� t

i

): The 
al
ulus is 
alled NC and it 
onsists of two

inferen
e rules: [u℄ and [n℄, where the synta
ti
 uni�
ation rule [u℄ is the

same as for paramodulation, and the narrowing rule [n℄ is de�ned by

[n℄

R `

�

9(G ^ (s ' t) ^G

0

)

R ` 9(G� ^ (s

0

' t�) ^G

0

�)

if s;

�

s

0

:

Here s ' t stands for s � t or t � s: A narrowing step (NC-step for short) is

an expression of the form G

NC

=)

�

G

0

where

G

G

0

is an instan
e of an inferen
e

rule of NC with 
omputed substitution �.

An NC-derivation is a sequen
e of NC-steps

G

0

NC

=)

�

1

G

1

NC

=)

�

2

: : :

NC

=)

�

n

G

n

abbreviated G

NC

=)

*

�

G

n

where � = �

1

: : : �

n

. An NC-refutation is an NC-

derivation of the form G

NC

=)

*

�

2: The most important properties of the


al
ulus NC are:

Soundness If G

NC

=)

*

�

2 then � 2 U

R

(G):

Completeness If 
 2 U

n

R

(G) then there exists an NC-refutation G

NC

=)

*

�

2

su
h that � �

V(G)


:

Similar to a paramodulation proof, a narrowing proof of R `

�

9G is an

NC-refutation G

NC

=)

*

�

2. We denote by Ans

NC

R

(G) the set of substitutions


omputed upon NC-refutations, i.e. Ans

NC

R

(G) := f� j G

NC

=)

*

�

2g:
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Note that the 
ompleteness property of narrowing di�ers from the 
om-

pleteness property of paramodulation. Whereas paramodulation guarantees

that any R-uni�er of a goal is subsumed by a 
omputed substitution, nar-

rowing 
an only guarantee that any R-normalized R-uni�er is subsumed

by a 
omputed substitution.
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Chapter 3

Fun
tional Logi


Programming

Fun
tional logi
 programming [Han97℄ is a de
larative programing style

whi
h o�ers features from fun
tional programming and logi
 programming.

Ea
h paradigm 
omplements the other; e.g., logi
 programming 
ontributes

partial data stru
tures whereas fun
tional programming 
ontributes in�nite

data stru
tures. Fun
tional evaluation is more eÆ
ient and o�ers better


ontrol. Logi
 evaluation supports existential variables and inversion. Early

resear
h in this area has been 
on
entrated on the de�nition and improve-

ment of appropriate exe
ution prin
iples for fun
tional logi
 languages. In

re
ent years eÆ
ient implementations of these exe
ution prin
iples have

been developed.

The fundamental problem of fun
tional logi
 programming is how to

exe
ute a program whi
h may lead to the evaluation of a fun
tional expres-

sion 
ontaining uninstantiated logi
al variables. There are 
urrently two

operational prin
iples to deal with this problem:

Narrowing. Narrowing solves this problem by making guesses on the val-

ues of these variables for a seamless integration of logi
 and fun
tional


omputations.

Residuation whi
h delays the evaluation of expressions 
ontaining unin-

stantiated variables.

The rest of this 
hapter is stru
tured as follows. In Se
t. 3.1 we give a

des
ription of the requirements whi
h must be satis�ed by a fun
tional logi


programming language. Se
tion 3.2 des
ribes the lazy narrowing 
al
ulus

as operational semanti
s of fun
tional logi
 programming. Se
tion 3.3 gives

31
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a short a

ount to two extensions of �rst-order lazy narrowing whi
h are of

interest in improving the expressive power of fun
tional logi
 programming:

lazy narrowing with 
onditional term rewriting systems, and higher-order

lazy narrowing.

3.1 Preliminaries

A program in a fun
tional logi
 programming language is a theory P =

h�;Ri axiomatized with a 
on
uent term rewriting system R: When spe
-

ifying a program P , the user has a spe
i�
 model M

P

in mind, whi
h is


alled in the literature standard model or intended model of the theory. After

spe
ifying the program, the user 
an ask questions about his/her program.

These questions are 
alled queries, and belong to a spe
i�ed 
lass quer(�)

of senten
es in the language of logi
 of P . In the 
ase of fun
tional logi


programming, the intended model isM

P

= T (F)=

�

R where �

R

is the 
on-

gruen
e relation indu
ed by R on T (F ;V), and the queries are existential


losures of the form 9G where G is a 
onjun
tion of equations

V

n

i=1

(s

i

� t

i

).

Sin
e M

P

is an initial algebra in Alg(�;R) we have that M

P

j=

�

9G if and

only if R j=

�

�

9G.

When the user submits a query 9G, if it is the 
ase that M

P

`

�

9G,

the system will return a set Ans

R

(G) of substitutions for the existentially

quanti�ed variables of the query as its asso
iated answers.

The most satisfa
tory way of exploiting provability as a method of set-

tling fa
ts about the intended model of a fun
tional logi
 program is to

guarantee the following property:

Query 
ompleteness For any program P = h�;Ri and query 9G 2

quer(�):

M

P

j=

�

9G, 8
 2 U

R

(G) 9� 2 Ans

R

(G) : � � 
:

The restri
tion to R-normalized solutions is reasonable in fun
tional logi


programming, where we are usually interested in 
omputing value bindings

for the existentially quanti�ed variables of the goal. From the fun
tional

point of view, a value is an R-irredu
ible term. Therefore, the query 
om-

pleteness requirement is often weakened by repla
ing U

R

(G) with U

n

R

(G),

where U

n

R

(G) is the set of R-normalized solutions of G: Hen
eforth, when-

ever we will refer to 
ompleteness we will understand the weakened require-

ment for query 
ompleteness.

We have already mentioned narrowing as an e�e
tive proof sub
al
ulus

whi
h generates proofs for entailments of the form R `

�

9

V

n

i=1

(s

i

� t

i

):

Any NC-refutation G

NC

=)

*

�

2 yields as answer the substitution ��

V(G)

; thus
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Ans

NC

R

(G) = f��

V(G)

j hG; "i

NC

=)

�

h2; �ig: The soundness and 
ompleteness

properties of narrowing ensure that

� Ans

NC

R

(G) � U

R

(G), and

� for any 
 2 U

n

R

(G) there exists a substitution � 2 Ans

NC

R

(G) su
h

that � �

V(G)


: (i.e., query 
ompleteness holds.)

Most of the fun
tional logi
 programming languages available nowadays

have an operational semanti
s based on narrowing or lazy narrowing. Nar-

rowing makes use of mgu 
omputations to de
ide whether an instan
e of a

subterm 
an be rewritten. Lazy narrowing over
omes the mgu 
omputation

by integrating it in its dedu
tion rules.

3.2 Lazy Narrowing

The main disadvantage of NC is the 
ostly operation of term uni�
ation.

Lazy narrowing 
al
uli avoid the uni�
ation operation by de
omposing the

inferen
e rule of NC into a smaller number of more primitive inferen
e rules

[H�ol89, Sny91℄. The main disadvantage of these 
al
uli is that the sear
h

spa
e of proofs for the entailment relation be
omes larger be
ause of the

nondeterminism between the inferen
e rules whi
h 
an be applied to the

sele
ted equation.

Preliminaries

It is 
ustomary to des
ribe the inferen
e rules of a lazy narrowing 
al
ulus

C by expressions of the form

G; e;G

0

G

00

�

where G;G

0

; G

00

are sequen
es of

equations, e is an equation, and � is a substitution. The 
orresponding

sequent style representation is

R `

�

9(

V

e

0

2G

e

0

^ e ^

V

e

0

2G

0

e

0

)

R `

�

9([�℄ ^

V

e

0

2G

00

e

0

�)

where [�℄ :=

V

X2D(�)

(X � X�): � is 
alled the substitution 
omputed upon

the appli
ation of the inferen
e rule.

A C-step is an expression of the form G

C

=)

�

G

0

where

G

G

0

is an infer-

en
e rule of C with 
omputed substitution �: Additional subs
ripts may be

provided, depending on the 
al
ulus under 
onsideration.

A C-derivation is a sequen
e of C-steps G

0

C

=)

�

1

G

1

C

=)

�

2

: : :

C

=)

�

n

G

n

;

abbreviated G

0

C

=)

*

�

G

n

, where � = �

1

: : : �

n

: We denote by j�j the length

of a C-derivation �, i.e. the number of C-steps of �:
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A

ording to our 
onvention of notation, a C-step e

m

C

=)

�

e

0

n


orre-

sponds to a dedu
tion step R `

�

9(

V

m

i=1

e

i

)

C

s

=)9(

V

n

j=1

e

0

j

):

We write s ' t for s � t or t � s: It is assumed that the inferen
e rules

of the 
al
uli des
ribed in this thesis preserve the orientation of ' :

The Cal
ulus LNC

Our presentation of the lazy narrowing 
al
ulus LNC follows [MOI96℄. The


al
ulus LNC 
onsists of the inferen
e rules shown in Figure 3.1. The

[o℄ outermost narrowing

G; f(s

n

) ' t;G

0

G; s

n

� l

n

; r ' t; G

0

if there exists a fresh variant f(l

n

)! r of a rewrite rule in R,

[i℄ imitation

G; f(s

n

) ' X;G

0

(G; s

n

� X

n

; G

0

)�

if � = fX 7! f(X

n

)g with X

1

; : : : ; X

n

fresh variables,

[d℄ de
omposition

G; f(s

n

) � f(t

n

); G

0

G; s

n

� t

n

; G

0

[v℄ variable elimination

G; s ' X;G

0

(G;G

0

)�

if X 62 V(s) and � = fX 7! sg,

[t℄ removal of trivial equations

G;X � X;G

0

G;G

0

Fig. 3.1: The inferen
e rules of LNC.

equations s

n

� l

n


reated by the outermost narrowing inferen
e rule are


alled parameter-passing equations.

Note that none of the inferen
e rules of LNC requires mgu 
omputa-

tions.

An LNC-refutation is an LNC-derivation of the form G

0

LNC

=)

*

�

2: Addi-

tional subs
ripts may be spe
i�ed, su
h as the label of the sele
ted inferen
e

rule or the rewrite rule variant used in the appli
ation of the [o℄-rule.
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LNC is a suitable model of 
omputation for fun
tional logi
 program-

ming be
ause of the following properties:

Soundness If G

LNC

=)

*

�

2 then � 2 U

R

(G):

Completeness If 
 2 U

n

R

(G) then there exists an LNC-refutationG

LNC

=)

*

�

2

su
h that � �

V(G)


:

Soundness implies that Ans

LNC

R

(G) � U

R

(G), and 
ompleteness implies

that Ans

LNC

R

(G) is a 
omplete set of normalized R-uni�ers.

There are three sour
es of nondeterminism in the usage of LNC:

1. sele
tion of equation in the 
urrent goal,

2. sele
tion of inferen
e rule to be applied to the sele
ted equation, and

3. sele
tion of rewrite rule to be used upon applying the [o℄-inferen
e

rule.

The se
ond sour
e of nondeterminism does not appear in NC be
ause NC

has only one inferen
e rule. It is also well known that NC is strongly


omplete, in the sense that the �rst sour
e of non-determinism is don't 
are,

i.e. we are free to 
hose any equation without in
uen
ing the soundness

and 
ompleteness results. In 
ontrast, LNC is not strongly 
omplete, as

one 
an see from the example below. The terms underlined in the example

are the ones sele
ted in the 
orresponding inferen
e steps.

Example 1 Consider the TRS

R = ff(X)! g(h(X); X); g(X;X)! a; b! h(b)g

and the goal G = f(b) � a: Con
uen
e of R 
an be proved by indu
tion

on the stru
ture of terms and some 
ase analysis. The normalized empty

substitution " is a solution of G be
ause

f(b) � a!

R

g(h(b); b) � a!

R

g(h(b); h(b)) � a!

R

a � a

By adopting the sele
tion fun
tion sel

right

whi
h always sele
ts the rightmost

equation in a goal, we 
an only 
ompute in�nite LNC-derivations

f(b) � a

LNC

=)

[o℄;f(X

1

)!g(h(X

1

);X

1

)

b � X

1

; g(h(X

1

); X

1

) � a

LNC

=)

[o℄;g(X

2

;X

2

)!a

b � X

1

; h(X

1

) � X

2

; X

1

� X

2

; a � a

LNC

=)

[d℄

LNC

=)

[v℄;�

1

b � X

2

; h(X

2

) � X

2

LNC

=)

[i℄;�

2

b � X

2

; h(X

3

) � X

3

LNC

=)

[i℄;�

3

� � �
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where �

1

= fX

1

7! X

2

g; �

2

= fX

2

7! h(X

3

)g; �

3

= fX

3

7! h(X

4

)g; : : : We

see that we 
an not generate any LNC-refutation starting from G if we use

the sele
tion fun
tion sel

right

: Thus LNC with sele
tion fun
tion sel

right

is

not 
omplete. Hen
e LNC is not strongly 
omplete.

Be
ause of the properties mentioned before, NC seems to be a better model

of 
omputation than LNC. In [MOI96℄ it is shown that the �rst sour
e of

nondeterminism 
an be dropped if we adopt a leftmost equation sele
tion

fun
tion. This means that in ea
h LNC-step we sele
t the leftmost equation

whi
h appears in the 
urrent goal.

Example 2 Consider R = f0 + X ! X; s(X) + Y ! s(X + Y )g and

the goal G = X + Y � s(0): It is easy to see that R is 
on
uent and

that the only R-normalized solutions of G are fX 7! 0; Y 7! s(0)g and

fX 7! s(0); Y 7! 0g: Both solutions 
an be 
omputed with LNC-refutations:

G

LNC

=)

[o℄;0+X

1

!X

1

X � 0; Y � X

1

; X

1

� s(0)

LNC

=)

[v℄;fX 7!0g

Y � X

1

; X

1

� s(0)

LNC

=)

[v℄;fY!X

1

g

X

1

� s(0)

LNC

=)

[v℄;fX

1

7!s(0)g

2

G

LNC

=)

[o℄;s(X

1

)+Y

1

!s(X

1

+Y

1

)

X � s(X

1

); Y � Y

1

; s(X

1

+ Y

1

) � s(0)

LNC

=)

2

[v℄;fX 7!s(X

1

);Y 7!Y

1

g

s(X

1

+ Y

1

) � s(0)

LNC

=)

[d℄

X

1

+ Y

1

� 0

LNC

=)

[o℄;0+X

2

!X

2

X

1

� 0; Y

1

� X

2

; X

2

� 0

LNC

=)

3

[v℄;fX

1

7!0;Y

1

7!X

2

;X

2

7!0g

2

The nondeterminism of LNC due to the sele
tion of the inferen
e rule

to be applied to the sele
ted equation is depi
ted in Fig. 3.2. Pra
ti
al

root(t)

root(s) V F




F

d

V [v℄,[t℄ [v℄,[i℄ [v℄,[i℄,[o℄

F




[v℄,[i℄ [d℄ [o℄

F

d

[v℄,[i℄,[o℄ [o℄ [d℄,[o℄

Fig. 3.2: LNC: nondeterminism between the inferen
e rules for sele
ted

equation s � t

re�nements of LNC whi
h redu
e the nondeterminism between its inferen
e

rules are given in [MO98℄. These re�nements fall in one of the following

two 
ategories:



3.3. EXTENSIONS 37

1. they are realized by imposing suitable restri
tions on the underly-

ing term rewrite system. Among the restri
tions proposed in [MO98℄

we re
all: left-linear, orthogonal, and 
onstru
tor term rewriting sys-

tems,

2. they are realized for parti
ular 
lasses of equations. Su

essful deter-

ministi
 re�nements of the 
al
ulus LNC have been obtained for:

� equations whi
h des
end from parameter-passing equations,

� equations whi
h des
end dire
tly from equations in the initial

goal,

� equations with stri
t semanti
s. By adding equations with stri
t

semanti
s to the family of equational senten
es, we a
tually re-

stri
t the 
lass of solutions of a goal: we say � is a solution of an

equation s � t with stri
t semanti
s i� s� !

R

u and t� !

�

R

u

with u 2 T (F




;V): Alternatively, we say that � is a stri
t solu-

tion of s � t:

� is a stri
t solution of a goal G i� it is stri
t solution of any

equation in G.

It is shown that by restri
ting the goals to 
onjun
tions of equations with

stri
t semanti
s, and the fun
tional logi
 program to a left-linear 
on
uent


onstru
tor system, all the nondeterminism due to the sele
tion of the in-

feren
e rule to be applied next 
an be eliminated. The 
al
ulus resulted in

this way is 
alled LNC

d

:

3.3 Extensions

Two extensions of the �rst-order lazy narrowing 
al
ulus are of parti
ular

interest in the design of a powerful operational prin
iple of fun
tional logi


programming:

1. lazy narrowing for 
onditional TRS,

2. higher-order lazy narrowing.

3.3.1 Lazy Conditional Narrowing

The �rst extension adds to fun
tional logi
 programs the expressive power

of 
onditional term rewrite systems. Formally, a 
onditional term rewriting

system (CTRS for short) over a signature F is a set R of (
onditional)

rewrite rules of the form l ! r ( 
 where l; r 2 T (F ;V), l 62 V , and
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the 
onditional part 
 is a (possibly empty) sequen
e s

n

� t

n

of equations.

If 
 = 2 then we may simply write l ! r instead. CTRSs are 
lassi�ed

a

ording to the distribution of variables in rewrite rules as follows [MH94℄:

� a 1-CTRS R 
ontains no extra variables, i.e. V(r) [ V(
) � V(l) for

every l! r ( 
 2 R,

� a 2-CTRS R may 
ontain extra variables in the 
ondition only, i.e.

V(r) � V(l) for every l! r ( 
 2 R,

� a 3-CTRS R may also have extra variables in the right hand side pro-

vided these o

ur in the 
orresponding 
onditions. Formally, V(r) �

V(l) [ V(
) for every 
onditional rewrite rule l! r ( 
 2 R.

The rewrite relation !

R

asso
iated with a 
onditional term rewriting sys-

tem R is obtained by interpreting the equality signs in the 
onditional part

of a rewrite rule as joinability. Formally, R is the smallest (w.r.t. in
lu-

sion) rewrite relation with the property that l� ! r� whenever there exist

a variant l ! r ( 
 of a 
onditional rewrite rule in R and a substitution �

su
h that s

0

� # t

0

� for every equation s

0

� t

0

in 
: An indu
tive de�nition

of !

R

is given below.

De�nition 21 (
onditional term rewriting) LetR be a CTRS. We in-

du
tively de�ne the TRSs R

n

as follows:

R

0

= fx � x! trueg

R

n+1

= fl� ! r� j l ! r ( 
 2 R and e� !

�

R

n

true for all e in 
g

We de�ne s !

R

t if and only if s !

R

n

t for some n � 0: The minimum

su
h n is 
alled the depth of the rewrite step s!

R

t:

With this understanding, all the notions de�ned for TRSs extend to CTRSs.

The extension of lazy narrowing to CTRS has been stated by Hamada et

al. [HMS99℄, who propose a new 
al
ulus 
alled LCNC. LCNC is obtained

from LNC by repla
ing the outermost narrowing rule [o℄ with the inferen
e

rule

[o℄ outermost 
onditional narrowing

G; f(s

n

) ' t; G

0

G; s

n

� l

n

; r ' t; 
; G

0

if f(l

n

)! r ( 
 is a fresh variant of a 
onditional rewrite rule in R.
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Thus the only di�eren
e between LCNC and LNC is in the outermost

narrowing rule: in LCNC we add the 
onditional part of the applied 
on-

ditional rewrite rule to the new goal.

The following de�nition is useful in stating the 
ompleteness results

known so far for LCNC.

De�nition 22 (level-
on
uent CTRS) A CTRS R is level-
on
uent if

every term rewrite system R

n

is 
on
uent.

It has been shown [HMS99℄ that LCNC is 
omplete for arbitrary 
onfluent

CTRSs without extra variables with respe
t to normalized solutions and

for terminating and level-
on
uent CTRSs without any restri
tions on the

distribution of variables in the 
onditional rewrite rules.

3.3.2 Higher-order Lazy Narrowing

The design of a higher-order lazy narrowing 
al
ulus is one of the most 
hal-

lenging problems for the fun
tional logi
 programming 
ommunity. While

redu
tion has long been studied and deep theories related to redu
tion

have been amassed in literature, enough theories of narrowing of 
ompara-

ble ri
hness and depth have not been developed yet. This is parti
ularly so

in higher-order theories for narrowing.

Re
ently, proposals of higher-order lazy narrowing 
al
uli started to

appear in an attempt to de�ne a suitable operational semanti
s for a fun
-

tional logi
 programming language enhan
ed with higher-order 
onstru
ts,

su
h as fun
tional variables and �-abstra
tions.

We mention here two dire
tions of resear
h:

1. One dire
tion of resear
h tries to lift the �rst-order lazy narrowing


al
ulus LNC and its deterministi
 re�nements to higher-order logi


by preserving as mu
h as possible the main properties of LNC whi
h

makes it attra
tive for 
omputational purposes. We mention here the


al
ulus HLNC proposed by Suzuki et al. [SNI97℄, whi
h aims at


ombining LNC with �-redu
tion. It is shown that the 
ombination

yields a sound and 
omplete 
al
ulus for a parti
ular 
lass of higher-

order term rewriting systems 
alled TRS

�

. Unfortunately, this 
lass

of term rewriting systems is too restri
ted to make HLNC of mu
h

pra
ti
al interest.

2. Another approa
h is the one followed by Prehofer, whi
h proposes

a higher-order lazy narrowing 
al
ulus 
alled LN [Pre98℄ for solving

systems of oriented equations. The 
al
ulus LN is based on the higher-

order rewrite system of Nipkow [NP98℄. The main disadvantages of
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LN are the high nondeterminism due to the inferen
e rules to be

applied to a sele
ted equation, and the sele
tion of the rewrite rule to

be used upon performing outermost narrowing of terms with variable

at root position. Proposals to redu
e these sour
es of nondeterminism

have already been proposed [Pre98℄, but the results are still too weak

to make LN of mu
h pra
ti
al interest.



Chapter 4

Lazy Narrowing for

Appli
ative Term Rewrite

Systems

In this 
hapter we introdu
e our �rst lazy narrowing 
al
ulus extended with

higher-order 
onstru
ts. The results presented here are revised versions of

earlier results reported in [MMIY99℄.

4.1 Introdu
tion

A straightforward way to use lazy narrowing for higher-order equational

reasoning is via appli
ative term rewriting systems. The following example

illustrates the expressiveness of su
h a term rewriting system.

Example 3 Consider the term rewriting system R:

plus(0; Y ) ! Y

plus(S(X); Y ) ! S(plus(X;Y ))

double(X) ! plus(X;X)

map(F; [ ℄) ! [ ℄

map(F; [X j Y ℄) ! [F (X) j map(F; Y )℄


ompose(F;G;X) ! F (G(X))

Here [ ℄ is synta
ti
 sugar for the empty list nil, and [ h j t ℄ stands for

the list 
ons(h; t) with head h and tail t.

The fun
tions map and 
ompose are higher-order. For instan
e, solving

the goal

41
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G = map(F; [S(0); 0; S(0)℄ � [S(S(S(0))); S(0); S(S(S(0)))℄

means �nding substitutions like fF 7! �x:
ompose(S; double; x)g whi
h 
an

not be done with LNC.

We 
an make use of LNC if we en
ode G and R with appli
ative terms.

Su
h a transformation yields the appli
ative term rewriting system R

0

:

ap(ap(plus; 0); Y ) ! Y

ap(ap(plus; S(X)); Y ) ! ap(S; ap(ap(plus; X); Y ))

ap(double; X) ! ap(ap(plus; X); X)

ap(ap(map; F ); nil) ! nil

ap(ap(map; F ); ap(ap(
ons; X); Y )) ! ap(ap(
ons; ap(F;X));

ap(ap(map; F ); Y ))

ap(ap(ap(
ompose; F ); G); X) ! ap(ap(F;G); X):

and a 
orresponding appli
ative goal G

0

: The translation en
odes ea
h term

t = f(t

1

; t

2

; : : : ; t

n

) by t

a

:= ap(� � � ap(f; t

a

1

); � � � ); t

a

n

); where t

a

i

are the

appli
ative en
odings of t

i

: The spe
ial symbol ap is the only fun
tion symbol

used, all the other fun
tion symbols are interpreted as mere 
onstants.

The LNC 
al
ulus 
an now be used to solve the translated goal.

Obviously, LNC is very ineÆ
ient for appli
ative term rewrite systems:

while just one inferen
e step extra
ts all arguments of a �rst-order term,

for appli
ative term rewriting systems we need one inferen
e step for ea
h

argument. In other words, we have to extra
t all arguments step by step

before we even know whether, e.g., we are using the appropriate rewrite

rule, even in the 
ase that the head-symbol is a known fun
tion.

Starting from this observation, we de�ne a new 
al
ulus whi
h we 
all

LNCA (LNC forAppli
ative term rewriting systems). The main advantage

of LNCA over LNC is the spe
ialization of the [o℄-rule: if the sele
ted term

in an [o℄-step has a fun
tion symbol f at leftmost-innermost position then

we 
onsider only [o℄-steps with respe
t to rewrite rules whi
h that de�ne f ,

i.e. have f at the leftmost-innermost position of the lhs. In this way the

nondeterministi
 appli
ation of an [o℄-step is drasti
ally redu
ed.

This 
hapter is organized as follows. In Se
tion 4.2 we introdu
e the

basi
 notions and notations for appli
ative term rewriting systems. Se
tion

4.3 introdu
es our 
al
ulus LNCA for appli
ative term rewriting systems

and 
ontains a detailed proof of its soundness. The 
ompleteness of LNCA

is given in Se
tion 4.4. The proof is based on a thorough analysis of the

stru
ture and properties of a 
lass of 
omplete LNC-refutations (Subse
tion

4.4.2) and on the design of a lifting pro
ess of su
h a refutation into an

LNCA-refutation. Finally, in Se
tion 4.5 we draw some 
on
lusions about

the usefulness of LNCA and how to redu
e further its high nondeterminism.
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4.2 Preliminaries

We assume given a signature F [ fapg of fun
tion symbols and a 
ount-

able set V of variables. We distinguish the symbol ap with ar(ap) = 2: An

appli
ative term is a term built from variables, the binary fun
tion symbol

ap and the symbols of F interpreted as 
onstants. Thus, the appli
ative

representation of a term f(t

n

) 2 T (F ;V) is ap(: : : ap(f; t

1

) : : : ; t

n

): Given

two appli
ative terms s and t, the juxtaposition s t denotes the appli
ative

term ap(s; t): Parentheses are omitted under the 
onvention of asso
iation

to the left, so (plus (S 0)) 0 and plus (S 0) 0 denote the same appli
ative

term. The head symbol of an appli
ative term is the symbol that o

urs

at the leftmost innermost position. The notions of subterm, position, sub-

stitution and repla
ement de�ned for �rst-order terms are 
arried over to

appli
ative terms.

In the sequel we denote head symbols whi
h are either in F or V by the

possibly subs
ripted letters a; b; 
; variables by x; y; z; symbols from F by

f; g; h; arbitrary appli
ative terms by l; r; s; t; u; v and integral numbers by

i; j; k:

De�nition 23 (appli
ative TRS) An appli
ative rewrite rule is a pair

l! r between two appli
ative terms su
h that

� l is of the form f l

1

: : : l

n

;

� f 2 F with ar(f) = n;

� V(l) � V(r):

An appli
ative term rewriting system (ATRS for short) is a set of appli
a-

tive rewrite rules.

We abbreviate an appli
ative term a t

1

: : : t

n

to a t

n

, and to a if n = 0.

By the same 
onvention, b s

m

t

n

stands for b s

1

: : : s

m

t

1

: : : t

n

and 
 t

i;j

for 
 t

i

: : : t

j

:

All the other notions and de�nitions de�ned in Se
t. 2.4 for �rst-order

equational logi
 are lifted to the appli
ative 
ase by repla
ing the notion of

term with that of appli
ative term.

4.3 Inferen
e Rules

One reason why LNC does not handle appli
ative terms eÆ
iently is be
ause

the rewrite rule used in an [o℄-step is determined by the outermost symbol

of an appli
ative term. This symbol is almost always the binary symbol ap

whi
h does not impose any restri
tion on the 
hoi
e of the rewrite rule to be
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onsidered. We over
ome this problem by spe
ializing the inferen
e rules

of LNC to look at the head symbol rather than at the outermost symbol of

the term under 
onsideration and, if that symbol is a fun
tion symbol, to


hoose only the rewrite rules whi
h de�ne it.

LNCA 
onsists of the inferen
e rules [of℄, [ov℄, [if℄, [iv℄, [vf℄, [vv℄, [df℄,

[dv℄ shown below.

[of℄ outermost narrowing for head-fun
tion terms

f s

m

t

n

' t; G

s

m

� u

m

; r t

n

� t; G

if f u

m

! r is a fresh variant of a rewrite rule in R:

[ov℄ outermost narrowing for head-variable terms

x s

m

t

n

' t; G

(s

m

� v

m

; r t

n

� t; G)�

if there exists a fresh variant f u

k

v

m

! r of a rewrite rule in R,

m > 0; and � = fx 7! f u

k

g:

[if℄ imitation for head-fun
tion terms

f s

m

t

n

� x u

n

; G

(s

m

� x

m

; t

n

� u

n

; G)�

x u

n

� f s

m

t

n

; G

(s

m

� x

m

; u

n

� t

n

; G)�

if m > 0, � = fx 7! f x

m

g with x

1

; : : : ; x

m

fresh variables.

[iv℄ imitation for head-variable terms

y s

m

t

n

� x u

n

; G

(s

m

� x

m

; t

n

� u

n

; G)�

x u

n

� y s

m

t

n

; G

(s

m

� x

m

; u

n

� t

n

; G)�

if m > 0, x 6= y and � = fx 7! y x

m

g with x

1

; : : : ; x

m

fresh variables.

[df℄ de
omposition for head-fun
tion terms

f s

n

� f t

n

; G

s

n

� t

n

; G

[dv℄ de
omposition for head-variable terms

x s

n

� x t

n

; G

s

n

� t

n

; G
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[vf℄ variable-elimination for head-fun
tion terms

f s

m

t

n

� x u

n

; G

(t

n

� u

n

; G)�

x u

n

� f s

m

t

n

; ; G

(u

n

� t

n

; G)�

if x 62 V(f s

m

) and � = fx 7! f s

m

g:

[vv℄ variable-elimination for head-variable terms

y s

m

t

n

� x u

n

; G

(t

n

� u

n

; G)�

x u

n

� y s

m

t

n

; G

(u

n

� t

n

; G)�

if x 62 V(y s

m

) and � = fx 7! y s

m

g:

We write G

1

V

[�℄;�

G

2

to denote an LNCA-step 
orresponding to an in-

feren
e rule � with � 2 f[of℄; [ov℄; [if℄; [iv℄; [df℄; [dv℄; [vf℄; [vv℄g; upper goal

G

1

, lower goal G

2

; and 
omputed substitution �: We assume � = " when

� 2 f[of℄; [df℄; [dv℄g: A goal G is a solved form (in LNCA) if G = 2:

We denote by LNCA the 
lass of LNCA-refutations. A [V℄-step is either

a [vf℄-step or a [vv℄-step. An [I℄-step is either an [if℄-step or an [iv℄-step. An

[o℄-step is either an [of℄ or an [ov℄-step.

The soundness of LNCA is stated in the following theorem.

Theorem 1 (soundness) Let R be a 
on
uent ATRS and G a goal. If

there exists an LNCA-refutation A : GV

�

�

2 then � is a solution of G:

Proof. The proof is performed in two steps. We �rst prove that for every

LNCA-step of the form G

1

V

�

G

2

then the following property holds: if �

0

is a solution of G

2

then ��

0

is a solution of G

1

: Next, we prove by indu
tion

on the length of the LNCA-refutation that the LNCA 
al
ulus is sound.

Let G

1

V

�

G

2

be an arbitrary LNCA-step and �

0

a solution of G

2

: We

prove that ��

0

is a solution of G

1

: The proof is by 
ase distin
tion on the

nature of the step from G

1

to G

2

: Let G

1

V

�

G

2

and �

0

be a solution of

G

2

:

� Assume

G

1

= f s

m

t

n

' t; GV

[of℄;"

G

2

= s

m

� u

m

; r t

n

� t; G

where f u

m

! r is a fresh variant of some rule in R. Then � = " and

��

0

= �

0

:We have to prove that �

0

is a solution of G

1

: Sin
e �

0

is a solu-

tion ofG

2

, the following 
onditions hold: (1) 8i 2 f1; : : : ;mg:s

i

�

0

$

�

R

u

i

�

0

, (2) (r t

n

)�

0

$

�

R

t�

0

, and (3) �

0

is a solution of G: Be
ause of (3),
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we only have to prove that �

0

is a solution of the equation f s

m

t

n

' t:

We note that:

(f s

m

t

n

)�

0

(1)

 !

�

R

(f u

m

t

n

)�

0

!

ff u

n

!rg

(r t

n

)�

0

(2)

 !

�

R

t�

0

and hen
e �

0

is a solution of the equation f s

m

t

n

' t:

� Assume G

1

= x s

m

t

n

' t; G V

[ov℄;�

G

2

= (s

m

� v

m

; r t

n

� t; G)�

where f u

k

v

m

! r is a fresh variant of a rewrite rule in R; m >

0 and � = fx 7! f u

k

g: Then (1) 8i 2 f1; : : : ;mg:s

i

��

0

$

�

R

v

i

��

0

,

(2) (r t

n

)��

0

$

�

R

t��

0

, (3) ��

0

is a solution of G: Be
ause of (3), we

only have to prove that ��

0

is a solution of the equation x s

m

t

n

' t:

We note that:

(x s

m

t

n

)��

0

= (f u

k

s

m

t

n

)��

0

by (1)

 !

�

R

(f u

k

v

m

t

n

)��

0

!

ff u

n

v

m

!rg

(r t

n

)��

0

(2)

 !

�

R

t��

0

and hen
e ��

0

is a solution of the equation x s

m

t

n

' t:

� Assume G

1

= a s

m

t

n

' x u

n

; GV

�;�

G

2

= (s

m

� x

m

; t

n

' u

n

; G)�,

where a 2 V [ F , � 2 f[if℄; [iv℄g, � = fx 7! a x

m

g, with x

1

; : : : ; x

m

fresh variables. Then we have: (1) 8i 2 f1; : : : ;mg:s

i

��

0

$

�

R

x

i

��

0

,

(2) 8j 2 f1; : : : ; ng:t

j

��

0

$

�

R

u

j

��

0

, (3) ��

0

is a solution of G: Be
ause

of (3); we only have to prove that ��

0

is a solution of a s

m

t

n

' x u

n

:

Sin
e:

(x u

n

)��

0

= (a x

m

u

n

)��

0

by (1)

 !

�

R

(a s

m

u

n

)��

0

by (2)

 !

�

R

(a s

m

t

n

)��

0

the substitution ��

0

is a solution of the equation a s

m

t

n

' x u

n

:

� Assume G

1

= a s

n

� a t

n

; GV

�;"

G

2

= (s

n

� t

n

; G where a 2 V [F

and � 2 f[df℄; [dv℄g. In this 
ase � = ", ��

0

= �

0

, and we have:

(1) 8i 2 f1; : : : ; ng:s

i

�

0

$

�

R

t

i

�

0

, (2) �

0

is a solution of G: Be
ause of

(2), we only have to prove that �

0

is a solution of a s

n

� a t

n

; whi
h

is obvious be
ause of property (1).

� Assume G

1

= a s

m

t

n

' x u

n

; G V

�;�

G

2

= (t

n

' u

n

; G)� where

a 2 V [ F , � 2 f[vf℄; [vv℄g, x 62 V(f s

m

) and � = fx 7! a s

m

g: Then:

(1) 8i 2 f1; : : : ; ng:t

i

��

0

$

�

R

u

i

��

0

, (2) ��

0

is a solution of G: Be
ause

of (2), we only have to prove that ��

0

is a solution of the equation

f s

m

t

n

� x u

n

: We have:

(x u

n

)��

0

= (a s

m

u

n

)��

0

by (1)

 !

�

R

(a s

m

t

n

)��

0
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We prove now that LNCA is sound. The proof is by indu
tion on the

length of the LNCA-refutation. First we prove that all LNCA-refutations

of length 1 are sound. The only possible LNCA-refutations of length 1 are

the following:

f � f V

[df℄;"

2;

x � xV

[dv℄;"

2;

f s

m

' xV

[vf℄;�

2; where x 62 V(f s

m

) and � = fx 7! f s

m

g

y s

m

' xV

[vv℄;�

2; where x 62 V(y s

m

) and � = fx 7! y s

m

g

Obviously, all these LNCA-refutations are sound.

Assume now that A : G

1

V

+

�

2 is an LNCA-refutation of length jAj > 1:

Then we 
an write A : G

1

V

�

G

2

V

+

�

0

2 where ��

0

= �: We want to prove

that � is a solution of G

1

: By the indu
tion hypothesis for A

>1

, �

0

is a

solution of G

2

: A

ording to our �rst proof step, this implies that ��

0

is a

solution of G

1

: Thus, � = ��

0

is a solution of G

1

: 2

4.4 Completeness

In this se
tion we prove the 
ompleteness of LNCA for 
on
uent ATRSs

with respe
t to normalized substitutions. Subse
tion 4.4.2 
ontains an

analysis of the stru
ture of LNC-refutations generated from normal NC-

refutations. Based on this analysis, we introdu
e the 
lass of well-formed

LNC-refutations and prove the 
ompleteness of LNC with respe
t to this


lass. Subse
tion 4.4.3 is 
on
erned with the study of LNC-refutations

for ATRSs. In Subse
tion 4.4.4 we state some properties of well-formed

LNC-refutations for ATRSs. Finally, in Subse
tion 4.4.5 we prove the 
om-

pleteness of our 
al
ulus.

4.4.1 Preliminaries

We �rst re
all some well known theoreti
al results that are relevant to our

analysis of LNCA.

We denote by LNC the 
lass of LNC-refutations. We say that an NC-

derivation � : G ;

�

�

> is normal if it respe
ts the leftmost equation sele
-

tion strategy and for every representation of � in the form

� : G = G

1

; s ' t; G

2

;

�

�

1

>; (s ' t; G

2

)�

1

;

�

�

2

>

the substitution �

2

�

V(s�

1

)

is normalized.

We denote by NC the 
lass of normal NC-refutations. The following

result was proven in [MH94℄:
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Theorem 2 For every normalized solution � of a goal G there exists � 2

NC su
h that � : G;

�

�

0

> and �

0

� � [V(G)℄:

Lemma 2 There exists a well-founded order � � NC �NC su
h that:

8� : G = e;G

0

;

+

�

> 2 NC:9h	

1

;�

1

i:

	

1

: G)

�

G

1

^ �

1

: G

1

;

�

�

0

> 2 NC ^ �

1

� � ^ Rel(�;	

1

;�

1

)

^��

0

� � [V(G)℄

where Rel(�;	

1

;�

1

) is de�ned as follows:

1. The des
endants of G

0

are narrowed in � at the same positions and

in the same order as the des
endants of G

0

� in �

1

:

2. If 	

1

is a [d℄-step:

	

1

: G = f(s

n

) � f(t

n

); G

0

)

[d℄

s

n

� t

n

; G

0

then i�j �p is a narrowing position to a des
endant of e in � i� i�p is

a narrowing position to a des
endant of s

j

� t

j

in �

1

.

3. If 	

1

is an [o℄-step:

G = f(s

n

) ' t; G

0

)

[o℄;k;f(l

n

)!r

s

n

� l

n

; r ' t; G

0

then:

(a) � narrows a des
endant of e at position k.

(b) �

1

does not narrow des
endants of s

i

� l

i

at positions in the

rhs.

(
) 1�p is a narrowing position to a des
endant of s

j

� l

j

in �

1

i�

k�j �p is a narrowing position to a des
endant of f(s

n

) ' t in �:

(d) 2 �p is a narrowing position to a des
endant of r � t in � i�

(3� k)�p is a narrowing position to a des
endant of f(s

n

) ' t in

�:

4. If 	

1

is an [i℄-step:

G = f(s

n

) ' x;G

0

)

[i℄;k;�=fx 7!f(x

n

)g

s

n

� � x

n

; G

0

�

then:

(a) � starts with an NC-step at a position of the form k �j �p with

1 � j � n.
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(b) i�j �p is a narrowing position to a des
endant of e in � i� i

0

�p is

a narrowing position to a des
endant of s

j

� � x

j

in �

1

, where

i

0

= i if k = 1 and i

0

= 3� i if k = 2.

5. If 	

1

is a [v℄-step then � starts with an NC-step at root position.

Corollary 1 Let � : G ;

+

�

> 2 NC: Then the su

essive appli
ations of

Lemma 2, starting from �, yield an LNC-refutation 	 : G )

+

�

0

2 2 LNC

su
h that �

0

� � [V(G)℄:

Proof. The result of su

essive appli
ations of Lemma 2, starting from �;

is depi
ted in the �gure below:

� = �

0

: G

0

= G;

+

�

0

=�

>

+

�

0

�

1

: G

1

;

+

�

1

>

.

.

.

�

i

: G

i

;

+

�

i

>

+

�

i

�

i+1

: G

i+1

;

+

�

i+1

>

+

�

i+1

.

.

.

Sin
e 8i:�

i+1

� �

i

; this pro
ess will eventually terminate with an NC-

refutation �

n+1

: G

n+1

= 2 ;

0

�

n+1

="

>: The LNC-refutation generated in

this way is:

	 : G

0

)

�

0

G

1

)

�

1

� � � )

�

n

G

n+1

= 2:

A

ording to Lemma 2, 8i 2 f1; : : : ; ng:�

i

�

i+1

� �

i

[V(G

i

)℄: Then �

0

=

�

0

�

1

: : : �

n

= �

0

�

1

: : : �

n

�

n+1

� �

0

�

1

: : : �

n�1

�

n

� : : : � �

0

�

1

� �

0

=

� [V(G)℄: 2

4.4.2 Well-formed LNC-refutations

We �rst introdu
e some useful notations. Let: � : G ;

�

> 2 NC and

e 2 G. We de�ne:

P(e;�) the property that narrowing is never applied at positions of

the rhs of a des
endant of e in �:

E

p

(�) the longest pre�x of G su
h that 8e 2 E

p

(�):P(e;�).

 (�) the LNC-step 
onstru
ted from � as shown in Lemma 2.

�(�) the NC-refutation 
onstru
ted from � as shown in Lemma 2.

	(�) the LNC-refutation 
onstru
ted from � as des
ribed in Corol-

lary 1.
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First we prove the following lemma:

Lemma 3 Let � : G

0

= e;G

0

;

+

�

> 2 NC and assume �(�) : G

1

;

�

�

0

>:

Then the following 
onditions hold:

1. If  (�) is an [i℄-step:

G

0

= f(s

n

) ' x;G

0

)

�=fx 7!f(x

n

)g

G

1

= (s

n

� x

n

; G

0

)�

then in �(�) narrowing is applied to at least one of the des
endants

of the equations s

n

� � x

n

at a position of the lhs.

2. If E

p

(�) 6= 2 and  (�) : G

0

= E

p

(�); G

0

i

)

�

G

1

= (G

0

; G

0

i

)� then:

(a) If  (�) is an [i℄-step then it is applied to the lhs of e;

(b) G

0

� = E

p

(�(�));

(
) if  (�) is an [o℄-step then it is applied to the lhs of e.

Proof.

1. If  (�) is an [i℄-step:

 (�) : G

0

= f(s

n

) ' x;G

0

)

[i℄;k;�=fx 7!f(x

n

)g

G

1

= s

n

� � x

n

; G

0

�

then �(�) : s

n

� � x

n

; G

0

� ;

�

>: A

ording to Lemma 2, 4.(a), the

�rst NC-step of � is applied at a position of the form k �j �p where

1 � j � n: Then, a

ording to Lemma 2, 4.(b), �(�) narrows a

des
endant of s

j

� � x

j

at position 1�p, whi
h is a position of the lhs.

2. Sin
e E

p

(�) 6= 2 there exists e 2 E

p

(�):

(a) Assume  (�) is an [i℄-step. Then e is of the form x ' f(s

n

) with

x 2 V and n > 0. We want to prove that the rhs of e is x. If this is

not the 
ase then e = x � f(s

n

): By Lemma 2, 4.(a), � starts with

an NC-step at a position of the form 2 �j �p in e where 1 � j � n:

Sin
e e 2 E

p

(�); this 
ase is impossible and therefore we must have

e = f(s

n

) � x:

(b) Let e

0

2 G

0

�: We have to prove that e

0

2 E

p

(�(�)), i.e. that the

property P(e

0

; �(�)) holds. We distinguish two 
ases:

(b1) e

0

is a des
endant of e in  (�): Then  (�) is an [o℄-, [d℄- or

[i℄-step. If  (�) is an [o℄-step then it is applied to the lhs sin
e,

by Lemma 2, 3.(a), the existen
e of an [o℄-step to the rhs would

imply e 62 E

p

(�). Therefore, we 
an write:

 (�) : f(s

n

) � t; G

0

)

[o℄;f(l

n

)!r

s

n

� l

n

; r � t; G

0
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su
h that e

0

= r � t. If property P(r � t; �(�)) does not hold

then there is a narrowing position to a des
endant of r � t in

�(�)) of the form 2�p: From Lemma 2, 3.(d) results the existen
e

of a narrowing position of the form 2�p to a des
endant of e in �:

Sin
e this 
ontradi
ts the 
ondition e 2 E

p

(�); we dedu
e that

property P(e

0

; �(�)) holds.

If  (�) is a [d℄-step:

f(s

n

) � f(t

n

); G

0

)

[d℄

s

n

� t

n

; G

0

then e

0

= s

j

� t

j

for some j 2 f1; : : : ; ng: Be
ause e 2 E

p

(�);

� does not perform narrowing at positions of the form 2�j �p to

des
endants of e. From Lemma 2, 3.(b) we dedu
e that �(�)

does not narrow des
endants of s

j

� t

j

at positions of the rhs.

Thus, P(s

i

� t

i

; �(�)) holds.

If  (�) is an [i℄-step then, a

ording to 2.(a) of this lemma, e is

of the form f(s

n

) � x with x 2 V and n > 0: In this 
ase we 
an

write:

f(s

n

) � x;G

0

)

[i℄;�=fx 7!f(x

n

)g

s

n

� � x

n

; G

0

�

and assume e

0

= s

j

� � x

j

for some j 2 f1; : : : ; ng: We want to

prove that �(�) does not narrow des
endants of e

0

at positions

of the rhs. If narrowing is applied to a des
endant of e

0

at a

position of the rhs then from Lemma 2, 4.(b) we dedu
e that

narrowing is applied to a des
endant of e at a position of the

rhs. This 
ontradi
ts our assumption that e 2 E

p

(�): Therefore,

P(e

0

; �(�)) must hold.

(b2) e

0

is not an LNC-des
endant of e in  (�): Then e

0

is either a

parameter-passing equation of e or an LNC-des
endant of some

e

00

2 E

p

(�)\G

0

. The 
ase when e

0

is a parameter-passing equa-

tion of e is 
overed by Lemma 2, 3.(b). The other 
ase is an

immediate 
onsequen
e of Lemma 2, 1.

Hen
e e

0

2 G

0

implies e

0

2 E

p

(�(�)):

If e

0

62 G

0

then e

0

is a one-step des
endant of an equation e 62 E

p

(�):

Then narrowing is applied to the rhs of a des
endant of e

0

in � and

by Lemma 2, 1. narrowing is applied to the rhs of e

0

in �(�). Thus,

e

0

62 E

p

(�(�)):

(
) Assume  (�) is an [o℄-step. From e 2 E

p

(�) and Lemma 2 3.(a)

we dedu
e that  (�) is applied to the lhs of e. 2
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Lemma 4 Let � : G;

+

�

> 2 NC:

1. If an [i℄-step is applied to a des
endant e

0

of an equation e 2 E

p

(�)

in 	(�) then it is applied to the lhs of e

0

:

2. If an [o℄-step is applied to a des
endant e

0

of an equation e 2 E

p

(�)

in 	(�) then it is applied to the lhs of e

0

.

Proof. In the proof we will make use of the following notations:

P

[i℄

(�) : If an [i℄-step is applied to a des
endant e

0

of an equation

e 2 E

p

(�) in 	(�) then it is applied to the lhs of e

0

:

P

[o℄

(�) : If an [o℄-step is applied to a des
endant e

0

of an equation

e 2 E

p

(�) in 	(�) then it is applied to the lhs of e

0

.

We prove by indu
tion with respe
t to the order � on NC that the prop-

erties P

[o℄

(�) and P

[i℄

(�) hold.

Let �

1

= �(�): Be
ause �

1

� �, from the indu
tion hypothesis we get

that P

[i℄

(�

1

) and P

[o℄

(�

1

) hold. A

ording to Lemma 3, 2.(b), all one-step

des
endants of equations of E

p

(�) are in E

p

(�

1

): Then, by the indu
tion

hypothesis for �

1

, all [o℄-steps to des
endants of equations of E

p

(�) in

	(�

1

) = 	(�)

>1

are applied to the lhs. Moreover, if  (�) is an [o℄-step

then, by Lemma 3, 2.(
),  (�) is applied to the lhs of e. We 
on
lude that

P

[o℄

(�) holds.

It remains to prove that P

[i℄

(�) holds. Assume e 2 E

p

(�) su
h that an

[i℄-step is applied to a des
endant of e in 	(�): We distinguish two 
ases:

(i) 	(�) starts with an [i℄-step to e: Then, by Lemma 3, 2.(a), [i℄ is applied

to the lhs of e:

(ii) [i℄ is applied in 	(�

1

) to a des
endant of an immediate des
endant e

0

of e in �: A

ording to Lemma 3, 2.(b), we have e

0

2 E

p

(�

1

) and the result

follows from the indu
tion hypothesis applied to �

1

. 2

De�nition 24 Let 	 2 LNC. We de�ne:

P

[o℄

(	) : if an [o℄-step is applied to a des
endant e of a parameter-

passing equation then it is applied to the lhs of e.

P

[i℄

(	) : if an [i℄-step is applied to a des
endant e of a parameter-

passing equation then it is applied to the lhs of e:

The following theorem summarizes the main properties of LNC-refutations

obtained by lifting normal NC-refutations.

Theorem 3 Let � : G;

�

�

> 2 NC and 	

0

= 	(�): Then 	

0

satis�es the

following properties:
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1. If 	

0


ontains a sub-refutation 	

0

that starts with an [i℄-step:

	

0

: f(s

n

) ' x;G

0

)

[i℄;�=fx 7!f(x

n

)g

s

n

� � x

n

; G

0

� )

�

�

0

2

then:

(a) The �rst step is of 	

0

not dire
tly followed by n [v℄-steps.

(b) If x 2 V(s

n

) then x��

0

is normalized.

2. The properties P

[i℄

(	

0

) and P

[o℄

(	

0

) hold.

Proof. If j�j = 0 then there is nothing left to prove. Otherwise, we 
an

write � : G )

+

�

2: By Corollary 1 we have 	

0

: G )

�

�

0

2 where �

0

�

� [V(G)℄:

Assume that 	

0


ontains a sub-refutation 	

0

that starts with an [i℄-step.

Then we have the following situation:

�

0

= � : G

0

= G ;

+

>

+

�

�

k

= �(�

k�1

) : G

k

= f(s

n

) ' x;G

0

;

+

>

+

[i℄;�

�

k+1

= �(�

k

) : G

k+1

= s

n

� � x

n

; G

0

� ;

+

>

+

�

2 ;

0

"

>

where � = fx 7! f(x

n

)g: Sin
e �

k

2 NC, a

ording to Lemma 3, 1.,

narrowing is applied in �

k+1

to at least one of the des
endants of the

equations s

n

� � x

n

at a position of the lhs. Suppose s

i

� � x

i

is narrowed

at a position of the lhs.

Assume now that the �rst step of 	

0

is followed by n [v℄-steps. Then

the 
onstru
tion of 	

0

>1

is as depi
ted below.

�

k+1

: G

k+1

= s

n

� � x

n

; G

0

� ;

+

>

+

i�1

[v℄

�

k+i

: G

k+i

= s

i;n

�

i

� x

i;n

; G

0

�

i

;

+

>

+

n�i+1

[v℄

�

k+n+1

G

k+n+1

= G

0

�

n

;

+

>

+

�

2

where �

1

= �fx

1

7! s

1

�g; : : : , �

n

= �

n�1

fx

n

7! s

n

�

n�1

g: A

ording to

Lemma 2, 1., the des
endants of the equation s

i

� � x

i

are narrowed at a

position of the lhs in �

k+1

; : : : , �

k+i

: Sin
e  (�

k+i

) is a [v℄-step, from
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Lemma 2, 5. we dedu
e that �

k+i

starts with a narrowing step at root

position. This 
ontradi
tion proves the validity of 
ondition 1.(a).

We next prove 
ondition 1.(b). Assume that x 2 V(s

n

): We want to

prove that x��

0

1

is normalized. By Lemma 2, 4.(a), �

k

starts with a step

at non-root position. Sin
e �

k

is normal, � �

V(f(s

n

))

is normalized. In

parti
ular, x� is a normal form. Sin
e �

0

� � [V(G)℄ and x 2 V(G), we

dedu
e that x� is an instan
e of x�

0

, and therefore x�

0

is normalized.

We prove now that P

[o℄

(	(�)) and P

[i℄

(	(�)) hold. Let e be a parameter-

passing equation in 	(�): Then the 
onstru
tion of 	(�) from � looks as

follows:

�

0

= � : G

0

= G ;

+

>

+

�

�

k

= �(�

k�1

) : G

k

= f(s

n

) ' t; G

0

;

+

>

+

[o℄;f(l

n

)!r

�

k+1

= �(�

k

) : G

k+1

= s

1

� l

1

; : : : ; s

i

� l

i

| {z }

e

; : : : ; s

n

� l

n

; r � t; G

0

;

+

>

+

�

2 ;

0

"

>

By Lemma 2, 3.(b) we have that s

1

� l

1

; : : : ; s

n

� l

n

2 E

p

(�

k+1

): In

parti
ular, e 2 E

p

(�

k+1

): From Lemma 4, 1. for �

k+1

2 NC we know that

if an [i℄-step is applied to a des
endant e

0

of e in 	(�)

>k+1

= 	(�

k+1

) then

it is applied to the lhs. Hen
e P

[i℄

(	(�)) holds. Also, from Lemma 4, 2.

for �

k+1

2 NC we know that if an [o℄-step is applied to a des
endant e

0

of

e in 	

>k+1

= 	(�

k+1

) then it is applied to the lhs of e

0

. Hen
e P

[o℄

(	(�))

holds. 2

It is now appropriate to 
hara
terize the LNC-refutations generated by 	

from normal NC-refutations.

De�nition 25 (Well-formed LNC-refutation) 	 2 LNC is well-formed

if it satis�es the following properties:

1. If 	 
ontains a sub-refutation that starts with an [i℄-step

	

0

: f(s

n

) ' x;G

0

)

[i℄;�=fx 7!f(x

n

)g

s

n

� � x

n

; G

0

� )

�

�

0

2

then:

(a) the �rst step of 	

0

is not dire
tly followed by n [v℄-steps.

(b) if x 2 V(s

n

) then x��

0

is normalized.

2. Properties P

[i℄

(	) and P

[o℄

(	) hold.
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We denote byWF the 
lass of well-formed LNC-refutations. An immediate


onsequen
e of Theorem 2 and Theorem 4 is:

Corollary 2 For every normalized solution � of G there exists 	 : G )

�

�

0

2 2 WF with �

0

� � [V(G)℄:

At the end of this subse
tion we state some useful properties of well-formed

LNC-refutations.

Lemma 5 If 	 2 WF then 	

>i

of 	 is well-formed for all 1 � i � j	j:

Lemma 6 Let 	 2 WF su
h that 	

>k

: s

n

� u

n

; G

0

)

�

�

2; where s

n

� u

n

are des
endants of parameter-passing equations. Then

81 � i � n:(s

i

� !

�

u

i

�) (4.1)

Proof. Let � = 	

>k

: The proof is by indu
tion on j�j: If j�j = 1 then

n = 1 and 	 
onsists of a [d℄-, [v℄- or [t℄-step. In ea
h of these 
ases,

property (4.1) holds. Assume now j�j > 1: We distinguish the following


ases:

� � starts with a [v℄- or a [t℄-step. Then s

1

� = u

1

�: From the indu
tion

hypothesis for �

>1

we have s

i

� !

�

u

i

� if 2 � i � n:

� � starts with an [o℄-step to the lhs. Then s = f(s

0

k

) and:

�

>1

: s

n

� u

n

; G

0

)

[o℄;f(u

0

k

)!r

s

0

k

� u

0

k

; r � u

1

; s

2;n

� u

2;n

; G

0

)

�

�

2:

From the indu
tion hypothesis we have s

0

i

� !

�

u

0

i

� (1 � i � k); r� !

�

�

u

1

�; s

j

� !

�

�

u

j

� (2 � j � n): It remains to prove that s

1

� !

�

�

u

1

�;

whi
h is obvious be
ause s

1

� = f(s

0

k

�)!

�

f(u

0

k

)� ! r� !

�

u

1

�:

� � starts with a [d℄-step. Then s

1

= f(s

0

`

); u

1

= f(u

0

`

); and:

� : f(s

0

`

) � f(u

0

`

); s

2;n

� u

2;n

; G

0

)

[d℄

s

0

`

� u

0

`

; s

2;n

� u

2;n

; G

0

)

�

�

2:

From the indu
tion hypothesis we have s

0

i

� !

�

u

0

i

� (1 � i � `) and

s

j

� !

�

u

j

� (2 � j � n): It remains to prove that s

1

� !

�

�

u

1

�; whi
h

is obvious be
ause s

1

� = f(s

0

`

�)!

�

f(u

0

`

)� = u

1

�:

� � starts with an [i℄-step. By Lemma 3, 2.(a), � is of the form

f(s

0

`

) � u

1

; s

2;n

� u

2;n

; G

0

)

[i℄;�

1

s

0

`

�

1

� x

`

; s

2;n

�

1

� u

2;n

; G

0

�

1

)

�

�

0

2

with �

1

= fu

1

7! f(x

n

)g: From the indu
tion hypothesis we have

s

0

i

� = s

0

i

�

1

�

0

!

�

x

i

�

0

(1 � i � `) and s

j

� = s

0

j

�

1

�

0

!

�

u

j

�

1

� = u

j

�

(2 � j � n): It remains to prove that s

1

� !

�

�

u

1

�; whi
h is obvious

be
ause s

1

� = f(s

0

`

�)!

�

f(x

`

�

0

) = f(x

`

)�

0

= u

1

�

1

�

0

= u

1

�: 2
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Note that property 1. of well-formedness is not ne
essary to prove Lemma

6.

Corollary 3 If 	 : s ' t; G

0

)

[o℄

)

�

�

2 2 WF then s� is not a normal

form.

Proof. 	 
an be written as:

f(s

n

) ' t; G

0

)

[o℄;f(l

n

)!r

; s

n

� l

n

; r � t; G

0

:

By Lemma 6 we have 8i 2 f1; : : : ; ng:s

i

� !

�

l

i

�: This implies:

s� = f(s

n

)� !

�

f(l

n

)� ! r�

and hen
e s� is redu
ible. 2

Lemma 7 Let 	 : G

1

; s � t; G

2

)

�

�

2 2 WF su
h that s � t is the n-th

equation in the initial goal of 	. We denote by

�

swap

(	; n) : G

1

; t � s;G

2

)

�

�

2

the LNC-refutation obtained from 	 by performing the same inferen
e steps

in the same order at 
orresponding positions. Then �

swap

(	; n) is well-

formed.

Proof. From the 
onstru
tion of �

swap

(	; n) we see that �

swap

(	; n) ver-

i�es 
ondition 1. of well-formedness. The validity of 
ondition 2. of well-

formedness for �

swap

(	; n) follows from its validity for 	 and the observa-

tion that, due to the asymmetry of the [o℄-inferen
e rule, the des
endants

of parameter-passing equations are identi
al in 	 and �

swap

(	; n): 2

In the sequel we 
on�ne our attention to the 
ase of ATRSs.

4.4.3 LNC-refutations for ATRSs

In this subse
tion we analyze the stru
ture of LNC-refutations for the par-

ti
ular 
ase of ATRSs. We �rst introdu
e the notions of immediate a-

des
endant and a-des
endant of an equation.

De�nition 26 (immediate a-des
endant) Let A : G = e;G

0

) G

00

be

an LNC inferen
e step.

� If G = s

1

s

2

' t; G

0

)

[o℄;l

1

l

2

!r

G

00

= s

1

� l

1

; s

2

� l

2

; r � t; G

0

then

s

1

� l

1

in G

00

is the only immediate a-des
endant of e:

� If G = f ' t; G

0

)

[o℄;f!r

G

00

= r � t; G

0

then there is no immediate

a-des
endant of e:
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� If G = s

1

s

2

' x;G

0

)

[i℄;�=fx 7!x

1

x

2

g

G

00

= s

1

� � x

1

; s

2

� � x

2

; G

0

�

then s

1

� � x

1

in G

00

is the only immediate a-des
endant of e:

� If G = s

1

s

2

� t

1

t

2

; G

0

)

[d℄

G

00

= s

1

� t

1

; s

2

� t

2

; G

0

then s

1

� t

1

in G

00

is the only immediate a-des
endant of e:

� If A is a [v℄- or a [t℄-step then e has no immediate a-des
endants.

De�nition 27 (a-des
endant) The relation of a-des
endant is the re
ex-

ive-transitive 
losure of the relation of immediate a-des
endant.

Note the di�eren
e between the notions of a-des
endant and des
endant.

Lemma 8 Let 	 : G = s � t; G

0

)

�

�

2: If the �rst [o℄-step of 	 is applied

to an a-des
endant of s � t then there exists 	

0

2 f	; �

swap

(	; 1)g su
h

that:

(i) all [i℄-steps before the �rst [o℄-step in 	

0

are applied to the left-hand

side,

(ii) the �rst [o℄-step of 	

0

is applied to the lhs of an a-des
endant of s � t.

Proof. A simple 
ase analysis reveals that if an [o℄-step is applied to an

a-des
endant of s � t then A starts with m � 0 [d℄-steps, followed by p � 0

[i℄-steps, followed by an [o℄-step.

If p = 0 then we 
an write 	 in the form:

	 : G = a u

n

s

m

' x t

m

; G

0

)

m

[d℄

a u

n

' x; s

m

' t

m

; G

0

)

[o℄;k;l!r

)

�

�

2

2:

Then 	

0

= 	 if k = 1 and �

swap

(	; 1) if k = 2 obviously satis�es 
onditions

(i)-(ii).

If p > 0 then we 
an write:

	 : G = a u

n

s

m

' x t

m

; G

0

)

m

[d℄

a u

n

' x; s

m

' t

m

; G

0

)

p

[i℄;k;�

1

(a u

n�p

� x

n�p

; u

n�p+1;n

� x

n�p+1;n

;

s

m

� t

m

; G

0

)�

1

)

[o℄;k;l!r

)

�

�

2

2:

If the �rst [i℄-step is to the lhs (i.e., k = 1) then we 
an take 	

0

= 	;

otherwise we 
an take 	

0

= �

swap

(	; 1): 2

Lemma 9 Let G = f s

m

� g t

n

; G

0

su
h that f 6= g or m 6= n: Then for

every A : G )

�

2 2 LNC there exists an appli
ation of an [o℄-step to an

a-des
endant of f s

m

� g t

n

:
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Proof. By indu
tion on n + m: Obviously, A starts with an [o℄-step or

with a [d℄-step. If A starts with an [o℄-step then there is nothing more to

prove. Assume now that A starts with a [d℄-step. If m = 0 then the only

possibility is n = 0 and g = f: Sin
e this 
ontradi
ts our hypothesis, we

must have m > 0: By a similar argument we infer that n > 0 and therefore

A 
an be written as:

A : G)

[d℄

f s

m�1

� g t

n�1

; s

m

� t

n

; G

0

:

We 
an now apply the indu
tion hypothesis to A

>1

and get the desired

result. 2

Lemma 10 Let A be an LNC-refutation f s

n

� f t

n

; G

0

)

�

�

2: If there

are no [o℄-steps applied to a-des
endants of f s

n

� f t

n

in A, then A is of

the form:

A : f s

n

� f t

n

; G

0

)

n+1

[d℄

s

n

� t

n

; G

0

) 2:

Proof. By indu
tion on n: If n = 0 then the �rst step must be [d℄ and we

are done. Suppose n > 0: Then A starts with a [d℄-step. Therefore A 
an

be written as A : f s

n

� f t

n

; G

0

)

[d℄

f s

n�1

� f t

n�1

; s

n

� t

n

; G

0

)

�

�

2

and the 
on
lusion follows from the indu
tion hypothesis for A

>1

: 2

Lemma 11 Let G = x s

n

' g t

m

; G

0

su
h that m < n: Then for every

LNC-refutation A : G)

�

2 there exists an appli
ation of an [o℄-step to an

a-des
endant of x s

n

' g t

m

:

Proof. By indu
tion on n+m > 0. Sin
e 0 � m < n; A starts either with

an [o℄-step or with a [d℄-step. If A starts with an [o℄-step then we are done.

If not, then A starts with a [d℄-step:

A : G)

[d℄

x s

n�1

' g t

m�1

; s

n

' t

m

; G

0

)

�

2:

From the indu
tion hypothesis for A

>1

we infer the existen
e of an [o℄-

step whi
h is applied to an a-des
endant of the immediate a-des
endant of

x s

n

' g t

m

in A

>1

; and therefore to an a-des
endant of x s

n

' g t

m

in A:

2

Lemma 12 Let A : G = f s

m

� g t

n

; G

0

)

�

2 su
h that m < ar(f) and

n < ar(g): Then m = n; f = g; and G)

m+1

[d℄

s

m

� t

m

; G

0

)

�

2:

Proof. By indu
tion on jAj: If jAj = 1 then A must 
onsist of only a [d℄-

step. This implies f = g and m = n = 0: Assume now that jAj > 1: We

distinguish three 
ases for the �rst step in A:
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1. G)

[d℄

f s

m�1

� g t

n�1

; s

m

� t

n

; G

0

)

�

2:

From the indu
tion hypothesis for A

>1

we get f = g andm�1 = n�1;

and we are done.

2. A starts with an [o℄-step. Note that we 
an not have m = 0 in this


ase be
ause there are no rewrite rules in R with lhs f . Hen
e m > 0

and we 
an assume that the �rst step of A is:

f s

m

� g t

n

; G

0

)

[o℄;h l

k

!r

f s

m�1

� h l

k�1

; s

m

� l

k

; r � g t

n

; G

0

)

�

2

where k = ar(h): From the indu
tion hypothesis for A

>1

we get f = h

and m� 1 = k � 1: This implies ar(f) = ar(h) = k = m: This 
ase is

impossible be
ause we assume that m < ar(f).

3. f s

m

� g t

n

; G

0

)

[o℄;h l

k

!r

g t

n�1

� h l

k�1

; t

n

� l

k

; r � f s

m

; G

0

)

�

2:

This 
ase is also impossible and the proof similar to the previous one.

2

Lemma 13 Let A : G = f s

m

� t; G

0

)

�

2 su
h that it 
ontains an [o℄-

step whi
h is applied to an a-des
endant of f s

m

� t: If the �rst [o℄-step to

an a-des
endant of f s

m

� t is applied to the lhs then m � ar(f):

Proof. By indu
tion on jAj. If jAj = 0 there is nothing more to prove. If

jAj = 1 then A 
onsists of a [d℄- or a [v℄-step and the lemma trivially holds.

Otherwise we distinguish the following 
ases for the �rst step in A:

1. A starts with a [v℄-step. Then there are no more a-des
endants left.

2. A starts with an [o℄-step to the lhs. If m = 0 then A this 
ase is

possible only if ar(f) = 0 and then we are done. Otherwise m > 0

and we have:

A : f s

m

� t; G

0

)

[o℄;h l

k

!r

f s

m�1

� h l

k�1

; s

m

� l

k

; r � t; G

0

)

�

2

where ar(h) = k > 0: If m < ar(f); then by Lemma 12 we must have

h = f and m � 1 = k � 1: But this implies m = k = ar(h) = ar(f);

whi
h 
ontradi
ts the assumption that m < ar(f): Thus, m � ar(f):

3. A starts with a [d℄-step. If m = 0 then t = f and there are no

a-des
endants left. If m > 0 then A 
an be written as:

A : f s

m

� g t

n

; G

0

)

[d℄

f s

m�1

� g t

n�1

; s

m

� t

n

; G

0

)

�

2:

From the indu
tion hypothesis for A

>1

we dedu
e m�1 � ar(f), and

hen
e m � ar(f):
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4. A starts with an [i℄-step. Then m > 0 and A has the form:

A : f s

m

� x;G

0

)

[i℄;�=fx 7!x

1

x

2

g

(f s

m�1

� x

1

; s

m

� x

2

; G

0

)� )

�

2:

The indu
tion hypothesis for A

>1

yields immediately the desired re-

sult. 2

Lemma 14 Let A : f s

n

� t; G

0

)

[o℄;l!r

)

�

2 where n = ar(f): Then l

has the form f l

n

:

Proof. If n = 0 then l = f: Otherwise l is of the form h l

k

with ar(h) =

k > 0 and A is of the form

A : f s

n

� t; G

0

)

[o℄;h l

k

!r

f s

n�1

� h l

k�1

; s

n

� l

k

; r � t; G

0

)

�

2:

From Lemma 12 for A

>1

we have f = h and n = k: 2

Lemma 15 Let A : x s

n

� t; G

0

)

[o℄;f l

k

!r

)

�

2 su
h that n > 0 and [o℄

is never applied to an a-des
endant of x s

n

� t in A

>1

.Then k � n:

Proof. Without loss of generality, A 
an be written as:

x s

n

� t; G

0

)

[o℄;f l

k

!r

x s

n�1

� f l

k�1

; s

n

� l

k

; r � t; G

0

)

n�1

[d℄

x � f l

j

; s

1

� l

j+1

; : : : ; s

n

� l

k

; r � t; G

0

)

�

2

su
h that j � 0 and k = j + n: Then k � n: 2

Lemma 16 If A 2 LNC is of the form

A : G = a t

n

� x;G

0

)

[v℄;�=fx 7!a t

n

g

G

0

� )

�

�

2

where n > 0 then there exists a refutation:

A

0

: G = a t

n

� x;G

0

)

[i℄;�

1

=fx 7!x

1

x

2

g

(a t

n�1

� x

1

; t

n

� x

2

; G

0

)�

1

)

[v℄;�

2

=fx

1

7!a t

n�1

g

(t

n

� x

2

; G

0

)�

1

�

2

V

[V℄;�

3

=fx

2

7!t

n

g

G

0

�

1

�

2

�

3

)

�

�

2:

su
h that A

>1

= A

0

>3

and �

1

�

2

�

3

�

V(G)

= �:

Proof. From the appli
ability of a [v℄-inferen
e step to the equation a t

n

�

x we infer that x 62 V(a t

n

): Let x

1

; x

2

be fresh variables and �

3

= fx

2

7!

t

n

g: Be
ause x; x

1

; x

2

62 V(a t

n

) we 
an 
onstru
t an LNC-derivation:

A

0

: G )

[i℄;�

1

a t

n�1

� x

1

; t

n

� x

2

; G

0

�

1

)

[v℄;�

2

t

n

� x

2

; G

0

�

1

�

2

)

[v℄;�

3

G

0

�

1

�

2

�

3
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Let G

1

= t

n

� x

2

; G

0

�

1

�

2

. Note that we 
an apply a [V℄-step (with n = 0)

to G

1

:

G

1

V

[V℄;�

3

G

0

�

1

�

2

�

3

We have �

1

�

2

�

3

= fx 7! a t

n

; x

1

7! a t

n�1

; x

2

7! t

n

g: Then �

1

�

2

�

3

�

V(G)

=

� be
ause x

1

; x

2

62 V(G): Sin
e V(G

0

) � V(G); we have G

0

�

1

�

2

�

3

= G

0

�:

Therefore, we 
an repla
e the se
ond [v℄-step of A

0

with a [V℄-step and

obtain the (mixed) refutation A

0

: 2

4.4.4 Well-formed LNC-refutations for ATRSs

Lemma 17 Let A : G = a s

m

t

n

' x u

n

; G

0

)

�

�

2 2 WF . If the [o℄-

inferen
e rule is never applied to an a-des
endant of a s

m

t

n

' x u

n

then

there exists an LNCA-derivation B : GV

�

�

G

1

and A

0

: G

1

)

�

�

0

2 2 WF

su
h that jA

0

j < jAj and � = ��

0

[V(G)℄:

Proof. Be
ause the [o℄-inferen
e rule is never applied to a-des
endants of

a s

m

t

n

' x u

n

of G, the �rst n LNC-steps of A must be [d℄-steps. Hen
e,

A 
an be written as:

A : G = a s

m

t

n

' x u

n

; G

0

)

n

[d℄

a s

m

' x; t

n

' u

n

; G

0

)

�

�

2:

We distinguish the following situations:

(1) a = x: We prove that in this 
ase we must have m = 0: Assume m 6=

0: Then the only possibility is to start A

>n

with an [i℄-step. We noti
e

that in this 
ase all the subsequent LNC-steps are [i℄-steps and A is non-

terminating. Therefore m = 0 and the �rst step of A

>n

is a [t℄-step:

A

>n

: x � x; t

n

' u

n

; G

0

)

[t℄

t

n

' u

n

; G

0

)

�

�

2:

In this 
ase we 
an repla
e the �rst n+1 LNC-steps of A with a [dv℄-step:

B : GV

[dv℄

t

n

' u

n

; G

0

)

�

�

2:

We 
an take A

0

= A

>n+1

with �

0

= �; � = ":

(2) a 6= x: Then the only possibility is to start A

>n

with a sequen
e of i [i℄-

steps, where 0 � i � m, followed by a [v℄-step. There are two possibilities:

(2a) i = 0: In this 
ase A

>n


an be written as:

a s

m

' x; t

n

' u

n

; G

0

)

[v℄;�

(t

n

' u

n

; G

0

)� )

�

0

2

with � = fx 7! a s

m

g: This implies that x 62 V(a s

m

) and therefore

we 
an perform the [V℄-step:

B : GV

[V℄;�

(t

n

' u

n

; G

0

)�

In this 
ase we 
an 
hoose G

1

= (t

n

' u

n

; G

0

)� and A

0

= A

>n+1

.
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(2b) i > 0: In this 
ase A

>n


an be written as:

a s

m

' x; t

n

' u

n

; G

0

)

i

[i℄;�

1

:::�

i

(a s

m�i

� x

0

m�i+1

; s

m�i+1;m

� x

m�i+1;m

; t

n

' u

n

;

G

0

)�

1

: : : �

i

)

[v℄;�

0

i

G

1

= (s

m�i+1;m

� x

m�i+1;m

; t

n

' u

n

; G

0

)�

1

: : : �

i

�

0

i

)

�

�

0

2

where �

1

= fx 7! x

0

m

x

m

g; : : : ; �

i

= fx

0

m�i+2

7! x

0

m�i+1

x

m�i+1

g

and �

0

i

= fx

0

m�i+1

7! a s

m�i

g with x

m�i+1

; x

0

m�i+1

; : : : ; x

m

; x

0

m

2

V �V(G

1

) fresh variables. By applying Lemma 16 m� i times to the

�rst [v℄-step of A, we obtain:

A

00

: G )

n

[d℄

a s

m

' x; t

n

' u

n

; G

0

)

i+(m�i)

[i℄;�

1

:::�

m

(a � x

0

1

; s

m

� x

m

; t

n

' u

n

; G

0

)�

1

: : : �

m

)

[v℄;�

0

m

(s

m

� x

m

; t

n

' u

n

; G

0

)�

1

: : : �

m

�

0

m

V

m�i

[V℄;�

0

G

1

= (s

m�i+1;m

� x

m�i+1;m

; t

n

' u

n

; G

0

)�

1

: : : �

i

�

0

i

)

�

0

2

where �

0

= fx

1

7! s

1

; : : : ; x

m�i

7! s

m�i

g, �

1

: : : �

m

�

0

m

�

0

�

V(G)

=

�

1

: : : �

i

�

0

i

, andA

00

>n+m+1+m�i

= A

>n+i+1

:We have �

1

: : : �

m

�

0

m

�

V(G)

=

fx 7! a x

n

g: We let � = fx 7! a x

n

g and the LNCA-step:

a s

m

t

n

' x u

n

; G

0

V

[I℄;�

(s

m

� x

m

; t

n

' u

n

; G

0

)�

repla
e the �rst n+m+ 1 LNC-steps of A

00

: Now we 
an 
hoose:

B : GV

[I℄;�

V

m�i

[V℄;�

0

G

1

and A

0

= A

>n+i+1

: By 2., we have � = ��

0

�

0

[V(G)℄: 2

The following lemma is of importan
e when lifting a well-formed LNC-

refutation to an LNCA-refutation requires the introdu
tion of an [i℄-step.

Lemma 18 Let A : G = (G

0

1

; r � x

1

; s � x

2

; G

0

2

)� )

�

�

2; be a well-formed

LNCA-refutation where � = fx 7! x

1

x

2

g and su
h that:

(i) x

1

; x

2

2 V � V(r; s; x;G

0

1

; G

0

2

);

(ii) if x 2 V(G

0

1

; r; s) then x�� is normalized.

Then there exists A

0

2 WF of the form: A

0

: G

0

= (G

0

1

; r s � x;G

0

2

))

�

�

0

2

su
h that �� = �

0

and jA

0

j � jAj+ 1:

Proof. We distinguish two 
ases:
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1. A has a sub-refutation (x

1

x

2

' t; G

1

; r � x

1

; s � x

2

; G

0

2

)��

1

)

�

2

whi
h does not start with a [v℄- or an [o℄-step applied to t��

1

,

2. A does not have su
h a sub-refutation.

First we prove 
ase 1. Let

A

00

= A

>i

1

: G

i

1

= (x

1

x

2

' t; G

1

; r � x

1

; s � x

2

; G

0

2

)��

1

)

�

2

be the longest sub-refutation of A whi
h does not start with an [o℄- or

a [v℄-step applied to t��

1

. Then obviously x 2 V(G

0

1

) and, a

ording to

hypothesis (ii), x�� is normalized. This implies that (x

1

x

2

)� is a normal

form.

We noti
e that the only way a term of the form x

1

x

2

is de
omposed

in the sub-derivation B : G )

i

1

�

1

G

i

1

of A is by applying a [d℄-, [i℄- or [o℄-

step to an equation of the form x

1

x

2

' v where v is any term. From the

de�nition of A

00

we dedu
e that su
h steps do not appear in B and therefore

the following 
onditions hold:

� x

1

; x

2

62 D(�

1

);

� if x

1

and x

2

appear in I(�

1

) then they appear in subterms of the form

x

1

x

2

:

As a 
onsequen
e (x

1

x

2

)��

1

= x

1

x

2

. Be
ause A 2 WF , from Corollary 3

we obtain by 
ontraposition that A

00

does not start with an [o℄-step applied

to x

1

x

2

: If A

00

starts with an [i℄-step then we must have t��

1

= z 2 V and

A

00

is of the form:

A

00

: x

1

x

2

' z;G

00

)

[i℄;�

0

=fz 7!y

1

y

2

g

x

1

� y

1

; x

2

� y

2

; G

00

�

0

)

2

[v℄;�

00

G

00

�

0

�

00

)

�

2

with G

00

= (G

1

; r � x

1

; s � x

2

; G

0

2

)��

1

: Sin
e this 
ontradi
ts the assump-

tion that A

00

is well-formed, we have that A

00

does not start with an [i℄-step.

Hen
e the next step of A must be a [d℄-step. In this 
ase t��

1

= v

1

v

2

for

some terms v

1

; v

2

and G

0

1

is of the form G

00

0

; x ' t; G

00

1

su
h that we 
an

write:

A : G = (G

00

0

; x ' t; G

00

1

; r � x

1

; s � x

2

; G

0

2

)�

)

i

1

�

1

G

i

1

= x

1

x

2

' v

1

v

2

; (G

00

1

; r � x

1

; s � x

2

; G

0

2

)��

1

)

[d℄

x

1

' v

1

; x

2

' v

2

; (G

00

1

; r � x

1

; s � x

2

; G

0

2

)��

1

)

i

2

�

2

(G

00

1

; r � x

1

; s � x

2

; G

0

2

)��

1

�

2

)

i

3

�

3

G

i

1

+i

2

+i

3

+1

= (r � x

1

; s � x

2

; G

0

2

)��

1

�

2

�

3

)

i

4

�

4

2:
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Starting from A, we 
onstru
t A

0

as follows. Let B

4

2 LNC be of the form:

B

4

: (r s � x

1

x

2

; G

0

2

)��

1

�

2

�

3

)

[d℄

G

i

1

+i

2

+i

3

+1

)

i

4

�

4

2

su
h that (B

4

)

>1

= A

>(i

1

+i

2

+i

3

+1)

: ThenB

4

2 WF be
auseA

>(i

1

+i

2

+i

3

+1)

2

WF . Let B

0

3

2 LNC be of the form:

B

0

3

: x

1

' v

1

; x

2

' v

2

; (G

00

1

; r s � x

1

x

2

; G

0

2

)��

1

)

i

2

+i

3

+i

4

+1

�

2

�

3

�

4

2

su
h that:

� The �rst i

2

+ i

3

steps of B

0

3


oin
ide with the �rst i

2

+ i

3

steps of

A

>i

1

+1

,

� (B

0

3

)

>(i

2

+i

3

)

= B

4

.

Then B

0

3

2 WF . From B

0

3

we 
onstru
t

B

3

: v

1

� x

1

; v

2

� x

2

; (G

00

1

; r s � x

1

x

2

; E

2

)��

1

)

i

2

+i

3

+i

4

+1

�

2

�

3

�

4

2

by permuting, if ne
essary, the sides of the �rst two equations and applying

the same inferen
e steps in the same order at 
orresponding positions. Sin
e

B

0

3

2 WF , from Lemma 7 we obtain that B

3

2 WF .

Sin
e x

1

; x

2

62 G

0

1

we have that x

1

; x

2

62 G

00

1

: We already noti
ed that

x

1

; x

2

62 D(�

1

) and if x

1

and x

2

appear in I(�

1

) then they appear in sub-

terms of the form x

1

x

2

: Therefore we 
an remove all o

urren
es of x

1

and

x

2

from I(�

1

) by repla
ing all the o

urren
es of x

1

x

2

by x. Assume that

by this transformation we obtain Æ

1

from �

1

: Be
ause ��

1

= Æ

1

� we 
an


onsider the LNC refutation

B

0

2

: G

00

= (x � t; G

00

1

; r s � x;G

0

2

)Æ

1

)

[i℄;�

v

1

� x

1

; v

2

� x

2

; (G

0

1

; r s � x

1

x

2

; G

0

2

)��

1

)

i

2

+i

3

+i

4

+1

�

2

�

3

�

4

2

where (B

0

2

)

>1

= B

3

: Then xÆ

1

��

2

�

3

�

4

= x��

1

�

2

�

3

�

4

= x�� is normalized.

The only 
ase when B

0

2

62 WF is where the �rst [i℄-step is followed by two

[v℄-steps. In this 
ase we de�ne B

2

as the LNC-refutation obtained from

B

0

2

by repla
ing the �rst three steps by a [v℄-step. Otherwise we assume

B

2

= B

0

2

: Then B

2

2 WF and jB

2

j � i

2

+ i

3

+ i

4

+ 2: We �nally de�ne:

A

0

: G

0

= (G

00

1

; r s � x;G

0

2

) )

i

1

Æ

1

G

00

= (x � v

1

v

2

; G

00

1

; r s � x;G

0

2

)Æ

1

)

�i

2

+i

3

+i

4

+2

��

2

�

3

�

4

2

where the �rst i

1

steps 
oin
ide with those of A and are applied in the

same order at the same positions, and A

0

>i

1

= B

2

: Then A

0

2 WF and

jA

0

j = i

1

+ jB

2

j � i

1

+ i

2

+ i

3

+ i

4

+ 2 = jAj+ 1:
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We now prove 
ase 2. In this 
ase A 
an be written as:

A : G = (G

0

1

; r � x

1

; s � x

2

; G

0

2

)� )

i

1

�

1

G

i

1

= (r � x

1

; s � x

2

; G

0

2

)��

1

)

i

2

�

2

2

su
h that x

1

; x

2

62 D(��

1

). From A we 
onstru
t the LNC-refutation B as

follows:

A : G)

i

1

�

1

(r � x

1

; s � x

2

; G

0

2

)��

1

)

i

2

�

2

2

*

[i℄;�

B : G)

i

1

Æ

1

G

0

i

1

= (r s � x;G

0

2

)Æ

1

where Æ

1

is de�ned like in 
ase 1, the �rst i

1

steps of B 
oin
ide with the �rst

i

1

steps of A and are applied in the same order and at the same positions,

and B

>i

1

+1

= A

>i

1

. If A

>i

1

starts with two [v℄-steps then we de�ne A

0

to

be B in whi
h the sequen
e )

[i℄

)

[v℄

)

[v℄

of steps to G

0

i

1

is repla
ed by a

[v℄-step. Otherwise A

0

= B: Then A

0

2 WF and jA

0

j � i

1

+ i

2

+1 = jAj+1:

2

Lemma 19 Let A : f s

n

� t; G)

�

�

2 2 WF su
h that:

(i) There exists a �rst [o℄-step of A whi
h is applied to the lhs of an

a-des
endant of f s

n

� t,

(ii) All [i℄-steps before the �rst [o℄-step are applied to the lhs.

Then there exists a fresh variant f u

m

! r of a rewrite rule su
h that:

(a) The last [o℄-step to an a-des
endant of f s

n

� t is of the form

A

1

: (f s

m

� t

0

)�;G

0

)

f
u

m

!r

(f s

m�1

� f u

m�1

; s

m

� u

m

; r s

m+1;n

� t

0

)�;G

0

where m � n,

(b) There exists A

0

2 WF of the form

A

0

: s

m

� u

m

; r s

m+1;n

� t; G)

�

�

2

su
h that jA

0

j < jAj:

Proof. We �rst prove (a). Be
ause of (ii), the a-des
endant e

0

of f s

m

� t

to whi
h the �rst [o℄-step is applied is of the form e

0

= (f s

p

� t

00

)�

0

where

p � n: Sin
e the a-des
endants of e

0

are des
endants of parameter-passing

equations and the 
onditions P

[o℄

(A) and P

[i℄

(A) of well-formedness hold,

we dedu
e that the a-des
endant of e to whi
h the last [o℄-step is applied

is of the form (f s

m

� t

0

)� where m � p � n: It remains to prove that the

rewrite rule variant employed in this last [o℄-step is of the form f u

m

! r:
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By Lemma 14, it suÆ
es to prove that m = ar(f): By Lemma 13 for the

well-formed sub-refutation A

00

of A starting with A

1

we have m � ar(f): If

m = 0 then also ar(f) = 0 and there is nothing more to prove. If m > 0

then we 
an write A

00

as follows:

(f s

m

� t

0

)�;G

0

)

h u

k

!r

(f s

m�1

� h u

k�1

; s

m

� u

k

; r s

m+1;n

� t

0

)�;G

0

)

�

2

where k = ar(h) > 0: Sin
e A

00

>1

does not 
ontain [o℄-steps applied to a-des
-

endants of f s

m�1

� h u

k�1

; we 
an apply Lemma 9 to A

00

>1

and obtain by


ontraposition that f = h andm�1 = k�1: Hen
e ar(f) = ar(h) = k = m:

We prove now (b). We prove by indu
tion on n � m the existen
e a

well-formed LNC-refutation

A

0

: s

m

� u

m

; r s

m+1;n

� t; G)

�

�

2

whi
h in addition to jA

0

j < jAj it also satis�es the 
ondition:

C(A;A

0

) : If A : e;G )

�

2 then for every e

0

2 G the following impli
ation

holds: if [o℄ is never applied to the rhs of the des
endants of e

0

in

A then [o℄ is never applied to the rhs of the des
endants of e

0

in

A

0

.

This 
ondition is used in the proof of 
ase 2., where we 
onstru
t an LNC-

refutation with a new parameter-passing equation.

Case I. Assume n = m: Then we distinguish two sub
ases:

(a) m = 0. Be
ause property (a) holds, A is of the form A : f �

t; G )

[o℄;f!r

r � t; G )

�

�

2 and we 
an take A

0

= A

>1

: Obviously,

C(A

>1

; A

0

) implies C(A;A

0

):

(b) m > 0. Be
ause of property (a), the �rst LNC-step of A 
oin
ides

with the last [o℄-step to an a-des
endant of f s

m

� t: Therefore, we


an write:

A : f s

m

� t; G)

[o℄;f u

m

!r

f s

m�1

� f u

m�1

; s

m

� u

m

; r � t; G)

�

�

2:

From Lemma 12 we know that A

>1


ontains a sub-refutation:

A

0

: s

m

� u

m

; r � t; G)

�

�

2

su
h that jA

0

j � jA

>1

j < jAj and C(A

>1

; A

0

): Also, C(A

>1

; A

0

) implies

C(A;A

0

):

Case II. Assume n > m: We distinguish the following situations:
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1. A starts with a [d℄-step. Then t = t

1

t

2

for some terms t

1

; t

2

and we

have:

A : f s

n

� t

1

t

2

; G)

[d℄

f s

n�1

� t

1

; s

n

� t

2

; G)

�

�

2:

Sin
e A

>1

has properties (i) and (ii), from the indu
tion hypothesis

we infer the existen
e of B 2 WF of the form:

B : G

0

1

= (s

m

� u

m

; r s

m+1;n�1

� t

1

; s

n

� t

2

; G))

�

�

2

su
h that jBj < jA

>1

j and C(A

>1

; B) holds. Also, C(A

>1

; B) implies

C(A;B): Let B

>i

be the sub-refutation of B su
h that

B

>i

: G

2

= (r s

m+1;n�1

� t

1

; s

n

� t

2

; G)�

1

)

j

�

2

2:

We 
onstru
t the LNC-refutation

A

0

: G

1

= s

m

� u

m

; r s

m+1;n

� t

1

t

2

; G

)

i

�

1

G

0

2

= (r s

m+1;n

� t

1

t

2

; G)�

1

)

[d℄

G

2

= (r s

m+1;n�1

� t

1

; s

n

� t

2

; G)�

1

)

j

�

2

2

where the �rst i steps of A

0


oin
ide with those of B and A

0

>(i+1)

=

B

>i

: Then A

0

2 WF and jA

0

j = i+ j+1 = jBj+1 < jA

>1

j+1 = jAj.

Sin
e B 2 WF , we dedu
e that A

0

2 WF . Moreover, C(A;B) implies

C(A;A

0

):

2. A starts with an [o℄-step to the lhs. Then A is of the form:

A : f s

n

� t; G)

[o℄;h v

k

!r

0

f s

n�1

� h v

k�1

; s

n

� v

k

; r

0

� t; G)

�

�

2

where k = ar(h) > 0: From the indu
tion hypothesis for A

>1

, there

exists B 2 WF of the form

B : G

0

1

= s

m

� u

m

; r s

m+1;n�1

� h v

k�1

; s

n

� v

k

; r

0

� t; G)

�

�

2

su
h that jBj < jA

>1

j and C(A

>1

; B): From the validity of property

P

[o℄

(A

>1

) we dedu
e that [o℄ is never applied to the rhs of des
endants

of the equation t

n

� v

k

in A

>1

: From C(A

>1

; B) we have that [o℄ is

never applied to the rhs of the des
endants of t

n

� v

k

in B: Let B

>i

be

the sub-refutation of B su
h that B

>i

: G

2

= (r s

n�1

� h v

k�1

; s

n

�

v

k

; r

0

� t; G)�

1

)

j

�

2

2: We 
onstru
t the LNC-refutation:

A

0

: G

1

= s

m

� u

m

; r s

m+1;n

� t; G

)

i

�

1

G

0

2

= (r s

m+1;n

� t; G)�

1

)

[o℄;h v

k

!r

0

G

2

= (r s

m+1;n�1

� h v

k�1

; s

n

� v

k

; r

0

� t; G)�

1

)

j

�

2

2
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where the �rst i steps of A

0


oin
ide with those of B and A

0

>(i+1)

=

B

>i

:

Then jA

0

j = jBj+1 < jA

>1

j+1 = jAj: From our previous remark that

no [o℄-steps are applied to the rhs of des
endants of t

n

� v

k

we dedu
e

A

0

2 WF : From the 
onstru
tion of A

0

and the fa
t that C(A

>1

; B)

holds we infer that C(A;A

0

) holds too.

3. A starts with an [i℄-step to the lhs. Then:

A : f s

n

� x;G)

[i℄;�=fx 7!x

1

x

2

g

(f s

n�1

� x

1

; s

n

� x

2

; G)� )

�

�

0

2:

An appli
ation of the indu
tion hypothesis to A

>1

reveals the exis-

ten
e of a B 2 WF of the form:

B : (s

m

� u

m

; r s

m+1;n�1

� x

1

; s

n

� x

2

; G)� )

�

�

0

2

su
h that jBj < jA

>1

j and C(A

>1

; B): We distinguish two sub
ases:

(a) x 2 V(f s

n

): Then x��

0

is normalized be
ause A 2 WF . We 
an

now apply Lemma 18 to B and obtain A

0

2 WF of the form:

A

0

: s

m

� u

m

; r s

m+1;n

� x;G)

�

00

2

su
h that ��

0

= �

00

and jA

0

j � jBj + 1: But ��

0

= � and hen
e

�

00

= �: Also, jA

0

j � jBj + 1 < jA

>1

j + 1 = jAj. From the


onstru
tion of A

0

from B given in the proof of Lemma 18 results

that if [o℄ is never applied to the rhs of des
endants of e 2 G in

B then [o℄ is never applied to the rhs of des
endants of e in A

0

:

This observation together with C(A

>1

; B) implies C(A;A

0

):

(b) x 62 V(f s

n

): Then x 62 V(s

m

� u

m

; r s

m+1;n�1

; s

n

) and we 
an

again apply Lemma 18 to 
onstru
t from B the desired A

0

2 WF

with property C(A;A

0

): 2

Lemma 20 Let A 2 WF be of the form

A : G = x s

n

� t; G

0

)

�

�

2 (4.2)

su
h that there exists a �rst [o℄-step of A whi
h is applied to the lhs of an

a-des
endant of x s

n

� t and all the [i℄-steps whi
h pre
ede it are applied

to the lhs. Then there exists a fresh variant f u

k

v

m

! r of a rewrite rule

su
h that:

(a) 0 < m � n;
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(b) The last [o℄-step to an a-des
endant of x s

n

� t is of the form

A

1

: (x s

m

� t

0

)�

1

; G

00

)

[o℄;f u

k

v

m

!r

(f s

m�1

� f u

k

v

m�1

; s

m

� v

m

; r s

m+1;n

� t

0

)�

1

; G

00

(
) There exists a A

0

2 WF of the form:

A

0

: (s

m

� v

m

; r s

m+1;n

� t; G

0

)� )

�

�

0

2 (4.3)

with � = fx 7! f u

k

g su
h that ��

0

= � and jA

0

j < jAj:

Proof. We noti
e that the a-des
endants of parameter-passing equations

are parameter-passing equations. Sin
e the �rst [o℄-step to an a-des
endant

of x s

n

� t is applied to the lhs then, be
ause of property P

[o℄

(A), all the

[o℄-steps to a-des
endants of x s

n

� t are applied to the lhs. Also, be
ause

of property P

[i℄

(A); all [i℄ steps between the �rst and the last [o℄-step to

an a-des
endant of x s

n

� t are applied to the lhs. Therefore, the last

a-des
endant of x s

n

� t to whi
h an [o℄-step is applied is of the form

(x s

m

)�

1

� t

0

�

1

with m � n:

We prove now that m > 0. Assume that m = 0: Then from the appli
a-

bility of an [o℄-step to the lhs of (x s

m

)�

1

� t

0

�

1

we dedu
e that x 2 D(�

1

).

Also, by Corollary 3, the term x�

1

is redu
ible. Sin
e this 
ontradi
ts prop-

erty 1.(b) of well-formedness for A, we must have m > 0: From Lemma 15

we dedu
e that the variant of the rewrite rule employed in the [o℄-step to

the lhs of (x s

m

)�

1

� t

0

�

1


an be written as f u

k

v

m

! r: Thus, 
onditions

(a) and (b) hold.

We prove now that 
ondition (
) also holds. Consider the sub-refutation

A

000

of A that starts with an [o℄-step applied to the lhs of the a-des
endant

(x s

m

� t

0

)�

1

of x s

n

� t: This refutation starts from a goal of the form

G

2

= (x s

m

� t

0

)�

1

; G

00

: Sin
e A

000

2 WF , it is of the form:

G

2

)

[o℄;f u

k

v

m

!r

(x�

1

) s

0

m�1

� f u

k

v

m�1

; s

0

m

� v

m

; r � t

0

�

1

; G

00

)

�

2

where s

0

i

= s

i

�

1

for 1 � i � m: Sin
e the �rst step of this sub-refutation

is also the last one to an a-des
endant of x s

n

� t; we dedu
e that the

following m� 1 steps must be [d℄-steps. Therefore we 
an write:

A : G)

�

�

1

G

2

= (x s

m

� t

0

)�

1

; G

00

)

[o℄;f u

k

v

m

!r

(x�

1

) s

0

m�1

� f u

k

v

m�1

; s

0

m

� v

m

; r � t

0

�

1

; G

00

)

m�1

[d℄

x�

1

� f u

k

; s

0

1

� v

1

; : : : ; s

0

m

� v

m

; r � t

0

�

1

; G

00

)

�

2:

(4.4)

The equations displayed within boxes are des
endants of the parameter-

passing equations generated from the equation (x s

m

� t

0

)�

1

2 G

2

. They

are used in spe
ifying the property C

2

(A;A

0

) de�ned below.
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We now prove by indu
tion on jAj the existen
e of A

0

2 WF : In the

proof we make use of the property that the 
ondition C(A;A

0

) = C

1

(A;A

0

)^

C

2

(A;A

0

) holds in ea
h indu
tion step. Here, C

1

(A;A

0

) and C

2

(A;A

0

) are

de�ned as follows:

Let A and A

0

be the LNC-refutations under 
onsideration of the forms given

in (4.2) and (4.3). Then:

C

1

(A;A

0

) : for every e

0

2 G

0

, if [o℄ is never applied to the rhs of de-

s
endants of e

0

in A then [o℄ is never applied to the rhs of

des
endants of e

0

in A

0

C

2

(A;A

0

) : assuming A is written in the form (4.4) des
ribed above then

for every i 2 f1; : : : ;mg the following impli
ation holds: if

[v℄ is the only LNC-step applied to a des
endant of s

0

i

� v

i

in A then [v℄ is the only LNC-step applied to a des
endant

of s

i

� v

i

in A

0

:

First we note that be
ause of assumption (ii) A 
an not start with a [v℄-step

or a [t℄-step. We distinguish three possibilities for the �rst LNC-step of A:

Case I. A starts with an [i℄-step. Then t 2 V : Be
ause of assumption (ii)

we must have n > 0. In this 
ase A 
an be written as:

A : G)

[i℄;�

0

(t�

0

) s

00

n�1

� x

1

; s

00

n

� x

2

; G

0

�

0

)

�

2

where �

0

= ft 7! x

1

x

2

g with x

1

; x

2

2 V fresh variables, s

00

i

= s

i

�

0

for

1 � i � n: We further distinguish two sub
ases:

1. t = x. Then A is of the form

A : G)

[i℄;�

0

x

1

x

2

s

00

n�1

� x

1

; s

00

n

� x

2

; G

0

�

0

)

�

�

00

2

where �

0

�

00

= �, and the sub-refutation A

000

of A 
an be written as:

A

000

: G

2

= (x

1

x

2

s

m

� t

0

)�

1

; G

00

)

[o℄;f
u

k

v

m

!r

(x

1

x

2

s

m�1

� f u

k

v

m�1

;

s

m

� v

m

; r � t

0

)�

1

; G

00

)

�

2:

The equation (x

1

x

2

s

m

� t

0

)�

1

is an a-des
endant of x

1

x

2

s

00

n�1

� x

1

obtained by applying a sequen
e of [d℄-, [i℄- and [o℄-steps. Sin
e [i℄-

and [o℄-steps of this sequen
e are applied only to the lhs, we have

V(x

1

x

2

s

00

n�1

� x

1

)\D(�

1

) = fx

1

g and V(x

1

x

2

s

00

n�1

� x

1

)\I(�

1

) =

;. Therefore x

2

62 D(�

1

) [ V(x

1

�

1

): From Lemma 15 we dedu
e that
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k � 1: Sin
e A

000

2 WF ; we 
an write it in the form:

G

2

= (x

1

x

2

s

m

� t

0

)�

1

; G

00

)

[o℄;f u

k

v

m

!r

x

1

x

2

s

0

m�1

� f u

k

v

m�1

; s

0

m

� v

m

; r � t

0

�

1

; G

00

)

m

[d℄

x

1

�

1

� f u

k�1

; x

2

� u

k

; s

0

1

� v

1

; : : : ; s

0

m

� v

m

;

r � t

0

�

1

; G

00

)

�

2

where the equations displayed within boxes are des
endants of the

parameter-passing equations generated from the equation (x

1

x

2

s

m

�

t

0

)�

1

2 G

2

: Sin
e x

2

62 V(x

1

�

1

� f u

k�1

); we 
an further write

A

000

>m+1

: x

1

�

1

� f u

k�1

; (x

2

� u

k

; s

m

� v

m

; r � t

0

)�

1

; G

00

)

�

�

2

x

2

� u

k

�

2

; (s

m

� v

m

; r � t

0

)�

1

�

2

; G

00

�

2

)

[v℄

)

�

2:

We 
an now apply the the indu
tion hypothesis to A

>1

2 WF and

dedu
e the existen
e of a well-formed LNC-refutation A

00

of the form:

A

00

: (x

2

� u

k

; s

m

� v

m

; r s

m+1;n�1

� x

1

; s

n

� x

2

; G

0

)�

0

�

1

)

�

�

000

2

where �

1

= fx

1

7! f u

k�1

g, jA

00

j < jA

>1

j, and C(A

>1

; A

00

); and

�

1

�

000

= �

00

: From the assumption C

2

(A

>1

; A

00

) and the observation

that [v℄ is the only inferen
e step applied to an a-des
endant of x

2

�

u

k

in A we 
on
lude that the �rst LNC-step to (x

2

� u

k

)�

0

�

1

= x

2

�

u

k

must be a [v℄-step. Hen
e:

A

00

>1

: (s

m

� v

m

; r s

m+1;n�1

� x

1

; s

n

� x

2

; G

0

)�

0

�

1

fx

2

7! u

k

g )

�

2:

Note that �

0

�

1

fx

2

7! u

k

g = fx 7! f u

k

; x

1

7! f u

k�1

; x

2

7! u

k

g:

Be
ause � = (�

0

�

1

fx

2

7! u

k

g)�

V(s

m

�v

m

;r s

m+1;n�1

;G

0

)

, we 
an write:

A

00

>1

: (s

m

� v

m

; r s

m+1;n�1

� f u

k�1

; s

n

� u

k

; G

0

)�

)

i

�

1

(r s

m+1;n�1

� f u

k�1

; s

n

� u

k

; G

0

)��

1

)

�

�

2

2:

We perform the following 
onstru
tion of A

0

from A

00

>1

:

A

0

: (s

m

� v

m

; r s

m+1;n

� x;G

0

)� )

i

�

1

(r t

n

� f u

k

; G

0

)��

1

)

[d℄

(r s

m+1;n�1

� f u

k�1

; s

n

� u

k

; G

0

)��

1

)

�

�

2

2

where the �rst i LNC-steps of A

0


oin
ide with the �rst i LNC-steps

of A

00

>1

and A

0

>i+1

= A

00

>i+1

: Then A

0

is well-formed and satis�es

the requirements of our lemma. The validity of C(A;A

0

) results from

the way in whi
h A

0

is 
onstru
ted from A

00

and from the property

C(A

>1

; A

00

):
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2. t 6= x. Then A is of the form

A : G)

[i℄;�

0

x s

00

n�1

� x

1

; s

00

n

� x

2

; G

0

�

0

)

�

�

00

2

where �

0

�

00

= �. By the indu
tion hypothesis for A

>1

there exists a

A

00

2 WF of the form:

A

00

: (s

m

� v

m

; r s

m+1;n�1

� x

1

; s

n

� x

2

; G

0

)�

0

� )

�

�

0

2

su
h that ��

0

= �

00

, jA

00

j < jA

>1

j and C(A

>1

; A

00

): Sin
e �

0

� = ��

0

,

we 
an write A

00

in the form:

A

00

: (s

m

� v

m

; r s

m+1;n�1

� x

1

; s

n

� x

2

; G

0

)��

0

)

�

�

0

2:

An appli
ation of Lemma 18 to A

00

yields the desired A

0

2 WF .

Case II. A starts with an [o℄-step. We distinguish two 
ases:

� n = m: Then this step is also the last [o℄-step to an a-des
endant of

x s

m

� t. We have then:

A : x s

m

� t; G

0

)

[o℄;f u

k

v

m

!r

x s

m�1

� f u

k

v

m�1

; s

m

� v

m

; r � t; G

0

)

m�1

[d℄

x � f u

k

; s

m

� v

m

; r � t; G

0

)

[v℄;�=fx 7!f u

k

g

(s

m

� v

m

; r � t; G

0

)� )

�

�

0

2

and we 
an 
hoose A

0

= A

>m+1

:

� n > m: In this 
ase we have:

A : x s

n

� t; G

0

)

[o℄;l

1

l

2

!r

0
x s

n�1

� l

1

; s

n

� l

2

; r

0

� t; G

0

)

�

�

0

2:

By the indu
tion hypothesis for A

>1

we infer the existen
e of A

00

2

WF of the form:

A

00

: (s

m

� v

m

; r s

m+1;n�1

� l

1

; s

n

� l

2

; r

0

� t; G

0

)� )

�

�

0

2

su
h that ��

0

= �; jA

00

j < jA

>1

j and C(A

>1

; A

00

): Let i

1

� 0 su
h

that:

A

00

: (s

m

� v

m

; r s

m+1;n�1

� l

1

; s

n

� l

2

; r

0

� t; G

0

)�

)

i

1

�

0

(r s

m+1;n�1

� l

1

; t

n

� l

2

; r

0

� t; G

0

)��

0

)

�

2:

We 
onstru
t:

A

0

: (s

m

� v

m

; r s

m+1;n

� t; G

0

)� )

i

1

�

0

(r s

m+1;n

� t; G

0

)��

0

)

[o℄;l

1

l

2

!r

0

(r s

m+1;n�1

� l

1

; s

n

� l

2

; r

0

� t; G

0

)��

0

)

�

2
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su
h that the �rst i

1

steps of A

0


oin
ide with the �rst i

1

steps of A

00

and A

0

>i

1

+1

= A

00

>i

1

: We noti
e that jA

0

j = jA

00

j + 1 < jA

>1

j + 1 =

jAj: We must show that A

0

2 WF . Be
ause A

00

2 WF , we only

have to show that in A

0

there are no [o℄-steps applied to the rhs of

des
endants of the parameter-passing equation (t

n

� l

2

)��

0

:We note

that (s

n

� l

2

)� is a parameter-passing equation in A

>1

and therefore

[o℄-steps are never applied to the rhs of the des
endants of (t

n

� l

2

)�.

From C(A

>1

; A

00

) we infer that in A

00

[o℄-steps are never applied to

the rhs of the des
endants of (s

n

� l

2

)�: From the 
onstru
tion of

A

0

it is easily seen that also in A

0

[o℄ is never applied to the rhs of

(s

n

� l

2

)��

0

:

The validity of C(A;A

0

) results from C(A

>1

; A

00

) and the 
onstru
tion

of A

0

from A

00

:

Case III. A starts with a [d℄-step. Then n > 0; t = t

1

t

2

for some terms

t

1

; t

2

and:

A : x s

m

� t

1

t

2

; G

0

)

[d℄

x s

n�1

� t

1

; s

n

� t

2

; G

0

)

�

�

2

and we 
an apply the indu
tion hypothesis to A

>1

and obtain a well-formed

LNC-refutation:

A

00

: (s

m

� v

m

; r s

m+1;n�1

� t

1

; s

n

� t

2

; G

0

)� )

�

0

2

with ��

0

= �, jA

0

j < jA

>1

j and C(A

>1

; A

00

). Let i

1

� 0 su
h that:

A

00

: (s

m

� v

m

; r s

m+1;n�1

� t

1

; s

n

� t

2

; r

0

� t; G

0

)�

)

i

1

(r s

n�1

� t

1

; s

n

� t

2

; G

0

)��

0

)

�

2:

Then we de�ne A

0

as follows:

A

0

: (s

m

� v

m

; r s

m+1;n

� t; G

0

)� )

i

1

�

0

(r s

m+1;n

� t

1

t

2

; G

0

)��

0

)

[d℄

(r s

m+1;n�1

� t

1

; s

n

� t

2

; G

0

)��

0

)

�

2

where the �rst i

1

steps of A

0


oin
ide with the �rst i

1

steps of A

00

and

A

0

>i

1

+1

= A

00

>i

1

: Then A

0

2 WF and jA

0

j = jA

00

j + 1 < jA

>1

j + 1 = jAj:

Also, property C(A;A

0

) follows from C(A

>1

; A

00

) and the 
onstru
tion of A

0

from A

00

. 2

4.4.5 The Completeness Theorem

Lemma 21 Let R be a 
on
uent ATRS and G be a goal. For every well-

formed LNC-refutation A : G )

�

�

2 there exists an LNCA-derivation B :

G V

�

�

G

1

and a well-formed LNC-refutation A

0

: G

1

)

�

�

0

2 su
h that

��

0

= � [V(G)℄ and jA

0

j < jAj:
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Proof. Let G = s � t; G

0

: We distinguish the following 
ases:

(1) No [o℄-steps are applied to a-des
endants of s � t in A. We have to


onsider the following 
ases:

(1a) s = f s

m

and t = g t

n

: A

ording to Lemma 9, we must have

f = g and n = m: A

ording to Lemma 10, there exists a A

0

2

WF of the form A

0

: s

n

� t

n

; G

0

)

�

�

2 su
h that jA

0

j < jAj:

Then, for:

B : G = f s

n

� f t

n

; G

0

V

[df℄

G

1

G

1

= s

n

� t

n

; G

0

,

�

0

= �, � = "

the 
on
lusion of Lemma 21 holds.

(1b) s � t is of the form a s

m

' x t

n

with m � n: This 
ase is 
overed

by Lemma 17.

(1
) Otherwise, s � t must be of the form f s

m

' x u

n

with m < n:

A

ording to Lemma 11, there exists an [o℄-step in A whi
h is

applied to an a-des
endant of s � t. Sin
e we assumed the


ontrary, this 
ase is impossible.

(2) The �rst [o℄-step is applied to the lhs of an a-des
endant of s � t: By

Lemma 8, there exists A

00

2 fA; �

swap

(A; 1)g su
h that all [i℄-steps

before the �rst [o℄-step are applied to the lhs and the �rst [o℄-step is

applied to the lhs. A

ording to Lemma 7, A

00

2 WF . Assume:

A

00

: a s

n

� r

0

; G

0

)

�

�

2

where a 2 F [ V : We distinguish two 
ases:

(a) a = f 2 F : Let m = ar(f): From Lemma 19 we infer the existen
e

of a fresh variant f u

m

! r of a rewrite rule with m � n and of an

A

0

2 WF of the form

A

0

: s

m

� u

m

; r s

m+1;n

� t; G

0

)

�

�

2

su
h that jA

0

j < jAj: We note that we 
an 
hoose B to be:

B : f s

n

' r

0

; G

0

V

[of℄;f u

m

!r

s

m

� u

m

; r s

m+1;n

� r

0

; G

0

(b) a = x 2 V . By Lemma 20 we 
an assume the existen
e of a fresh

variant f u

k

v

m

! r of a rewrite rule su
h that 0 < m � n and of an

A

0

2 WF of the form:

A

0

: (s

m

� v

m

; r s

m+1;n

� t; G

0

)� )

�

�

0

2
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with � = fx 7! f u

k

g su
h that ��

0

= � and jA

0

j < jAj: We 
an now


onsider the [ov℄-step of LNCA:

B : G = (x s

n

' r

0

; G

0

)

V

[ov℄;�;f u

k

v

m

!r

G

1

= (s

m

� v

m

; r s

m+1;n

� r

0

; G

0

)�:

(3) The �rst [o℄-step is applied to the rhs of an a-des
endant of s � t:

Then obviously the �rst [o℄-step is not pre
eded by [i℄-steps, and in

�

swap

(A; 1) the �rst [o℄-step is applied to the lhs. This 
ase redu
es

to 
ase (2). 2

Theorem 4 (
ompleteness theorem) Let R be a 
on
uent ATRS and

G a goal. For every normalized solution � of G there exists a su

essful

LNCA-derivation A : GV

�

�

0

2 su
h that �

0

� � [V(G)℄:

Proof. By Corollary 2 and indu
tion on jAj using Lemma 21. 2

4.5 Con
lusion

The 
ompleteness proof of LNCA for 
on
uent ATRSs is by indu
tion on

the length of well-formed LNC-refutations: any well-formed LNC-refutation


an be repla
ed with a sequen
e of LNCA-steps followed by a shorter

well-formed LNCA-refutation, su
h that the 
omputed answer is the same.

S
hemati
ally, the lifting pro
ess of a well-formed LNC-refutation into an

LNCA-refutation is depi
ted in the �gure below. Noti
e that the length of

situation of well-formed LNC-refutation partially lifted refutation

Lemma 21 G = s � t; G

0

)

N

2 GV

�

G

00

)

�

2

(1a) f s

n

� f t

n

; G

0

)

N

2 GV

[df℄

s

n

� t

n

; G

0

)

N�1

2

(1b) x s

m

t

n

' x u

n

; G

0

)

N

2 GV

[dv℄

G

00

)

N�1�n

2

a s

m

t

n

' x u

n

; G

0

)

N

2 GV

[V℄

G

00

)

N�1

2

with a 6= x or

GV

[I℄

V

m�i

[V℄

G

00

)

N�i�1

2

(2a) f s

n

' r

0

; G

0

)

N

2 GV

[of℄

G

00

)

<N�1

2

(2b) x s

n

' r

0

; G

0

)

N

2 GV

[of℄

G

00

)

<N�1

2

(3) similar to 
ases (2a), (2b)

Fig. 4.1: Lifting of a well-formed LNC-refutation to an LNCA-refutation

the LNCA-refutation 
orresponding to a well-formed LNC-refutation may

be longer (
ase (1b) of Lemma 21). This means that LNC may sometimes
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be more eÆ
ient than LNCA if we 
ompare them in terms of refutation

length. Intuitively, the advantage of LNCA versus LNC is the redu
tion of

the width of the sear
h spa
e of solutions be
ause of the inferen
e rule [of℄

of LNCA whi
h is a spe
ialization of the [o℄-inferen
e rule of LNC.

A possible dire
tion of further resear
h is to analyze how the determinis-

ti
 re�nements of LNC to LNC

d


an be 
arried over to LNCA. By following

a similar approa
h we expe
t to �nd a deterministi
 
al
ulus for appli
ative

term rewriting systems.



Chapter 5

Lazy Narrowing for

Higher-Order Pattern

Rewrite Systems

In this 
hapter we study the possibility to extend the equational reason-

ing 
apabilities of lazy narrowing to languages of simply-typed �-terms.

The expressive power of the higher-order 
onstru
ts available in �-
al
ulus

is widely re
ognized by the equational logi
 
ommunity. In parti
ular,

higher-order term rewriting supports symboli
 
omputation with 
omplex

stru
tures, and the underlying kernel of the language of 
omputer alge-

bra Mathemati
a

TM

[Wol96℄ is based on a parti
ular version of higher-

order rewriting. In [Pre98℄, Prehofer develops a powerful higher-order lazy

narrowing 
al
ulus LN whi
h is based on the notion of higher-order term

rewriting introdu
ed by Nipkow [Nip91, Nip93, NP98℄. For alternative no-

tions of higher-order term rewriting we refer the reader to [Klo90, Klo92,

vO94, Wol93℄. The advantage of adopting Nipkow's rewrite relation instead

of the others proposed so far stems from its similarity with �rst-order term

rewriting, but still it is quite general. Be
ause of this fa
t, several notions

and results from �rst-order term rewriting and narrowing 
an be lifted to

the higher-order 
ase.

Motivation

Our experien
e with the with the �rst-order lazy narrowing 
al
uli pro-

posed by the members of the SCORE group during re
ent years [NI95,

Suz95, MOI96, MO98℄ helped us to dete
t many similarities between �rst-

77
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order lazy narrowing 
al
ulus LNC and LN even though they are based

on di�erent theoreti
al frameworks. Therefore we 
onsidered worthwhile

to try to extend to LN the deterministi
 re�nements of the 
al
ulus LNC

whi
h make it suitable for pra
ti
al appli
ations.

Another reason for our resear
h was that this area of resear
h is still at

its infan
y. The pra
ti
al utility of higher-order 
onstru
ts in de
larative

programming has already been explored in logi
 programming languages

su
h as �-Prolog [MN86℄, but useful and powerful fun
tional logi
 pro-

gramming languages are still missing. This is mainly so be
ause of the la
k

of an eÆ
ient operational prin
iple as it is lazy narrowing in the �rst-order

logi
 
ase. Proposals for higher-order lazy narrowing 
al
uli have started to

appear [Pre98, SNI97℄ but unfortunately they are of little pra
ti
al interest

either be
ause they are too restri
ted or too nondeterministi
.

Our investigation draws on two sour
es: the 
al
ulus LN, and the de-

terministi
 re�nements of the �rst-order lazy narrowing 
al
ulus LNC. The

out
ome is a series of lazy narrowing 
al
uli equipped with suitable equation

sele
tion strategies, ea
h of them tailored for a parti
ular 
lass of higher-

order term rewriting systems and satisfying 
ertain 
ompleteness proper-

ties. These 
al
uli are more deterministi
 than LN, and thus more suitable

for solving 
omplex problems. Most of the 
al
uli proposed by us are the

out
ome of our attempt to lift to LN the deterministi
 re�nements of the


al
ulus LNC.

Before setting up the theoreti
al framework of our work, we mention

some of the main reasons why the higher-order setting of lazy narrowing

more diÆ
ult than �rst-order logi
:

� The terms of the language are simply typed �-terms, whi
h are iden-

ti�ed modulo the �, � and � 
onversion rules of the �-
al
ulus.

� The narrowing and rewriting operations require a 
orre
t treatment

of the lo
ally bound variables,

� Both pattern-mat
hing and uni�
ation of simply-typed �-terms are

highly intra
table operations.

To over
ome the 
ompli
ations mentioned above, we adopt the following

restri
tions:

1. The terms of our language are represented in long ��-normal form.

Motivation: the long ��-normal form representation is 
onvenient

be
ause of the following well known theoreti
al result [HS86℄: two

simply-typed �-terms are ���-
onvertible i� their long ��-normal

forms are �-
onvertible. Another important theoreti
al result is that
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�-
onvertible �-terms 
an be identi�ed at the synta
ti
al level [dB72℄.

Thus, this representation of simply typed �-terms simpli�es the test

of ���-
onvertibility.

2. The equational theories are axiomatized with 
on
uent pattern rewrite

systems, i.e. sets of rewrite rules between �-terms of base type whose

left-hand sides are patterns.

Motivation: patterns [Mil91℄ are elements of a restri
ted 
lass of

simply-typed �-terms whi
h has the following important property:

pattern uni�
ation is unitary. As a 
onsequen
e, mat
hing with a

pattern is unitary. This property simpli�es the formal treatment of

term rewriting [Nip91, Nip93℄, making it more similar to the �rst-

order 
ase. The restri
tion to rules of base type is motivated by the

Nipkow's observation [Nip91℄ that term rewriting with rules of non-

base type be
omes problemati
 if we want to work with terms in

�-normal form. To illustrate, 
onsider the rewrite rule of non-base

type �x:f(G(x); x) ! �x:g(x) and the �-term t = f(g(a); a). The

�-term t is �-equivalent to (�x:f((g(x); x)))(a): If �-redu
tion is not

impli
it then we 
an rewrite t to (�x:g(x))(a) whi
h is equivalent

by �-redu
tion to g(a): However, the representation of terms in ��-

normal form prohibits the redu
tion of t. These problemati
 situation

is eliminated if we restri
t the rewrite rules to be of base type.

Stru
ture of the 
hapter

The rest of this 
hapter is stru
tured as follows. In Se
t. 5.1 we introdu
e

the main 
on
epts, notions and theoreti
al results that are relevant to our

study: the algebra of simply-typed �-terms, the notions of preuni�
ation

and higher-order term rewriting, and the equational logi
 whi
h supports

reasoning in theories axiomatized with pattern rewrite systems. A brief

a

ount to the main properties of the lazy narrowing 
al
uli for pattern

rewrite systems is given in Se
t. 5.2. In Se
t. 5.3 we introdu
e LN

�

, our

�rst 
al
ulus for pattern rewrite systems, and analyze its main properties.

In Se
t. 5.4 we introdu
e the re�nement LN

1

whi
h addresses the most


riti
al sour
e of nondeterminism of the 
al
ulus LN

�

: outermost narrow-

ing at variable position. This re�nement is realized by adopting a suitable

equation sele
tion strategy and a 
riterion whi
h eliminates the appli
ation

of outermost narrowing at variable position for 
ertain equations, in a way

that makes LN

1

sound and 
omplete. The following se
tions des
ribe de-

terministi
 re�nements of the 
al
ulus LN

�

. In Se
t. 5.5 we address the

higher-order 
ounterpart of the eager variable elimination problem, and de-

�ne a method to redu
e the nondeterminism of solving 
ertain parameter-
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passing equations without losing 
ompleteness of LN

1

. Starting from Se
t.

5.7 we de�ne deterministi
 re�nements of the 
al
ulus LN

1

for left-linear

pattern rewrite systems. In Se
t. 5.7 we de�ne a 
riterion to dete
t and

eliminate equations whi
h do not 
ontribute to the 
omputation of a so-

lution and propose the 
al
ulus LN

2

with strategy S




to realize it. Lazy

narrowing with 
onstru
tor PRSs is analyzed in Se
t. 5.8: the out
ome

is the 
al
ulus LN

3

with strategy S




, whi
h is a deterministi
 re�nement

of LN

2

with strategy S




. Equations with stri
t semanti
s are introdu
ed

in Se
t. 5.9 and a suitable sub
al
ulus is de�ned for solving them. An

approa
h to extend the 
al
ulus LN

�

to 
onditional rewriting is outlined

in Se
t. 5.10. Finally, in Se
t. 5.11 we draw some 
on
lusions and outline

dire
tions of further resear
h.

The results presented in this 
hapter are further developments of the

results reported in [MIS99
℄.

5.1 Preliminaries

This se
tion introdu
es basi
 de�nitions and results related to higher-order

equational reasoning.

5.1.1 The Language

In this subse
tion we introdu
e the language of simply-typed �-terms.

We assume given a set S

0

of sorts 
alled base types. The set S of

types is de�ned as the indu
tive 
losure of S

0

under f!g where ! is the

fun
tion type 
onstru
tor. We assume that ! is right asso
iative and that

�; �

0

; �

1

; �

2

; : : : range over S:

A simply-typed signature is a tuple � = hS

0

;Fi where S

0

is a set of base

types and F = fF

�

g

�2S

is an S-sorted set of symbols su
h that F

�

6= ;

for all � 2 S: We assume given an S-sorted set fV

�

g

�2S

with V

�


ountably

in�nite for any � 2 S: The elements of V are 
alled variables. The sets F

and V are assumed to satisfy the 
onditions F

�

\F

�

0

= V

�

\V

0

�

= F

�

\V

�

=

F

�

\ V

�

0

= ; for any � 6= �

0

. We de�ne opns(�) := F and sorts(�) := S:

The following de�nition introdu
es the 
lass of simply-typed �-terms

and their asso
iated types.

De�nition 28 (simply typed �-term) A type judgement stating that a

�-term t is of type � is written as t : �: The following inferen
e rules indu
-

tively de�ne the set T (F ;V) of simply typed �-terms and their asso
iated

type:

x 2 V

�

x : �

f 2 F

�

f : �

s : �

1

! �

2

t : �

1

(s t) : �

2

x : �

1

s : �

2

(�x:s) : �

1

! �

2

:
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We denote by T (F ;V) the 
lass of simply typed �-terms, by type(t) the type

of a simply typed �-term t, and write t : �

n

! � whenever t is a simply-typed

�-term with type �

1

! : : :! �

n

! �:

In the sequel by term we understand a simply-typed �-term and adopt the

following naming 
onventions:

� X , Y , Z, H , possibly primed and/or with a subs
ript, are free vari-

ables,

� x; y; z, possibly primed and/or with a subs
ript, are bound variables,

� f; g are fun
tion symbols,

� h denotes a free variable or fun
tion symbol,

� v denotes a bound variable or fun
tion symbol,

� s; t; l; r, possibly primed and/or with subs
ript, are terms.

Given two �-terms s; t and a variable x, we denote the abstra
tion of s

over x by �x:s, and the appli
ation of s on t by (s t). We will use n-fold

abstra
tion and appli
ation, written as �x

n

:s for �x

1

: : : x

n

:s and s(t

n

) for

((: : : (s t

1

) : : : ) t

n

) respe
tively. Free and bound variables of a term t will

be denoted by V(t) and BV(t), respe
tively.

The 
onversion rules in �-
al
ulus are:

R

�

: �x:t! �y:(tfx 7! yg) if y 2 V � V(t) (�-
onversion)

R

�

: (�x:s) t! sfx 7! tg (�-
onversion)

R

�

: �x:(t x)!

�

t if x 2 V � V(t) (�-
onversion)

A simply typed �-term of the form (�x:s) t is 
alled �-redex. We denote by

=

�

the 
ongruen
e relation indu
ed by the �-
onversion rule on T (F ;V):

In the sequel we will identify synta
ti
ally two �-
onvertible �-terms

1

, and

thus write s = t whenever s =

�

t:

In the sequel we denote by !

�

the redu
tion relation indu
ed by R

�

on T (F ;V): (� 2 f�; �; �g.) The ��-redu
tion relation !

��

is de�ned by

s!

��

t if s!

�

t or s!

�

t: For every w-redu
tion relation (w 2 f�; �; �g

�

)

we de�ne the 
orresponding w-
onversion relation =

w

as the re
exive, sym-

metri
 and transitive 
losure of !

w

: It is well known [Bar84℄ that the

redu
tion relations !

�

; !

�

, and !

��

are 
on
uent and terminating. We

denote by t#

�

; t#

�

and t#

��

the 
orresponding normal forms of a term t:

1

The identi�
ation of two �-
onvertible �-terms 
an be a
hieved by 
omparing their

de Bruijn [dB72℄ en
odings.
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A term t in �-normal form 
an be uniquely written as �x

n

:h(t

n

) where

h 2 V [ F : We 
all h the root of t and denote it by root(t): The appli-


ation of a �-
onversion rule (� 2 f�; �g) in the other dire
tion is 
alled

�-expansion.

De�nition 29 (�-expanded form) Let t 2 T (F ;V) = �x

n

:v(s

m

) be a

�-normal form, where v = root(t): The �-expanded form of t, written t"

�

,

is de�ned by

t"

�

:=�x

n+k

:v(s

m

"

�

; x

n+1

"

�

; : : : ; x

n+k

"

�

)

where t : �

n+k

! � and x

n+1

; : : : ; x

n+k

are fresh variables.

Given a term t, we 
all t#

�

"

�

the long ��-normal form of t, also written as

tl

�

�

: It is well known [HS86℄ that s =

���

t i� sl

�

�

=

�

tl

�

�

:

We will in general assume that terms are in long ��-normal form. For

brevity, we write variables in �-normal form, e.g. write X instead of

�x

k

:X(x

k

) whenever X 2 V n fx

1

; : : : ; x

k

g: We assume that the trans-

formation of a �-term t into long ��-normal form is an impli
it operation.

A �-term t is 
ex if root(t) 2 V(t). A rigid �-term is a �-term whi
h is

not 
ex. A 
ex/
ex equation is an equation between 
ex terms. The notions

of 
ex/rigid, rigid/
ex and rigid/rigid equation are de�ned similarly.

Like in the �rst-order 
ase, the basi
 operations on �-terms are sub-

stitution and repla
ement. Similar to the �rst-order 
ase, we denote by

Subst(F ;V) the set of substitutions from V to T

�

(�;V):

The result t� of applying a substitution � on a term t is de�ned as

follows:

� X� = �(X) if X 2 V ;

� f� = f if f 2 opns(�),

� (s t)� = (s� t�),

� (�x:s)� = �x:(s��

D(�)�fxg

):

De�nition 30 (position) The set Pos(t) of positions in a �-term t is the

set of sequen
es of natural numbers de�ned indu
tively as follows:

Pos(t) :=

8

<

:

f�g if t 2 V;

f�g [

S

n

i=1

i�q j q 2 Pos(t

i

)g if t = v(t

n

);

f�g [ f1�p j p 2 Pos(�x

2;n

:s)g if t = �x

n

:s:
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De�nition 31 (subterm) Let t be a �-term and p 2 Pos(t): The subterm

of t at position p, denoted by tj

p

, is de�ned by:

tj

p

:=

8

<

:

t if t = ";

t

i

j

q

if t = v(t

n

) and p = i�q,

(�x

2;n

:s)j

q

if t = �x

n

:s and p = 1�q.

If p is a position in a term t then BV(t; p) denotes the set of all �-abstra
ted

variables on the path to p in s.

Example 4 If t = �x

1

; x

2

:f(�x

3

:g(x

1

; x

3

); b) and p = 111 2 Pos(t) then

tj

p

= �x

3

:g(x

1

; x

3

) and BV(t; p) = fx

1

; x

2

g:

All the other de�nitions and notations pertaining to substitution, posi-

tion, repla
ement, equational theory, and provability are 
arried over from

the �rst-order 
ase to the higher-order 
ase.

5.1.2 Higher-order Uni�
ation

Similar to �rst-order uni�
ation, higher-order uni�
ation is 
on
erned with

solving problems of the following type: given a goal s

n

� t

n

, �nd a repre-

sentation of the set of uni�ers

U(G) := f� 2 Subst(F ;V) j 8i 2 f1; : : : ; ng:s

i

� = t

i

�g:

Whereas in the �rst order 
ase there exists a most general uni�er � =

mgu(G); i.e. a substitution � 2 U(G) su
h that � �

V(G)


 for all 
 2 U(G),

the situation is di�erent in the higher-order 
ase. Hu�et has shown [Hu�e76℄

that there exist higher-order equations s � t 2 Eq(F ;V) whi
h do not have

most general uni�er: there may exist an in�nite 
hain of uni�ers �

1

; : : : ,

�

n

2 U(s � t) su
h that

�

1

>

V(G)

�

2

>

V(G)

�

3

>

V(G)

: : :

For su
h goals it is not possible to spe
ify a 
omplete set of uni�ers of G,

i.e. a set 
U(G) � U(G) su
h that

8
 2 U(G) 9� 2 
U(G):� �

V(G)


:

A pra
ti
al way to remedy this situation is to weaken the requirement of

an uni�
ation 
al
ulus to 
ompute a 
omplete set of uni�ers, and to ask for


omputations of so-
alled preuni�ers.

The main idea of preuni�
ation is to avoid solving 
ex/
ex equations,

sin
e an attempt to solve them may never end.
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[t℄ Deletion

G; t � t; G

0

G;G

0

[d℄ De
omposition

G; �x:v(s

n

) � �x:v(t

n

); G

0

G; �x:s

n

� �x:t

n

; G

0

[v℄ Variable elimination

G; �x:X(x) ' �x:t; G

0

(G;G

0

)�

where � = fX 7! �x:tg if X 62 V(�x:t)

[i℄ Imitation

G; �x:X(s

n

) ' �x:f(t

m

); G

0

(G; �x:H

m

(s

n

) ' �x:t

m

; G

0

)�

where � = fX 7! �y

n

:f(H

m

(y

n

))g andH

m

are new variables of appropriate

types

[p℄ Proje
tion

G; �x:X(s

n

) ' �x:t); G

0

(G; �x:s

i

(H

p

(s

n

)) ' �x:t); G

0

)�

where 1 � i � n, �x:t is rigid, � = fX 7! �y

n

:y

i

(H

p

(y

n

))g, y

i

: �

p

! �;

and H

p

: �

p

are new variables.

Fig. 5.1: System PT for higher-order preuni�
ation

We present in Fig. 5.1 a set of inferen
e rules for preuni�
ation whi
h

is a version of the system PT for preuni�
ation proposed by Snyder and

Gallier [SG89℄. Note that the substitution � involved in the inferen
e rules

[i℄ and [p℄ is not written in long ��-normal form. The long ��-normal form

of the substitution 
omputed for [i℄ 
an be written as

fX 7! �y

n

:f(�z

j

m

:H

m

(y

n

; z

j

m

))g;

and that of the substitution 
omputed for [p℄ 
an be written as

fX 7! �y

n

:f(�z

j

p

:H

m

(y

n

; z

j

p

))g:

The substitution 
omputed upon an imitation step is 
alled imitation bind-

ing, and the one 
omputed upon a proje
tion step is 
alled proje
tion bind-

ing. A partial binding is an imitation or a proje
tion binding.

The notions of step and derivation for the 
al
ulus PT are de�ned sim-

ilarly to LNC. A PT-refutation is a PT-derivation of the form G

PT

=)

*

�

F

where F is a 
ex/
ex goal.
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De�nition 32 (preuni�er) A preuni�er of a goal G is a substitution �

for whi
h there exists a 
ex/
ex goal F su
h that �


0

2 U(G) for any




0

2 U(F ):

The soundness and 
ompleteness properties of PT are stated below.

soundness If G

PT

=)

*

�

F is a PT-refutation and 
 2 U(F ) then �
 2 U(G):


ompleteness If 
 2 U(G) then there exist a PT-refutation G

PT

=)

*

�

F with


 = �


0

[V(G)℄ for some 


0

2 U(F ):

Thus, the set Ans

PT

(G) := f� j G

PT

=)

�

�

F is a PT-refutationg is a set of

preuni�ers of G: An important theoreti
al result whi
h is relevant in this

thesis is the next lemma.

Lemma 22 (Lemma 4.1.6. in [Pre98℄) For any 
ex/rigid equation

e = �x:X(s

n

) � �x:t with � 2 U(e) there exists a PT-step e

PT

=)

�

G

0

with

� 2 f[i℄; [p℄g and 


0

2 U(G

0

) su
h that

� D(


0

) = (D(
) n fXg) [ Rng(�),

� X
 = X�


0

, and

� 
 = 


0

[D(
) n fXg℄:

We note that PT is an e�e
tive proof 
al
ulus whi
h realizes the entail-

ment ; `

�

9G: Ea
h PT-refutation G

PT

=)

�

1

G

1

: : :

PT

=)

�

n

G

n

= F with F a


ex/
ex goal 
orresponds to a sequent proof:

9

^

e2G

e

PT

s

=)9(

^

e2G

1

e)

PT

s

=) : : :

PT

s

=)9(

^

e2F

e):

It is easy to see that ; `

�

9(

V

e2F

e) i� ; `

�

9

V

e2G

e. This is a 
onsequen
e

of the following observations:

� ; `

�

9(

V

e2F

e) holds be
ause F is 
ex/
ex goal. Thus ; `

�

9

V

e2G

e)

; `

�

9(

V

e2F

e ^ [�℄):

� ; `

�

9(

V

e2F

e) ; `

�

9

V

e2G

e (by soundness of PT).

Hu�et [Hu�e76℄ has shown that the 
al
ulus PT is strongly 
omplete, i.e.

that 
ompleteness of PT does not depend on how equations are sele
ted.
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5.1.3 Higher-order Term Rewriting

Our de�nitions for higher-order TRSs are inspired from [Pre98℄. In order

to simplify the notion of rewriting, we will restri
t the rewrite rules to be

of base type only.

De�nition 33 (general higher-order rewrite system) A rewrite rule

is a pair (l; r) of terms written as l! r, su
h that

� l is not �-equivalent to a free variable,

� l and r are long ��-normal forms of the same base type, and

� V(r) � V(l):

A general higher-order rewrite system (GHRS) is a set of rewrite rules.

Sin
e we work with terms in long ��-normal form only, we 
an always

write a rewrite rule in the form f(l

n

) ! r where f 2 F . This allows us to

distinguish between de�ned symbols and 
onstru
tors in the same way as

in �rst-order term rewriting.

A generalization of the �rst-order term rewriting relation must take

into 
onsideration the presen
e of bound variables in the subterms that are

rewritten. Note that a subterm sj

p

may 
ontain free variables whi
h were

bound in s: To get a formal handle of these variables, we introdu
e the

notion of lifter.

De�nition 34 (lifter) Let t be a term and W � V : An x

k

-lifter of t away

from W is a substitution � = fX 7! �(X)(x

k

) j X 2 V(t)g where � is a

renaming su
h that D(�) � V(t); Rng(�) \W = ; and �(X) : �

k

! � if

x

1

: �

1

; : : : ; x

k

: �

k

and X : �:

For simpli
ity, we will always assume that W 
ontains all the variables

used so far and leave W impli
it. A term t is x-lifted if an x-lifter has been

applied to t. Similarly, we say a rewrite rule l ! r is x-lifted if l and r are

x-lifted.

De�nition 35 (rewrite step) Let R be a GHRS and s a term. A rewrite

step from s is a relation s!

p;�;l!r

t su
h that

� fx

1

; : : : ; x

k

g = BV(s; p) and l! r is an x

k

-lifter of a rule in R; and

� (�x:s)j

p

= �x:(l�) and t = �x:s[r�℄

p

:

We will often omit the parameters p; � and l ! r of a rewrite step s!

p;�;l!r

t and write instead s!

R

t: If the GHRS R is understood from the 
ontext

then we may omit R as well.



5.1. PRELIMINARIES 87

Example 5 Consider the term s = �x:f(x) and the GHRS R = ff(X)!

g(X)g: By 
hoosing the position p = 1 we have fxg = BV(s; p): An x-

lifter of the rule f(X) ! X is f(X

1

(x)) ! g(X

1

(x)): Then sj

p

= f(x) =

f(X

1

(x))� where � = fX

1

7! �y:yg; and therefore we 
an perform the

rewrite step

s!

1;�;f(X

1

(x))!g(X

1

(x))

�x:s[g(X

1

(x))�℄

1

= (�x:f(x)):[g(x)℄

1

= �x:g(x)

Noti
e that whereas �rst-order term rewriting is 
losed under substitu-

tions, higher-order term rewriting is not: redu
ibility of s does not imply

redu
ibility of s�: (E.g., if R = fa ! bg then the term t = �x:X(a; b) is

redu
ible, but the term tfX 7! �x; y:yg = �x:b is not.) However, the re-


exive, transitive 
losure of!

R

is stable, that is, if s!

�

R

t then s� !

�

R

t�:

Also, a higher-order rewriting step is parameterized w.r.t. the substitution

�: In the �rst-order 
ase, � was omitted be
ause of the uniqueness property

of a mat
her. Unfortunately, the uniqueness property of a mat
her does

not hold for simply typed �-terms, as one 
an see in the example below.

Example 6 Let a 2 F with ar(a) = 0, X 2 V ; s = F (a); t = a: Then both

�

2

= fX 7! �x:xg and �

2

= fX 7! �x:ag are mat
hers of s with t be
ause

s�

1

= s�

2

= t:

To ensure the existen
e of a unique mat
her, we restri
t the mat
hing prob-

lem to a parti
ular 
lass of �-terms.

De�nition 36 (pattern) A relaxed higher-order pattern is a simply typed

�-term s in �-normal form with the property that all free variables in s have

only bound variables as arguments, i.e. if X(t

n

) is a subterm of s, then all

t

i

#

�

are bound variables. A (higher-order) pattern is a relaxed pattern where

the arguments to free variables are distin
t bound variables.

Patterns behave like �rst-order terms in many respe
ts. For instan
e, two

patterns have a unique mgu modulo renaming [Nip91℄. Sin
e ground �-

terms are patterns, mat
hers of patterns with ground terms are unique,

and thus term rewriting with rewrite rules having patterns to the left-hand

side is similar to �rst-order term rewriting.

De�nition 37 (PRS) A pattern rewrite system (PRS for short) is a GHRS

where all rewrite rules have patterns to the left hand side.

In the sequel, if not stated otherwise, we assume that R is a PRS.

A suitable 
al
ulus for pattern uni�
ation is PU, whi
h 
onsists of the

inferen
e rules of PT plus the inferen
e rules [�s℄ and [�d℄ shown below.
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[�s℄ 
ex/
ex same

G; �x:X(y

m

) � �x:X(y

0

m

); G

0

G�;G

0

�

where � = fX 7! �y

m

:H(z

p

)g, fz

p

g = fy

i

j (1 � i � n) ^ (y

i

= y

0

i

)g

and H is a fresh variable

[�d℄ 
ex/
ex di�erent

G; �x:X(y

m

) � �x:Y (y

0

n

); G

0

G�;G

0

�

where � = fX 7! �y

m

:H(z

p

); Y 7! �y

0

m

:H(z

p

)g, fz

p

g = fy

m

g \ fy

0

n

g

and H is a fresh variable.

Theorem 5 (Miller [Mil91℄) If U(G) 6= ; then there exists a PU-

refutation G

PU

=)

*

�

�: Moreover, � = mgu(G):

A rewrite rule (l! r) 2 R is left (right) linear if l (r) does not 
ontain

multiple o

urren
es of the same free variable.

All the other notions de�ned for TRSs are extended to PRSs in the

obvious way.

5.1.4 Higher-order Equational Logi


A PRS R indu
es an equivalen
e relation �

R

on T (F ;V): Similar to the

�rst-order 
ase, there exists [Pre98℄ a set of dedu
tion rules whi
h realize

the entailment R ` s � t i� s �

R

t:

It is known [Wol93℄ that there exists an institution hsen(�);Mod(�); j=

�

i

su
h that R j=

�

�

s � t i� s �

R

t:

The following result of Nipkow [Nip91℄ states the 
orresponden
e be-

tween higher-order equational provability and higher-order term rewriting.

Theorem 6 If R is a PRS then R `

�

s � t i� sl

�

�

$

�

R

tl

�

�

:

A

ording to this theorem, we 
an de
ide the validity of an equation s � t

in the equational theory generated by a 
on
uent PRS R by showing that

there exists a �-term u su
h that s!

�

u and t!

�

R

u: Like in the �rst-order


ase, we 
an represent su
h a rewrite proof by a sequen
e of steps

s � t!

R

s

1

� t

1

!

R

: : :!

R

u � u

where s � t !

R

s

0

� t

0

:, (s = s

0

^ t !

R

t

0

) _ (s !

R

s

0

^ t = t

0

): The


onstru
tion of a rewrite proof for the entailment R `

�

s � t requires the
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sear
h for a suitable sequen
e of rewrite steps from s � t to u � u: The


hoi
e of the rewrite step is a sour
e of nondeterminism whi
h is

� don't 
are if R is 
on
uent and terminating, and

� don't know if R is only 
on
uent.

5.2 Higher-order Lazy Narrowing for Pattern

Rewrite Systems

In the �rst-order 
ase, the lazy narrowing 
al
ulus LNC is an e�e
tive proof

sub
al
ulus whi
h realizes entailments of the form R `

�

9

V

n

i=1

(s

i

� t

i

):

An LNC-proof 
orresponds to an LNC-refutation

s

n

� t

n

LNC

=)

*

�

2

whi
h guarantees that R `

�

V

n

i=1

(s

i

� � t

i

�) or, equivalently, that � 2

U

R

(s

n

� t

n

): For programming purposes it is desirable to have a 
al
ulus

whi
h 
omputes a 
omplete set of normalized R-uni�ers, and LNC is right

on pla
e: the set Ans

LNC

R

(G) := f��

V

(G) j G

LNC

=)

*

�

2g is a subset of U

R

(G)

whi
h is 
omplete for U

n

R

(G):

A higher-order lazy narrowing 
al
ulus should preserve as mu
h as pos-

sible the properties of LNC, lifted in an appropriate way to a higher-order

equational logi
. But what are these properties? What are the higher-order


ounterparts of soundness and 
ompleteness of a lazy narrowing 
al
ulus for

equational theories axiomatized with 
on
uent PRSs in the simply typed

�-
al
ulus?

First we take a look at the higher-order 
ounterparts of the notions of

uni�er and R-uni�er.

For the 
al
uli presented in this 
hapter we found useful to extend the

syntax domain of equations with a new 
onstru
t: oriented equations. An

equation is a pair of terms (s; t) of the same type, written as s � t if it

is unoriented, and as s B t if it is oriented. An R-uni�er of an oriented

equation s B t is a substitution � su
h that s� !

�

R

t�. An R-uni�er of an

unoriented equation s � t is a substitution � su
h that s�#

R

t�: A goal is a

logi
al 
onjun
tion of oriented and/or unoriented equations. A substitution

� is an R-uni�er of a goal e

n

if it is an R-uni�er of any of its 
omponent

equations e

i

(1 � i � n). Alternatively, we say that � is solution of e

n

: Like

in the �rst-order 
ase, we write U

R

(G) := f� j � 2 U

R

(e) for all e 2 Gg

for the set of R-uni�ers of a goal G; and U

n

R

(G) := f� 2 U

R

(G) j � is

R-normalizedg for the set of R-normalized R-uni�ers of G.
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We have already mentioned that the 
omputation of a uni�er of two

�-terms is highly intra
table: instead, we demand only the 
apability to


ompute preuni�ers (e.g., by using the 
al
ulus PT.) Sin
e the 
omputation

of higher-order uni�ers is not pra
ti
al, the 
omputation of R-uni�ers is

even more unpra
ti
al. Therefore, we weaken the requirement of a 
al
ulus

to 
ompute R-uni�ers to the requirement to 
ompute R-preuni�ers.

De�nition 38 (R-preuni�er) An R-preuni�er of a goal G is a substitu-

tion � for whi
h there exists a 
ex/
ex goal F su
h that 8
 2 U

R

(F ):�
 2

U

R

(G):

The notions of C-step and C-derivation for a given a higher-order 
al
ulus

C are de�ned like in the �rst-order 
ase.

A C-refutation is a C-derivation of the form G

C

=)

*

�

F su
h that F is a


ex/
ex goal and there is no C-step starting with F: The supers
ript C will

be omitted when the 
al
ulus is understood from the 
ontext.

The notions of soundness and 
ompleteness are generalized to a higher-

order 
al
ulus C as follows:

� C is sound if for any C-refutation G )

�

�

F and R-uni�er 
 2 U

R

(F ),

we have (�
)�

V(G)

2 U

R

(G)

� C is 
omplete if for any goal G with uni�er 
 2 U

n

R

(G) there exists a C-

refutation G

C

=)

*

�

F with F a 
ex/
ex goal, su
h that 
 = �


0

[V(G)℄

for some 


0

2 U

R

(F ):

We de�ne Ans

C

R

(G) := fhF; �i j G

C

=)

*

�

F is a C-refutationg:

Most often, the lazy narrowing 
al
uli are not strongly 
omplete. This

means that the order in whi
h the equations are sele
ted a�e
ts the 
om-

pleteness of the 
al
ulus. One possibility to over
ome the loss of 
om-

pleteness is to de�ne a suitable equation sele
tion strategy. Intuitively, an

equation sele
tion strategy de�nes a 
riterion that rules out the sele
tion

of all equations whose sele
tion 
ould generate the loss of 
ompleteness. In

general, su
h a 
riterion is dependent on the "history" of the C-derivation

up to the 
urrent goal:

G

0

C

=)

�

1

G

1

C

=)

�

2

: : :

C

=)

�

N

G

N

:

We denote by His

LN

ff

the set of all C-derivations, and by His

LN

ff

(G

N

) the

set of all C-derivations whi
h end with G

N

.

In the sequel we give the formal notions related to equation sele
tion

fun
tions and equation sele
tion strategies.
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De�nition 39 (sele
tion fun
tion) Let C be a 
al
ulus. A sele
tion fun
-

tion for C is a fun
tion

sel : His

LN

ff

! Eq(F ;V) [ f?g

whi
h, when applied to a C-derivation � : G

C

=)

*

�

G

0

yields either ?, or an

equation sel(�) 2 G

0

: In addition, we assume that

� if sel(�) = e 2 G

0

then there exists a C-step � : G

0

C

=)

�'

G

00

in whi
h

the sele
ted equation is e.

The symbol ? denotes unde�nedness. If � 2 His

LN

ff

(G

0

) and sel(�) = e 2

G

0

then e is 
alled the equation sele
ted with sel in G

0

.

Our de�nition of sele
tion fun
tion is very similar to the notion of sele
-

tion rule in �rst-order logi
 programming [Apt90℄. The main di�eren
e is

that in our setting the sele
tion fun
tion may be unde�ned for nonempty

goals as well. We adopt a weaker 
ondition than in logi
 programming

be
ause we want to avoid solving 
ertain higher-order equations for whi
h

the 
omputation of a solution is highly intra
table.

We will often write C-steps in the form G; e;G

0

C

=)

�

G

00

to express the

fa
t that e is the equation sele
ted in the goal G; e;G

0

upon the C-step.

De�nition 40 (strategy) Let C be a 
al
ulus. A strategy for C is a

nonempty set of equation sele
tion fun
tions for C.

Let A be a strategy for a 
al
ulus C and � : G

C

=)

*

�

G

0

2 His

LN

ff

(G

0

). A

hC; Ai-step for � is a C-step

G

1

; e; G

2

| {z }

G

0

C

=)

*

�

'G

00

su
h that e = sel(�) for some sel 2 A: A hC; Ai-derivation is a C-derivation

G

0

C

=)

�

1

G

1

C

=)

�

2

: : :

C

=)

�

N

G

N

su
h that for any i 2 f1; : : : ; Ng; G

i�1

C

=)

�

i

G

i

is a hC; Ai-step for the

C-subderivation G

0

C

=)

*

�

1

:::�

i

G

i

.

A hC; Ai-refutation is a hC; Ai-derivation of the form � : G

C

=)

*

�

G

0

su
h

that sel(�) = ? for all sel 2 A:

A 
al
ulus C with a strategy A is 
omplete if for any substitution 
 2

U

n

R

(G) there exists a hC;Ai-refutation G

C

=)

*

�

G

0

and 


0

2 U

R

(G

0

) su
h

that 
 = �


0

[V(G)℄ for some 


0

2 U

R

(G

0

): C is strongly 
omplete if it is


omplete with any strategy.
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5.3 The Cal
ulus LN

�

We represent LN

�

as the disjoint 
ombination of two sub
al
uli: LN

.

�

and

LN

�

�

: The sub
al
ulus LN

.

�


onsists of the inferen
e rules for sele
ted equa-

tions whi
h are oriented, and LN

�

�


onsists of the inferen
e rules for sele
ted

equations whi
h are unoriented.

The sub
al
ulus LN

.

�

The inferen
e rules of LN

.

�

are shown in Fig. 5.2. The design LN

.

�

is

inspired by the 
al
ulus LN, whi
h was proposed for 
omputing solutions

of oriented goals. The notable di�eren
e is that LN does not 
ontain the

inferen
e rules [�s℄

.

and [�d℄

.

for higher-order pattern uni�
ation. [�s℄

.

and [�d℄

.

have been added to improve the 
omputing power.

The sub
al
ulus LN

�

�

The sub
al
ulus LN

�

�


an be viewed a generalization of the sub
al
ulus

LN

.

�

to the 
ase when the sele
ted equation is unoriented. Its inferen
e

rules are shown in Fig. 5.3.

5.3.1 Main Properties

In general, the humble addition of new inferen
e rules to a 
al
ulus a�e
ts

its main properties, su
h as soundness and 
ompleteness. We already men-

tioned that the 
al
ulus LN

�

was inspired by the 
al
ulus LN by adding

the missing inferen
e rules whi
h are ne
essary for performing full pattern

uni�
ation. With this addition we 
an perform further inferen
e steps on a


ex pattern/
ex pattern equation, thereby 
omputing more 
on
rete solu-

tions than with LN, but we may lose some of the important properties of

LN su
h as soundness, 
ompleteness, and strong 
ompleteness.

Soundness

We �rst observe that LN

�

is a sound 
al
ulus.

Lemma 23 Let � : G )

�

�

G

0

be an LN

�

-derivation. If 
 2 U

R

(G

0

) then

�
 2 U

R

(G):

Proof. The proof is by indu
tion on the length of the LN

�

-derivation. The


ase when j�j = 0 is trivial. Assume j�j > 0: Then we 
an write

� : G)

�

1

G

00

)

�;�

2

G

0
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[del℄

.

deletion

G; t B t; G

0

G;G

0

[d℄

.

de
omposition

G; �x:v(s

n

) B �x:v(t

n

); G

0

G; �x:s

n

B �x:t

n

; G

0

[i℄

.

imitation

G; �x:X(s

n

) B �x:g(t

m

); G

0

(G; �x:H

m

(s

n

) B �x:t

m

; G

0

)�

G; �x:g(t

m

) B �x:X(s

n

); G

0

(G; �x:t

m

B �x:H

m

(s

n

); G

0

)�

where � = fX 7! �x

n

:g(H

m

(x

n

))g and H

m

are fresh variables.

[p℄

.

proje
tion

G; �x:X(s

n

) B �x:t; G

0

(G; �x:s

i

(H

p

(s

n

)) B �x:t; G

0

)�

G; �x:t B �x:X(s

n

)); G

0

(G; �x:t B �x:s

i

(H

p

(s

n

)); G

0

)�

where 1 � i � n, �x:t is rigid, � = fX 7! �y

n

:y

i

(H

p

(y

n

))g, y

i

: �

p

! �;

and H

p

: �

p

are fresh variables.

[on℄

.

outermost narrowing at nonvariable position

G; �x:f(s

n

) B �x:t; G

0

G; �x:s

n

B �x:l

n

; �x:r B �x:t; G

0

if f(l

n

)! r is a fresh variant of an x-lifted rule.

[ov℄

.

outermost narrowing at variable position

G; �x:X(s

m

) B �x:t; G

0

(G; �x:H

n

(s

m

) B �x:l

n

; �x:r B �x:t; G

0

)�

if �x:t is rigid, f(l

n

) ! r is a fresh variant of an x-lifted rule and

� = fX 7! �y

m

:f(H

n

(y

m

))g with H

n

fresh variables of appropriate types.

[�s℄

.


ex/
ex same

G; �x:X(y

n

) B �x:X(y

0

n

); G

0

(G;G

0

)�

where � = fX 7! �y

n

:H(z

p

)g with fz

p

g = fy

i

j 1 � i � n and y

i

= y

0

i

g:

[�d℄

.


ex/
ex di�erent

G; �x:X(y

m

) B �x:Y (y

0

n

); G

0

(G;G

0

)�

where � = fX 7! �y

m

:H(z

p

); Y 7! �y

0

n

:H(z

p

)g with fz

p

g = fy

m

g \ fy

0

n

g:

Fig. 5.2: The 
al
ulus LN

.

�

: inferen
e rules
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[del℄

�

deletion

G; t � t; G

0

G;G

0

[d℄

�

de
omposition

G; �x:v(s

n

) � �x:v(t

n

); G

0

G; �x:s

n

� �x:t

n

; G

0

[i℄

�

imitation

G; �x:X(s

n

) � �x:g(t

m

); G

0

(G; �x:H

m

(s

n

) � �x:t

m

; G

0

)�

G; �x:g(t

m

) � �x:X(s

n

); G

0

(G; �x:t

m

� �x:H

m

(s

n

); G

0

)�

where � = fX 7! �x

n

:g(H

m

(x

n

))g and H

m

are fresh variables.

[p℄

�

proje
tion

G; �x:X(s

n

) � �x:t; G

0

(G; �x:s

i

(H

p

(s

n

)) � �x:t; G

0

)�

G; �x:t � �x:X(s

n

)); G

0

(G; �x:t � �x:s

i

(H

p

(s

n

)); G

0

)�

where 1 � i � n, �x:t is rigid, � = fX 7! �y

n

:y

i

(H

p

(y

n

))g, y

i

: �

p

! �;

and H

p

: �

p

are fresh variables.

[on℄

�

outermost narrowing at nonvariable position

G; �x:f(s

n

)

�

=

�x:t; G

0

G; �x:s

n

B �x:l

n

; �x:r

�

=

�x:t; G

0

if

�

=

2 f�;�

�1

g, f(l

n

)! r is a fresh variant of an x-lifted rule.

[ov℄

�

outermost narrowing at variable position

G; �x:X(s

m

)

�

=

�x:t; G

0

(G; �x:H

n

(s

m

) B �x:l

n

; �x:r

�

=

�x:t; G

0

)�

if

�

=

2 f�;�

�1

g; �x:t is rigid, f(l

n

)! r is a fresh variant of an x-lifted rule

and � = fX 7! �y

m

:f(H

n

(y

m

))g with H

n

fresh variables of appropriate

types.

[�s℄

�


ex/
ex same

G; �x:X(y

n

) � �x:X(y

0

n

); G

0

(G;G

0

)�

where � = fX 7! �y

n

:H(z

p

)g with fz

p

g = fy

i

j 1 � i � n and y

i

= y

0

i

g:

[�d℄

�


ex/
ex di�erent

G; �x:X(y

m

) � �x:Y (y

0

n

); G

0

(G;G

0

)�

where � = fX 7! �y

m

:H(z

p

); Y 7! �y

0

n

:H(z

p

)g with fz

p

g = fy

m

g \ fy

0

n

g:

Fig. 5.3: The 
al
ulus LN

�

�

: inferen
e rules
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where � = �

1

�

2

and � 2 f[d℄; [on℄; [ov℄; [i℄; [p℄; [�s℄; [�d℄g: Assume that 
 2

U

R

(G

0

): We want to prove that �
 2 U

R

(G):

We �rst prove that �

2


 2 U

R

(G

00

): This proof is by 
ase distin
tion

on �:

If � 2 f[d℄; [i℄g then we 
an assume that

G

00

�

2

= G

1

; �x:v(s

n

)

�

=

�x:v(t

n

); G

2

;

G

0

= G

1

; �x:s

n

�

=

�x:t

n

; G

2

where

�

=

2 f�;�

�1

;Bg:

� If � 2 f[d℄

.

; [i℄

.

g then 
 2 U

R

(G

0

) implies 
 2 U

R

(�x:s

n

B �x:t

n

) \

U

R

(G

1

) \ U

R

(G

2

): From 
 2 U

R

(�x:s

n

B �x:t

n

) we dedu
e that

�x:s

i


 !

�

R

�x:t

i


 for all i 2 f1; : : : ; ng; and thus �x:v(s

n

) !

�

R

�x:v(t

n

), i.e. 
 2 U

R

(�x:v(s

n

) B �x:v(t

n

)): We 
on
lude that 
 2

U

R

(G

1

) \ U

R

(�x:v(s

n

) B �x:v(t

n

)) \ U

R

(G

2

); i.e. 
 2 U

R

(G

00

�

2

):

This yields �

2


 2 U

R

(G

00

):

� If � 2 f[d℄

�

; [i℄

�

g then 
 2 U

R

(G

0

) implies 
 2 U

R

(�x:s

n

�

=

�x:t

n

) \

U

R

(G

1

) \ U

R

(G

2

): From 
 2 U

R

(�x:s

n

�

=

�x:t

n

) we dedu
e that

�x:s

i


 $

�

R

�x:t

i


 for all i 2 f1; : : : ; ng; and thus �x:v(s

n

) $

�

R

�x:v(t

n

), i.e. 
 2 U

R

(�x:v(s

n

)

�

=

�x:v(t

n

)): We 
on
lude that 
 2

U

R

(G

1

) \ U

R

(�x:v(s

n

)

�

=

�x:v(t

n

)) \ U

R

(G

2

); i.e. 
 2 U

R

(G

00

�

2

):

This yields �

2


 2 U

R

(G

00

):

If � 2 f[on℄; [ov℄g then we 
an assume that

G

00

�

2

= G

1

; �x:f(s

n

)

�

=

�x:t; G

2

G

0

= G

1

; �x:s

n

B �x:l

n

; �x:r

�

=

�x:t; G

2

where

�

=

2 f�;�

�1

;Bg, f(l

n

)! r is an x-lifted variant of a rewrite rule in

R. From 
 2 U

R

(G

0

) we obtain

(1) 
 2 U

R

(G

1

) \ U

R

(G

2

);

(2) �x:s

i


 !

�

R

�x:l

i


 for all i 2 f1; : : : ; ng, and

(3) �x:r
 !

�

R

�x:t
 if � 2 f[on℄

.

; [ov℄

.

g,

and �x:r
 $

�

R

�x:t
 if � 2 f[on℄

�

; [ov℄

�

g:

Then �x:f(s

n


)

(2)

!

�

R

�x:f(l

n


) !

R

�x:r


(3)

!

�

R

�x:t
 if � 2 f[on℄

.

; [ov℄

.

g,

and �x:f(s

n


)

(2)

!

�

R

�x:f(l

n


)!

R

�x:r


(3)

$

�

R

�x:t
 if � 2 f[on℄

�

; [ov℄

�

g.

Thus, 
 2 U

R

(G

00

�

2

), and therefore �

2


 2 U

R

(G

00

).

If � = [p℄ then G

0

= G

00

�

2

, whi
h yields �
 2 U

R

(G

00

):
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If � 2 f[�s℄,[�d℄g then we 
an assume that G

00

�

2

= G

1

; �x:t

�

=

�x:t; G

2

with

�

=

2 f�;Bg and G

0

= G

1

; G

2

: Obviously, 
 2 U

R

(G

0

) implies 
 2

U

R

(G

00

�

2

); and thus �

2


 2 U

R

(G

00

):

The 
ase � = [del℄ is trivial.

We have shown that �

2


 2 U

R

(G

00

): From the indu
tion hypothesis for

the LN

�

-derivation G)

�

�

1

G

00

results that �

1

�

2


(= �
) 2 U

R

(G): 2

Complete Strategies

We �rst note that LN

�

is not strongly 
omplete.

Example 7 Assume R = ff(X)! 
(X;X); a! bg and the goal

G = f(a) B 
(a;X); b B X:

It 
an be veri�ed that R is 
on
uent and that 
 = fX 7! bg is an R-uni�er

of G

0

. Consider the LN

�

-derivation

� : G = f(a) B 
(a;X); b B X

)

[on℄;f(X

1

)!
(X

1

;X

1

)

G

1

= a B X

1

; 
(X

1

; X

1

) B 
(a;X); b B X

)

[d℄

G

2

= a B X

1

; X

1

B a;X

1

B X; b B X

)

[�d℄fX

1

7!H;X

2

7!Hg

G

3

= a B H;H B a; b B H

)

[i℄;fH 7!ag

a B a; b B a)

[del℄

b B a:

� is a maximal LN

�

-derivation, and in ea
h step we 
an 
hoose only one

inferen
e rule. � 
omputes the substitution � = fX

1

7! a;X

2

7! a;H 7! ag;

and there is no 


0

2 U

R

(b B a) su
h that 
 = �


0

: (A
tually, it 
an be shown

that U

R

(b B a) = ;.) Thus LN

�

is not strongly 
omplete.

Note that � 
an be 
omputed with LN

�

if we sele
t any other equation of

G

2

ex
ept the third one. Thus, this example does not refute the 
ompleteness

of LN

�

:

This example illustrates that LN

�

is not strongly 
omplete. This does not

imply that LN

�

is in
omplete.

We re
all that the �rst-order lazy narrowing 
al
ulus LNC also la
ks

strong 
ompleteness, but it was proven that LNC is 
omplete for the 
om-

putation of normalized solutions if it is adopted the leftmost equation se-

le
tion fun
tion. We will try to do a similar thing with our lazy narrowing


al
ulus LN

�

, i.e., to de�ne equation sele
tion fun
tions whi
h make LN

�


omplete for the 
omputation of normalized solutions.

We �rst introdu
e some terminology that will be used in stating our

results.
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De�nition 41 Let G = e

n

be a goal. We de�ne Repr(G) as the set of

triples of the form hG; �;R

n

i with � 2 U

R

(G) and R

n

a sequen
e of rewrite

proofs of the fa
t that � 2 U

R

(e

i

), for i 2 f1; : : : ; ng: More pre
isely, for

ea
h i 2 f1; : : : ; ng we have R

i

: s

i

� � t

i

� !

�

R

u

i

� u

i

if e

i

= s

i

� t

i

, and

R

i

: s

i

� B t

i

� !

�

R

t

i

� B t

i

� if e

i

= s

i

B t

i

: In the last 
ase, only the term

to the left-hand side of the equation is rewritten.

We denote by jRj the length of a rewrite proof R: If t 2 T (F ;V) then jtj

denotes the size of t, i.e.

jtj :=

8

<

:

jsj if t = �x:s;

jt

1

j+ jt

2

j if t = (t

1

t

2

);

1 if t 2 V [ F .

We also de�ne the size of an equation by js � tj := js B tj := jsj+ jtj, and


onsider the following well-founded orderings on the set of triples introdu
ed

in De�nition 41:

� he

n

; �; R

n

i>

A

he

0

m

; �

0

; R

0

m

i if fjR

1

j; : : : ; jR

n

jg>

mul

fjR

0

1

j; : : : ; jR

0

m

jg,

� hG; �;Ri>

B

hG

0

; �

0

; R

0

i if fjtj j t 2 I(�)g>

mul

fjt

0

j j t

0

2 I(�

0

)g,

� he

n

; �; R

n

i>

C

he

m

; �

0

; R

0

m

i if fje

1

j; : : : ; je

n

jg>

mul

fje

0

1

j; : : : ; je

0

m

jg;

� � is the lexi
ographi
 
ombination of >

A

; >

B

; >

C

:

De�nition 42 (
riti
al variable) The set of 
riti
al variables of an equa-

tion e 2 Eq(F ;V) is

V




(e) :=

�

V(s) if e = s B t

V(s) [ V(t) if e = s � t

In order to de�ne suitable equation sele
tion fun
tions for LN

�

we will

add more stru
ture to the 
on
ept of LN

�

-step.

Let � : G)

�;�

G

0

be an LN

�

-step and e 2 G the equation upon � from

G. The des
endants and the linear des
endants of e in G

0

w.r.t. �, denoted

by des


�

(e) and ldes


�

(e) respe
tively, are the equations in G

0

de�ned as

shown in the table below.

� e des


�

(e)

ldes


�

(e)

[on℄ �x:f(s

n

)

�

=

�x:t �x:r

�

=

�x:t �x:s

n

B �x:l

n

;

[ov℄ �x:X(s

m

)

�

=

�x:t �x:r

�

=

�x:t� �x:H

n

(s

m

�) B �x:l

n

[de
℄ �x:v(s

n

�

=

�x:v(t

n

) �x:s

n

�

=

�x:t

n

-

[i℄ �x:X(s

n

)

�

=

�x:f(t

m

) �x:H

m

(s

n

�)

�

=

�x:t

m

� -

[p℄ �x:X(s

n

)

�

=

�x:t �x:(s

i

�)(H

p

(s

n

�))

�

=

�x:t� -

[del℄ �x:t

�

=

�x:t - -

[�s℄ �x:X(y

n

)

�

=

�x:X(y

0

n

) - -

[�d℄ �x:X(y

m

)

�

=

�x:X(y

0

n

) - -



98 CHAPTER 5. LAZY NARROWING FOR PRS

If e 2 G is not sele
ted upon the LN

�

-step � : G)

�

G

0

then des


�

(e) =

ldes


�

(e) = e�: The notions of des
endant and linear des
endant of a sub-

goal G

00

of G in G

0

w.r.t. an LN

�

-derivation � : G )

�

�

G

0

are de�ned

indu
tively in the obvious way.

We asso
iate with every LN

�

-derivation � : G)

�

�

G

0

a pre
ursor fun
-

tion pre


�

whi
h maps the equations of G

0

to subgoals of G

0

. For any

e 2 G, the equations in pre


�

(e) are 
alled the pre
ursors of e in G w.r.t.

�. Formally, pre


�

(e) is de�ned as follows:

De�nition 43 (pre
ursor) If � : G )

0

G is an empty LN

�

-derivation

then pre


�

(e) = 2 for all e 2 G:

If � : G )

�

G

1

; e; G

2

)

�

G

0

= G

0

1

; e

0

; G

0

2

is a nonempty LN

�

-

derivation su
h that e

0

2 des
(e) then

pre


�

(e

0

) =

8

<

:

des


�

(pre


�

0

(e); e)r e

0

if � 2 f[on℄; [ov℄g; e is sele
ted

upon � from G and e

0

= ldes


�

(e)

des


�

(pre


�

0

(e)) otherwise.

where

� � is the last LN

�

-step of �, and �

0

is the LN

�

-subderivation of �

without �,

� des


�

(e

n

) := des


�

(e

1

); : : : ; des


�

(e

n

) whenever � : G ) G

0

is an

LN

�

-derivation and e

n

is a subgoal of G

0

,

� Gr e denotes the goal obtained by removing the equation e from G:

For the sake of simpli
ity we drop the subs
ript and simply write pre
(e)

instead of pre


�

(e) if � is understood from the 
ontext.

We �rst prove the following three te
hni
al lemmata.

Lemma 24 Let G = e

n

with e

k

2 G a non-
ex/
ex equation. Then for any

he

n

; 
; R

n

i 2 Repr(G) there exists an LN

�

-step with sele
ted equation e

k

� : e

k�1

; e

k

; e

k+1;n

)

�;�

G

0

and a triple hG

0

; 


0

; R

0

i 2 Repr(G

0

) su
h that:

(a) hG; 
;R

n

i � hG

0

; 


0

; R

0

i, and

(b) 
 = �


0

[V(G)℄.

Proof. Sin
e e

k

is not a 
ex/
ex equation, we 
an write e

k

= s

�

=

t with

�

=

2 f�;�

�1

;Bg and either s or t is a rigid term. Then the rewrite proof

R

k


orresponding to e

k

is of the form
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� s
 B t
 !

�

R

t
 B t
 if e

k

= s B t, or

� s
 � t
 !

�

R

u � u if e

k

= s � t:

We distinguish two 
ases, depending on whether R

k

has length 0 or not.

If jR

k

j = 0 then s
 = t
. Then it 
an be shown (
f. the proof of

Thm. 4.1.7. in [Pre98℄) that there exists an LN

�

-step G )

�;�

G

0

with

� 2 f[del℄; [de
℄; [i℄; [p℄g and a triple hG

0

; 


0

; R

0

i 2 Repr(G

0

) su
h that 
 =

�


0

[V(G)℄ and either:

� hG; 
;R

n

i>

B

hG

0

; 


0

; R

0

i, or

� hG; 
;R

n

i=

B

hG

0

; 


0

; R

0

i and hG; 
;R

n

i>

C

hG

0

; 


0

; R

0

i:

From the hypothesis jR

k

j = 0 we learn that hG; 
;R

n

i=

A

hG

0

; 


0

; R

0

i: Thus

hG; 
;R

n

i � hG

0

; 


0

; R

0

i:

If jR

k

j > 0 then we distinguish two 
ases, depending on whether R

k

has rewrite steps at the root position of a side of some equation in the

derivation.

Sub
ase 1. If R

k

has no su
h rewrite steps then we 
an assume that s� =

�x:g(s

p

); t� = �x:g(t

p

) su
h that R

k

only rewrites s

p

and t

p

: If s and t

are both rigid then we 
an apply a de
omposition step � : G)

[d℄;"

G

0

and determine hG

0

; 
; R

0

i 2 Repr(G

0

) su
h that

hG; 
;R

n

i�

A

hG

0

; 
; R

0

i; hG; 
;R

n

i=

B

hG

0

; 
; R

0

i; hG; 
;R

n

i>

C

hG

0

; 
; R

0

i:

Thus hG; 
;R

n

i � hG

0

; 
; R

0

i: If either s or t is 
ex, then suppose s is


ex. (The 
ase when t is 
ex is similar.) We 
an write s = �x:X(u)

with X 2 V(s): Then (
f. Lemma 22) we 
an perform an �-step

� : G = e

k�1

; �x:X(u)

�

=

t; e

k+1;n

)

�;�

G

0

with � 2 f[i℄; [p℄g, for whi
h there exists a substitution 


0

su
h that

(i) D(


0

) = (D(
) n fXg) [ Rng(�);

(ii) X
 = X�


0

,

(iii) 
 = 


0

[D(
) n fXg℄:

From (i)-(iii) we 
on
lude that fjtj j t 2 I(
)g >

mul

fjt

0

j j t

0

2 I(


0

)g.

Then we 
an determine R

0

su
h that hG; 
;R

n

i�

A

hG

0

; 


0

; R

0

i and

hG; 
;R

n

i >

B

hG

0

; 


0

; R

0

i: Hen
e hG; 
;R

n

i � hG

0

; 


0

; R

0

i:

Sub
ase 2. If R

k

has rewrite steps at the root position of a side of some

equation then we 
onsider the �rst of these and write:

s�

�

=

t� !

�

R

�x:f(u

m

)

�

=

t

0

!

f(l

m

)!r;Æ

�x:rÆ

�

=

t

0

!

�

R

u

�

=

u:
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Sin
e f(l

m

) ! r is a fresh variant of a rewrite rule and D(Æ) �

V(f(l

m

)); we 
on
lude that 


0

:= 
 [ Æ is a well-de�ned substitution

and that 
 = 


0

[V(G)℄. We denote by R

00

k

the rewrite subderivation of

R

k

whi
h ends with �x:rÆ

�

=

t

0

; and with R

0

m+1

the rewrite subproof

of R

k

whi
h starts with �x:rÆ

�

=

�x:t

0

. We observe that we must have

s� = �x:f(s

m

) and that we 
an extra
t from R

00

k

a sequen
e of rewrite

proofs

R

0

m

:= �x:s

m

B �x:u

m

!

�

R

�x:u

m

B �x:u

m

su
h that jR

0

i

j < jR

00

k

j for all i 2 f1; : : : ;mg: We distinguish two

sub
ases, depending on whether s is rigid or not. If s is rigid then

s = �x:f(s

0

m

); and we 
an perform the LN

�

-step

� : G = e

k�1

; �x:f(s

0

m

)

�

=

t; e

k+1;n

)

[on℄;f(l

m

)!r

G

0

= e

k�1

; �x:s

0

m

B �x:l

m

; �x:r

�

=

t; e

k+1;n

:

It is easy to see that 


0

2 U

R

(G

0

) and that hG

0

; 


0

; R

0

i 2 Repr(G

0

)

where R

0

:= R

k�1

; R

0

m

; R

0

m+1

; R

k+1;n

: Even more, we have that

hG; 
;R

n

i>

A

hG

0

; 


0

; R

0

i; and therefore hG; 
;R

n

i � hG

0

; 


0

; R

0

i:

If s is a 
ex term then s = �x:X(s

0

p

) and s� = �x:f(s

00

m

): This implies

(
f. Lemma 22) the existen
e of an LN

�

-step

� : G = e

k�1

; �x:X(s

0

p

)

�

=

t; e

k+1;n

)

[i℄;�

G

0

for whi
h there exists a substitution 


0

su
h that

� D(


0

) = (D(
) n fXg) [ Rng(�);

� X
 = X�


0

,

� 
 = 


0

[D(
) n fXg℄:

Then we 
an determine hG

0

; 


0

; R

0

i 2 Repr(G

0

) su
h that

hG; 
;R

n

i�

A

hG

0

; 


0

; R

0

i; hG; 
;Ri>

B

hG

0

; 


0

; R

0

i;

and hen
e hG; 
;R

n

i � hG

0

; 


0

; R

0

i: 2

Lemma 25 Let G = e

n

with e

k

= t

�

=

t;

�

=

2 f�;Bg and 
 2 U

R

(G). Then

for any triple he

n

; 
; R

n

i 2 Repr(G) we have that hG; 
;R

n

i � hG

0

; 
; R

0

n�1

i,

where G

0

= e

k�1

; e

k+1;n

and R

0

n�1

= R

k�1

; R

k+1;n

:

Proof. Obvious.

Lemma 26 If G = G

1

; e; G

2

)

�;�

G

0

is an LN

�

-step with � 2 f[�s℄; [�d℄g

and 
�

V




(e)

is normalized then for any hG; 
;Ri 2 Repr(G) there exists

hG

0

; 


0

; R

0

i 2 Repr(G

0

) su
h that:
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(a) hG; 
;Ri � hG

0

; 


0

; R

0

i; and

(b) 
 = �


0

[V(G)℄:

Proof. The proof is by 
ase distin
tion on the synta
ti
 stru
ture of e.

1. Assume e is of the form �x:X(y

m

) B �x:Y (y

0

n

). Be
ause 
 2 U

R

(e),

we have �x:X(y

m

)
 !

�

R

�x:Y (y

0

n

)
: Also, X
 is R-normalized be-


ause V




(e) = fXg, and therefore �x:X(y

m

)


0

is R-normalized too.

Then �x:X(y

m

)
 !

�

R

�x:Y (y

0

n

)
 yields �x:X(y

m

)
 = �x:Y (y

0

n

)
,

i.e. 
 2 U(e). Sin
e � 2 mgu(e), there exists a substitution 


0

su
h

that 
 = �


0

[V n fX;Y g℄:

Be
ause G
 and G

0




0

di�er only by a trivial equation, we 
on
lude

that 


0

2 U

R

(G

0

): Then hG

0

; 


0

; R

0

i 2 Repr(G

0

) where R

0

is obtained

from R by removing the rewrite derivation of length 0 
orresponding

to e: Obviously, hG; 
;Ri � hG

0

; 


0

; R

0

i:

2. The 
ase when e = �x:X(y

m

) B �x:X(y

0

m

) 
an be proved in a similar

way. 2

Corollary 1 Lemmata 24 and 25 imply that the sub
al
ulus LN

r

of LN

�

obtained by removing the inferen
e rules [�s℄ and [�d℄ is strongly 
omplete.

Also, the 
ompleteness property of LN

r

holds for arbitrary R-uni�ers: the

restri
tion to R-normalized R-uni�ers is not ne
essary.

We are ready now to de�ne our �rst equation sele
tion strategy for the


al
ulus LN

�

:

De�nition 44 (strategy S

0

) The strategy S

0

for LN

�

-derivations is the

set of sele
tion fun
tions

sel : His

LN

ff

! Eq(F ;V) [ f?g

su
h that for any LN

�

-derivation � 2 His

LN

ff

(G

0

) and any equation e =

s

�

=

t 2 G

0

with

�

=

2 f�;Bg the following 
onditions holds:

(
1) (s

�

=

t) = sel(�) only if

1. s = t or

2. pre


�

(s

�

=

t) = 2 if s; t are patterns.

Note that sin
e it sel is sele
tion fun
tion for LN

�

, there must exist an

LN

�

-step � : G

0

) G

00

upon whi
h the sele
ted equation is e:

In the rest of this subse
tion we prove that the 
al
ulus LN

�

with strat-

egy S

0

is 
omplete.

We �rst prove an auxiliary lemma whi
h will be used in the proof of


ompleteness of LN

�

with strategy S

0

:



102 CHAPTER 5. LAZY NARROWING FOR PRS

Lemma 27 Let � : G

0

)

�

1

: : :)

�

N

G

N

be an hLN

�

;S

0

i-derivation with:

(a) 


0

2 U

n

R

(G

0

),

(b) for all i 2 f0; : : : ; N � 1g there exists 


i

2 U

R

(G

i

) su
h that 


i

=

�

i+1




i+1

[V(G

i

)℄; and

(
) e

N

2 G

N

with pre
(e

N

) = 2.

Then 


N

�

V




(e)

is R-normalized.

Proof. Let e

i

be the equation in G

i

from whi
h e

N

des
ends and Æ

i

=

�

i+1

: : : �

N

for i 2 f0; : : : ; Ng. We prove by indu
tion on i a stronger result:




N

�

V




(e

i

Æ

i

)

is R-normalized for any i 2 f1; : : : ; Ng. Sin
e V




(e

N

Æ

N

) =

V




(e

N

); this result implies that 


N

�

V




(e

N

)

is R-normalized.

We �rst introdu
e the notion of linear an
estor. We say that e

0

is an

linear an
estor of e if e

0

is a des
endant of a linear des
endant of e

0

:

Let �

i

: G

i

)

�

i

;�

i

G

i+1

be the (i+ 1)-th LN

�

-step of �:

If i = 0 then Æ

0

= " and 


N

�

V




(e

0

Æ

0

)

isR-normalized be
ause Æ

0




N

�

V




(e

0

)

=

�

1

: : : �

N




N

�

V




(e

0

)

(b)

= 


0

�

V




(e

0

)

and 


0

is R-normalized.

We next show that �

N

�

V




(e

i+1

Æ

i+1

)

is R-normalized if �

N

�

V




(e

i

Æ

i

)

is R-

normalized.

Suppose e

i

is not a linear an
estor of e

N

. We show that V




(e

i+1

) �

V




(e

i

�

i+1

) by the following 
ase distin
tion.

(a) �

i

2 f[on℄; [ov℄g. Sin
e e

i

is not a linear an
estor, we have that e

i+1

is

a parameter-passing equation 
reated by �

i

and therefore V




(e

i+1

) �

V




(e

i

�

i+1

):

(b) �

i

62 f[on℄; [ov℄g. A simple analysis by 
ase distin
tion on �

i

reveals

that V




(e

i+1

) � V




(e

i

�

i+1

):

The indu
tion hypothesis yields that �

N

�

V




(e

i

Æ

i

)

is R-normalized. Be
ause

V




(e

i

Æ

i

) = V




(e

i

�

i+1

)Æ

i+1

� V




(e

i+1

)Æ

i+1

= V




(e

i+1

Æ

i+1

), we 
on
lude that

�

N

�

V




(e

i+1

Æ

i+1

)

is R-normalized.

Suppose e

i

is a linear an
estor of e

N

. Then we 
an write e

i

= �x:s

0

�

=

�x:t

0

, e

i

�

i+1

= �x:f(s

n

)

�

=

�x:t with

�

=

2 f�;�

�1

;Bg, and

� : G

0

)

i

�

1

:::�

i

G

i

= G

0

i

; e

i

; G

00

i

)

�;f(l

n

)!r;�

i+1

G

i+1

= G

0

i

�

i+1

; �x:s

n

B �x:l

n

; �x:r

�

=

�x:t; G

00

i

�

i+1

)

�

�

i+2

:::Æ

N

G

N

= G

0

N

; e

N

; G

00

N

:

with � 2 f[on℄; [ov℄g. Sin
e pre
(e

N

) = 2 and LN

�

is sound, we have

�x:s

k

Æ

i+1

!

�

�x:l

k

Æ

i+1

:
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Then �x:s

0

Æ

i

= �x:f(s

n

)Æ

i+1

= �x:f(s

n

Æ

i+1

)!

�

�x:f(l

n

Æ

i+1

)! �x:rÆ

i+1

,

and therefore V




(e

i

Æ

i

) = V




(�x:f(s

n

)Æ

i+1

) � V




(�x:rÆ

i+1

) = V




(e

i+1

Æ

i+1

):

Sin
e 


N

�

V




(e

i

Æ

i

)

is R-normalized be
ause of the indu
tion hypothesis, we


on
lude that 


N

�

V




(e

i+1

Æ

i+1

)

is R-normalized, too. 2

Lemma 28 (
ompleteness of LN

�

with strategy S

0

) Let G be a goal

with R-normalized solution �: Then there exists an hLN

�

;S

0

i-refutation

� : G = G

0

)

�

1

G

1

)

�

2

: : :)

�

N

G

N

= F su
h that:

(a) � = �

1

: : : �

N


 [V(G)℄ for some 
 2 U

R

(F ),

(b) for any e 2 G

i

with pre
(e) = 2, the substitution �

i+1

: : : �

N


�

V




(e)

is

R-normalized.

Proof. We prove by indu
tion a stronger result, namely that there exists

an hLN

�

;S

0

i-refutation � : G = G

0

)

�

1

G

1

)

�

2

: : : )

�

N

G

N

= F and a

sequen
e of triples

hG

0

; 


0

; R

0

i 2 Repr(G

0

); : : : ; hG

N

; 


N

; R

N

i 2 Repr(G

N

)

with 


i

= (�

i+1

: : : �

N


)�

V(G

i

)

(i = 0; : : : ; N), su
h that 
onditions (a), (b)

and

(
) hG

i

; 


i

; R

i

i � hG

i+1

; 


i+1

; R

i+1

i for all i 2 f0; : : : ; N � 1g:

hold. The proof is 
onstru
tive. Assume that we su

eeded to �nd an

hLN

�

;S

0

i-derivation

�

k

: G = G

0

)

�

1

G

1

)

�

2

: : :)

�

k

G

k

and a sequen
e of triples

hG

0

; 


0

; R

0

i 2 Repr(G

0

); : : : ; hG

k

; 


k

; R

k

i 2 Repr(G

k

)

for whi
h the following 
onditions hold:

P

1

(k): � = �

1

: : : �

k




k

[V(G)℄ for some 


k

2 U

R

(G

k

);

P

2

(k): for any e 2 G

i

(i = 0; : : : ; k) with pre


�

i

(e) = 2, the substitution




i

�

V




(e)

is R-normalized, and

P

3

(k): hG

i

; 


i

; R

i

i � hG

i+1

; 


i+1

; R

i+1

i for all i 2 f0; : : : ; k � 1g

If sel(�

k

) = ? for all sel 2 S

0

then �

k

is an hLN

�

;S

0

i-refutation, and we


an 
hoose � = �

k

: Otherwise �

k

is not an hLN

�

;S

0

i-refutation and we


an write G

k

= G

0

; s

�

=

t; G

00

su
h that s

�

=

t = sel(�

k

) for some sel 2 S

0

.
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We prove by 
ase distin
tion on the synta
ti
 stru
ture of the equation

s

�

=

t that there exists an hLN

�

;S

0

i-step

�

k

: G

k

= G

0

; s

�

=

t; G

00

)

�;�

k+1

G

k+1

and a triple hG

k+1

; 


k+1

; R

k+1

i 2 Repr(G

k+1

) su
h that the 
onditions

P

1

(k + 1); P

2

(k + 1) and P

3

(k + 1) hold.

(A) If s

�

=

t is not a 
ex/
ex equation or a 
ex/
ex equation between iden-

ti
al terms, then by Lemmata 24 and 25, there exists an hLN

�

;S

0

i-

step �

k

: G

k

= G

0

k

; s

�

=

t; G

00

k

)

�;�

k+1

G

k+1

for whi
h the 
onditions

(1) hG

k

; 


k

; R

k

i � hG

k+1

; 


k+1

; R

k+1

i, and

(2) 


k

= �

k+1




k+1

[V(G

k

)℄

hold. Then P

1

(k) ^ (2) ) P

1

(k + 1), and P

3

(k) ^ (1) ) P

3

(k + 1).

From Lemma 27 we obtain that that P

2

(k + 1) holds too.

(B) Assume s

�

=

t is a 
ex/
ex equation with s 6= t. Then s; t are 
ex

patterns and pre


G

k

(s

�

=

t) = 2: From P

2

(k) we know that 


k

�

V




(s

�

=

t)

is R-normalized. By Lemma 26 we 
an perform an hLN

�

;S

0

i-step

�

k

: G

k

= G

0

k

; s

�

=

t; G

00

k

)

�;�

k+1

G

k+1

with � 2 f[�s℄; [�d℄g and

(1) hG

k

; 


k

; R

k

i � hG

k+1

; 


k+1

; R

k+1

i,

(2) 


k

= �

k+1




k+1

[V(G

k

)℄:

Then P

1

(k) ^ (2) ) P

1

(k + 1), and P

3

(k) ^ (1) ) P

3

(k + 1). From

Lemma 27 we obtain that that P

2

(k + 1) holds too.

Be
ause � is a well founded order, the sequen
e

hG

0

; 


0

; R

0

i � hG

1

; 


1

; R

1

i � : : :

will eventually terminate with a triple hG

N

; 


N

; R

N

i 2 Repr(G

N

). Then

� : G

0

)

�

1

: : :)

�

N

G

N

is an hLN

�

;S

0

i-refutation for whi
h the 
onditions (a) and (b) hold. 2

The 
al
ulus LN

�

with strategy S

0

su�ers of high nondeterminism be-

tween its inferen
e rules. This nondeterminism is shown in Figs. 5.4, 5.5.

We embellished the labels of the inferen
e rules as follows:

� a label with subs
ript 1 denotes the 
orresponding inferen
e rule for

a 
ex/rigid equation, whereas a label with subs
ript 2 denotes the


orresponding inferen
e rule for a rigid/
ex equation
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root(s)

n

root(t)

V(t) F

d

F




[ BV(t)

V(s) [del℄

1

=[�s℄

2

=[�d℄

2

[i℄

1

1

; [p℄

1

1

; [ov℄

1

1

; [on℄

1

2

[i℄

1

1

; [p℄

1

1

; [ov℄

1

1

F

d

[i℄

1

2

; [p℄

1

2

; [ov℄

1

2

; [on℄

1

1

[del℄

1

=([on℄

2

1

; [on℄

2

2

; [d℄

2

) [on℄

1

F




[ BV(s) [i℄

1

2

; [p℄

1

2

; [ov℄

1

2

� [del℄

1

=[d℄

2

Fig. 5.4: Inferen
e rules of LN

�

for equation s � t sele
ted with sel 2 S

0

root(s)

n

root(t)

V(t) F

d

F




[ BV(t)

V(s) [del℄

1

=[�s℄=[�d℄ [i℄

1

; [p℄

1

; [ov℄

1

[i℄

1

; [p℄

1

; [ov℄

1

F

d

[del℄

1

=([i℄

2

; [p℄

2

; [ov℄

1

2

; [on℄

1

) [on℄

1

; [d℄ [on℄

1

F




[ BV(s) [i℄

2

; [p℄

2

� [del℄

1

=[d℄

Fig. 5.5: Inferen
e rules of LN

�

for equation s B t sele
ted with sel 2 S

0

� supers
ripts denote the priority of applying an inferen
e rule. The

highest priority is 1. [del℄ is a rule with highest priority.

In the 
ase of lazy narrowing 
al
uli this nondeterminism is usually don't

know, i.e. in order to guarantee 
ompleteness we usually have to 
onsider

all the possible 
hoi
es. For example, for a 
ex/rigid equation s � t with

root(t) 2 F

d

we have to 
onsider the inferen
e rules [i℄

1

, [p℄

1

, [ov℄

1

, [on℄

2

.

One ex
eption is the rule [del℄, whi
h 
an be applied deterministi
ally (be-


ause of Lemma 25).

In parti
ular, LN

�

has high don't know nondeterminism between the

inferen
e rules for 
ex/rigid equations. There are at least three inferen
e

rules that have to be 
onsidered for 
ex/rigid equations: [ov℄

1

, [i℄

1

and [p℄

1

.

In parti
ular, it is desirable to avoid [ov℄

1

be
ause it does not restri
t in

any way the rewrite rule to be used.

Sin
e LN

�

with strategy S

0

is 
omplete regardless of the order of sele
t-

ing the equations whi
h are not 
ex/
ex (Lemma 24), we 
an further re�ne

the strategy S

0

to avoid solving 
ex/rigid equations as mu
h as possible.

We propose to use sele
tion fun
tions whi
h satisfy (
1) and

(
2) a 
ex/rigid equation e 2 G with pre
(e) 6= 2 is sele
ted only if all the

other equations of G are either 
ex/
ex, or 
ex/rigid with pre
ursors.

We denote this 
lass of sele
tion fun
tions with S

n

: Sin
e S

n

� S

0

, any

hLN

�

;S

n

i-refutation is also an hLN

�

;S

0

i-refutation. Note that an hLN

�

;S

0

i-

refutation is of the form G)

�

�

F where F is a 
ex/
ex goal without equa-

tions of the form e = s B t with s; t 
ex patterns and pre


F

(e) = 2:
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By obeying (
2) we delay the sele
tion of a 
ex/rigid equation with pre-


ursors as mu
h as possible be
ause we want to avoid the nondeterminism

of applying the rules [i℄

1

, [p℄

1

and [ov℄. We may avoid this nondeterminism

if by solving the other equations �rst, we 
an transform a 
ex pattern/rigid

equation with pre
ursors into a 
ex/rigid equation without pre
ursors, or

into a rigid/rigid equation.

Like in the �rst-order 
ase, it is useful to distinguish the des
endants

of parameter-passing equations from the other equations. In this paper,

when we want to emphasize that an equation s B t is a (des
endant of a)

parameter-passing equation, we write s I t instead.

5.4 Outermost Narrowing at Variable Posi-

tion

Our obje
t of study in this se
tion is the 
al
ulus LN

�

with strategy S

n

:

By adopting the strategy S

n

we delay the sele
tion of 
ex/rigid equations

as mu
h as possible. We investigate restri
tions under whi
h the inferen
e

rule [ov℄ 
an be eliminated for 
ex/rigid sele
ted equations, without losing


ompleteness.

Lemma 29 Let G

0

= G; e;G

0

be a goal and e = �x:X(y) B �x:t with

�x:t a rigid term and �x:X(y) a pattern. Then for any triple hG

0

; 


0

; Ri 2

Repr(G

0

) su
h that 


0

�

V




(e)

is R-normalized there exists an hLN

�

;S

n

i-

step � : G

0

= G; e;G

0

)

�;�

G

1

with � 6= [ov℄ and a triple hG

1

; 


1

; R

0

i 2

Repr(G

1

) su
h that:

(a) hG

0

; 


0

; Ri � hG

1

; 


1

; R

0

i, and

(b) 


0

= �


1

[V(G

0

)℄.

Proof. By Lemma 24, there exists an LN

�

-step

� : G

0

= G; e;G

0

)

�;�

G

1

whi
h satis�es the 
onditions (a) and (b). Then � is an hLN

�

;S

n

i-step as

well. From the assumption that 


0

�

V




(e)

is R-normalized we dedu
e that

X


0

is R-irredu
ible, and thus �x:X(y)


0

is also R-irredu
ible. From the

proof of Lemma 24 for this 
ase results that � 6= [ov℄: 2

We de�ne LN

1

as the 
al
ulus obtained from LN

�

by modifying the

side 
onditions of the inferen
e rule [ov℄ as follows:
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[ov℄ outermost narrowing at variable position

G; �x:X(s

m

) B �x:t; G

0

(G; �x:H

n

(s

m

) B �x:l

n

; �x:r B �x:t; G

0

)�

if

{ �x:X(s

m

) is a 
ex-pattern only if pre
(�x:X(s

m

) B �x:t) 6= 2;

{ �x:t is rigid,

{ f(l

n

)! r is a fresh variant of an x-lifted rule, and

{ � = fX 7! �y

m

:f(H

n

(y

m

))g with H

n

fresh variables of appro-

priate types.

Lemma 30 (
ompleteness of LN

1

with strategy S

n

) Let G be a goal

and 
 2 U

n

R

(G): Then there exists an hLN

1

;S

n

i-refutation G )

�

�

F su
h

that 
 = �


0

[V(G)℄ for some 


0

2 U

R

(F ):

Proof. Similar to the proof of Lemma 28, but we use Lemma 29 instead of

Lemma 24.

5.5 Eager Variable Elimination

In this subse
tion we address the nondeterminism of LN

1

with strategy S

n

due to the sele
tion of the inferen
e rule to be applied to rigid/
ex des
en-

dants of parameter-passing equations. More pre
isely, we want to redu
e

the nondeterminism between the inferen
e rules of LN

1

with strategy S

n

for sele
ted equations of the form �x:f(s

n

) I �x:X(y) where f 2 F

d

and

�x:X(y) is a 
ex pattern. This way of redu
ing the nondeterminism of

LN

1

was inspired by the eager variable elimination problem of the 
al
ulus

LNC. In the �rst-order 
ase it is shown that by applying the inferen
e rule

[v℄

G; s I X;G

0

(G;G

0

)fX 7! sg

if X 62 V(s)

prior to other appli
able inferen
e rules is a 
omplete method (with respe
t

to the equation sele
tion fun
tion sel

left

) for orthogonal TRSs.

An attempt to generalize this result to the 
al
ulus LN

1

with strategy

S

0

for orthogonal PRSs raises the following questions:

1. Can we generalize to orthogonal PRSs the essential properties of or-

thogonal TRS?

2. What it the higher-order version of a �rst-order equation of the form

s I X with X 62 V(s)?
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3. What is the 
ounterpart of the [v℄-rule of LNC in the 
al
ulus LN

1

?

We give here a list of possible answers.

1. The 
ru
ial property that makes the eager variable elimination method


omplete for orthogonal TRSs is the validity of the standardization

theorem for orthogonal TRSs [MOI96℄. Roughly speaking, the stan-

dardization theorem states that if R is orthogonal and s !

�

R

t then

there exists an outside-in redu
tion derivation from s to t: Re
ently,

van Oostrom [vO96℄, su

eeded to prove the standardization theorem

for orthogonal PRS.

2. Intuitively, the higher-order 
ounterpart of a �rst-order variable is a

higher-order pattern. From this point of view, the higher-order eager

variable elimination problem should address the nondeterminism be-

tween the inferen
e rules whi
h are appli
able to sele
ted equations

of the form �x:f(s

n

) I �x:X(y) with f 2 F

d

.

3. LN

1

has no variable elimination rule. We observe that we 
an sim-

ulate a variable elimination step with a �nite sequen
e of [i℄- and

[p℄-steps. With this understanding, higher-order eager variable elim-

ination addresses the possibility to eliminate the appli
ation of [on℄

.

to 
ex/rigid des
endants of parameter-passing equations.

In the rest of this subse
tion we will prove that if R is an orthogonal PRS

then the appli
ation of [on℄

.


an be dropped for sele
ted des
endants of

parameter-passing equations without in
uen
ing the 
ompleteness property

of LN

1

with strategy S

n

:

Preliminaries

We will generalize the �rst-order eager variable elimination method to LN

1

with the help of outside-in redu
tion derivations.

De�nition 45 (eager variable elimination) An hLN

1

;S

n

i-derivation �

respe
ts the eager variable elimination method if [on℄ is never applied to

rigid/
ex equations of the form �x:f(s

n

) I �x:X(y) with f 2 F

d

.

The notion of outside-in redu
tion derivations for orthogonal PRSs is 
ar-

ried over from that for �rst order TRSs [Suz96℄.

De�nition 46 (outside-in redu
tion derivation) Let R be an orthog-

onal PRS. A R-redu
tion derivation of equations is 
alled outside-in if every

subderivation oe !

p

e

0

!

p

1

� � � !

p

n

e

n

!

q;l!r

e

0

satis�es the following


ondition: if p > q > " and all p

i

(1 � i � n) are disjoint from p then p=q

is above or disjoint from any free variable position in l.
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The only di�eren
e from the �rst-order 
ase given in [MO98℄ is the presen
e

of bound variables below the free variables. The de�nition above states

that the 
ex subterms of a higher-order pattern, 
alled binding holes by

Oostrom [vO96℄, are regarded as mere variables.

Theorem 7 (Oostrom [vO96℄) For any rewrite derivation s !

�

R

t by

an orthogonal PRS R, there exists an outside-in rewrite derivation from s

to t. 2

Completeness

We follow the same line of reasoning as in [MO98℄ to show that the ea-

ger variable elimination method for parameter-passing equations preserves


ompleteness of LN

1

with strategy S

n

: �rst we introdu
e a property of

rewrite derivations whi
h holds for any outside-in rewrite derivation. Next

we show that this property is preserved by Lemmata 24, 25 and 29. This re-

sult motivates the possibility to inhibit the appli
ation of [on℄

.

to equations

of the form �x:f(s

n

) I �x:X(y) with f 2 F

d

.

First we introdu
e a 
lass of restri
ted outside-in redu
tion derivations.

De�nition 47 (property P

HO

) Let R be an orthogonal PRS and

R : s� B t� !

�

R

t� B t�

an outside-in R-rewrite derivation. Then we say R has property P

HO

if

every redu
tion step in it satis�es the following 
ondition: if a position 1�p

is rewritten in the redu
tion step and later steps do not take pla
e above

1�p, then p is above or disjoint from any free variable position in t.

Lemma 31 Let G = e

n

be a goal, � 2 His

LN

1

(G) and hG; 
;R

n

i 2

Repr(G) su
h that any R

i

is an outside-in rewrite derivation and R

i

has

property P

HO

if e

i

is a parameter-passing equation. Suppose sel(�) = e

k

for some sele
tion fun
tion sel 2 S

n

: Then there exists an hLN

1

;S

n

i-step

� : e

k�1

; e

k

; e

k+1;n

)

�

G

0

= e

0

m

and hG

0

; 


0

; R

0

i 2 Repr(G

1

) su
h that

(a) hG; 
;R

n

i � hG

0

; 


0

; R

0

m

i;

(b) 
 = �


0

[V(G)℄, and

(
) if j 2 f1; : : : ;mg su
h that e

0

j

is a parameter-passing equation then

R

0

j

has property P

HO

:

The proof is done by an easy but tedious 
ase analysis on the transforma-

tions des
ribed in the proofs of Lemmata 24, 25 and 29.
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Lemma 32 If R is an orthogonal PRS then the eager variable elimination

method preserves the 
ompleteness of the 
al
ulus LN

1

with strategy S

n

for

R-normalized solutions.

Proof. Let
 2 U

n

R

(G): Be
ause R is orthogonal, there exists hG; 
;Ri 2

Repr(G) su
h that R is a sequen
e of outside-in R-derivations. A su

essive

appli
ation of Lemma 31 yields a sequen
e

hG; 
;Ri = hG

0

; 


0

; R

0

i � hG

1

; 


1

; R

1

i � : : : � hG

n

; 


n

; R

n

i � : : :

and a 
orresponding hLN

1

;S

n

i-derivation

G = G

0

)

�

1

G

1

)

�

2

: : :)

�

n

G

n

)

�

n+1

: : :

su
h that for any i � 0

(a) hG

i

; 


i

; R

i

i � hG

i+1

; 


i+1

; R

i+1

i;

(b) 


i

= �

i+1




i+1

[V(G

i

)℄, and

(
) any R

0

j

2 R

i

has property P

HO

if the 
orresponding equation e

0

j

2 G

i

is a parameter-passing equation.

Be
ause � is well-founded, the sequen
e of triples will eventually terminate

with a triple hG

N

; �

N

; R

N

i whereG

N

is a 
ex/
ex goal su
h that sel(G

N

) =

? for all sel 2 S

n

: Correspondingly, we obtain an hLN

1

;S

n

i-refutation

� : G = G

0

)

�

1

G

1

)

�

2

: : :)

�

n

G

N

:

From 
onditions (b) for every hLN

1

;S

n

i-step, we dedu
e that 
 = �


N

[V(G)℄

where � := �

1

: : : �

N

:

Assume e = �x:f(s

n

) I �x:X(y) 2 G

i

is a rigid/
ex parameter-passing

equation sele
ted in �, with f 2 F

d

: A

ording to our 
onstru
tion of �,

the rewrite derivation 
orresponding to e in R

i

has property P

HO

: This

implies that no rewrite step in R

i

takes pla
e to the root of the left-hand

side. From the proof of Lemma 24, sub
ase 2 results by 
ontraposition that

the hLN

1

;S

n

i-step applied to G

i

is not [on℄. Thus � respe
ts the eager

variable elimination method.

Hen
e we 
an the adopt the eager variable elimination method in the


al
ulus LN

1

with strategy S

n

without losing 
ompleteness. We denote the

newly obtained 
al
ulus by LN

ev

1

: 2
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5.6 Lazy Narrowing for Left-Linear Pattern

Rewrite Systems

In the sequel we assume that R is a left-linear PRS. The following lemma


aptures some of the essential properties of hLN

1

;S

n

i-derivations for left-

linear PRSs. It is the 
ounterpart for LN

1

with strategy S

n

of Lemma 3.1

in [MO98℄ for LNC with strategy S

left

.

Lemma 33 Let R be a left-linear PRS and �: G )

�

G

0

; s I t; G

00

an

hLN

1

;S

n

i-derivation. Then:

(1) (V(G

0

; s) [ V(G�)) \ V(t) = ;,

(2) For any equation e 2 G

00

, if V(e)\V(t) 6= ; then s I t 2 pre
(e); and

(3) t is a linear pattern.

Proof. We will make use of the following general property of an LN

1

-step:

(*) If G )

�

G

0

is an LN

1

-step then � is a linear pattern substitution

with Rng(�) a set of fresh variables.

Be
ause s I t is a des
endant of a parameter-passing equation, � 
an be

written as:

� : G)

�

�

0

G

0

)

�;�

G

1

= (G

0

1

; e; G

00

1

))

�

G

0

; s I t; G

00

where

� � 2 f[on℄, [ov℄g;

� e is a parameter-passing equation generated by the hLN

1

;S

n

i-step

� : G

0

= (G

0

0

; e

0

; G

00

0

) )

�;�

G

1

of � (i.e., e 2 des


�

(e

0

) but e 6=

ldes


�

(e

0

))

Let �

0

: G

1

)

�

G

0

; s I t; G

00

be the hLN

1

;S

n

i-subrefutation of � starting

from G

1

:

The proof pro
eeds by indu
tion on the length j�

0

j of �

0

.

Case 1. If j�

0

j = 0 then either

� : G

1

= (G

0

1

; �x:f(s

n

)

�

=

u;G

00

1

))

[on℄;f(l

n

)!r

G

0

1

; �x:s

p

I �x:l

p

| {z }

G

0

; �x:s

p+1

I �x:l

p+1

| {z }

sIt

; G

00
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or

� : G

1

= (G

0

1

; �x:X(s

m

)

�

=

u;G

00

1

))

[ov℄;�;f(l

n

)!r

G

0

1

�; �x:H

p

(s

m

�) I �x:l

p

| {z }

G

0

; �x:H

p+1

(s

m

�) I �x:l

p+1

| {z }

sIt

; G

00

with p < n and � = fX 7! �x

m

:f(H

n

(x

m

))g: Be
ause f(l

n

) ! r is a

fresh variant of an x-lifted left-linear rule, we learn that in the �rst situ-

ation the term t(= �x:l

p+1

) is a linear pattern whi
h has no variables in


ommon with G

1

, �x:l

p

, �x:s

p

and V(G�). In the se
ond situation we 
an

furthermore make use of (*) to infer that t has no variables in 
ommon

with G

1

�; �x:H

p

(s

m

�) I �x:l

p

, s and V(G�). Thus (1) holds in both sit-

uations. (3) is an immediate 
onsequen
e of the fa
t that �x:f(l

n

) is a

linear pattern (be
ause R is a left-linear PRS). Note that the only equa-

tion of G

00

whi
h may have variables in 
ommon with t is �x:r

�

=

u: Then

s I t 2 pre
(�x:r

�

=

u) and (2) holds, too.

Case 2. Suppose j�

0

j > 0: Then we 
an write � as

G)

�

�

0

G

0

)

�;�

G

1

| {z }

�

= (G

0

1

; e; G

00

1

))

�

�

00

G

0

2

; s

0

I t

0

; G

00

2

)

�

0

;�

0

G

0

; s I t; G

00

| {z }

�

0

su
h that s I t des
ends from s

0

I t

0

: Let G

2

= (G

0

2

; s

0

I t

0

; G

00

2

) and

�

1

= �

0

��

00

. From the indu
tion hypothesis we have

(4) (V(G

0

2

; s

0

) [ V(G�

1

)) \ V(t

0

) = ;,

(5) if e

00

2 G

00

2

with V(e

00

) \ V(t

0

) 6= ; then s

0

It

0

2 pre
(e

00

), and

(6) t

0

is a linear pattern.

Let �

0

be the last step of �

0

:

Sub
ase 2.1 Assume s

0

I t

0

is sele
ted in �

0

: Then �

0


an be:

[on℄/[ov℄: In this 
ase s

0

= �x:h(s

0

m

) with h 2 V(s

0

) [ F

d

. Assume the variant

of the x-lifted rule used in the last step is f(l

n

) ! r. Then G

0

=

G

0

2

�

0

; �x:s

00

p

I �x:l

p

for some p � n, where either

{ s

00

m

= s

0

m

; �

0

= " and n = m if h = f , or

{ s

00

n

= H

n

(s

0

m

�

0

) and �

0

= fh 7! �x

m

:f(H

n

(x

m

))g if h 2 V(s

0

).

Assume �rst that p < n: Then s I t = �x:s

00

p+1

I �x:l

p+1

and

the only equation in G

00

whi
h may have variables in 
ommon with

t(= �x:l

p+1

) is �x:r I t

0

�

0

. In this 
ase (2) holds be
ause, by the

de�nition of pre
ursor, s I t 2 pre
(�x:r I t

0

�

0

). The term t(=
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�x:l

p+1

) is a linear pattern be
ause R is left-linear, and thus (3)

holds. To prove (1) we note that:

(V(G

0

; s) [ V(G�)) \ V(t) = (V(G

0

2

�

0

; �x:s

00

p

I �x:l

p

) [ V(G�

1

�

0

)) \

V(�x:l

p+1

) � ((V(G

0

1

; s

0

)[V(G�

1

)[Rng(�

0

))\V(�x:l

p+1

))[(V(�x:l

p

)

\ V(�x:l

p+1

)) = ; [ ; = ;: Thus (1) holds as well.

If p = n then s I t = �x:r I t

0

�

0

and G

0

= G

0

2

�

0

; �x:s

00

n

I �x:l

n

: In

this 
ase (3) follows from (6), (*) and (7) jD(�

0

)j � 1.

For proving (1) we note that V(G

0

; s)\V(t) = V(G

0

2

�

0

; �x:s

00

p

I �x:l

p

;

�x:r) \ V(t

0

�

0

) � (V(G

0

2

�

0

; �x:s

0

�

0

) \ V(t

0

�

0

)) [ (V(�x:l

n

; �x:r) \

V(t

0

�

0

)) = ; be
ause V(G

0

2

�

0

; �x:s

0

�

0

) \ V(t�

0

)

(4;�;7)

= ; and V(�x:l

n

;

�x:r)\V(t

0

) = ;:Moreover, V(G�)\V(t) = V(G�

1

�

0

)\V(t

0

�

0

)

(4;�;7)

= ;:

Thus (1) holds.

For proving (2) assume that e

0

2 G

00

satis�es V(e

0

) \ V(t) 6= ;: Then

e

0

des
ends from some equation e

00

2 G

00

2

and e

0

= e

00

�

0

. This implies

that V(e

00

�

0

) \ V(t

0

�) 6= ;; and thus V(e

00

) \ V(t

0

) 6= ;: From (5) we


on
lude that s

0

I t

0

2 pre
(e

00

), and (2) follows from the de�nition

of pre
ursor.

[d℄ Then s

0

= �x:v(s

k

); t

0

= �x:v(t

k

) with v 2 fxg [ F , and s I t is a

des
endant of the form �x:s

p

I �x:t

p

with 1 � p � k: (1) follows from

(4) and (6), and (3) from (6). For proving (2), assume e

0

2 G

00

su
h

that V(e

0

) \ V(t) 6= ;: We note that e

0

is not a des
endant of s

0

I t

0

be
ause V(�x:t

p

) \ V(�x:s

j

I �x:t

j

)

(4;6)

= ; for any j > p. Therefore

e

0

des
ends from some equation e

00

2 G

00

2

and V(e

00

) \ V(t) 6= ;. By

(5), s

0

I t

0

2 pre
(e

00

), whi
h implies (2).

[i℄ Be
ause of (4), V(t

0

) \ V(G

0

2

; s

0

) = ;,and thus �

0

is either

G

0

2

; �x:X(s

0

q

) I �x:h(t

k

); G

00

2

)

[i℄;�

0
G

0

2

�

0

; �x:H

k

(s

0

q

�

0

) I �x:t

k

; G

00

2

�

0

or

G

0

2

; �x:h(t

k

) I �x:X(y

q

); G

00

2

)

[i℄;�

0

G

0

2

; �x:t

k

I �x:H

k

(y

q

); G

00

2

�

0

where X 2 V n fxg, �

0

= fX 7! �x

q

:h(H

k

(x

q

))g; h 2 F ; and y

q

is a

sequen
e of distin
t bound variables.

In the �rst sub-
ase we have s I t = �x:H

p

(s

0

q

�

0

) I �x:t

p

for some

p 2 f1; : : : ; kg and G

0

= (G

0

2

�

0

; �x:H

p�1

(s

0

q

�

0

) I �x:t

p�1

). Then

(3) follows from (6). To prove (1) we observe that V(G

0

; s) \ V(t) =

V(G

0

2

�

0

; �x:H

p�1

(s

0

q

�

0

) I �x:t

p�1

)\V(�x:t

p

) � (V(G

0

2

�

0

; s

0

�

0

)\V(t

0

))
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[ (V(�x:t

p

) \ V(�x:t

p+1

))

(6)

= V(G

0

2

�

0

; s

0

�

0

) \ V(t

0

) � (V(G

0

2

; s

0

) [

Rng(�

0

)) \ V(t

0

)

(4;�)

= ; and V(G�) \ V(t) � (V(G�

1

) [ Rng(�

0

)) \

V(t

0

)

(4;�)

= ;:

For proving (2) note that V(t) \ V(�x:H

j

(s

0

q

�) I �x:t

j

)

(4;6;�)

= ; for

all j > p. Thus, if e

0

2 G

00

satis�es V(e

0

) \ V(t) 6= ; then e

0

des
ends

from an equation e

00

2 G

00

2

. This implies that e

0

= e

00

�

0

, and hen
e ; 6=

V(e

0

)\V(t) = V(e

00

�

0

)\V(t

0

) = V(e

00

�

0

)\V(t

0

) = (V(e

00

�

0

)\V(t

0

�

0

):

This implies that V(e

00

) \ V(t

0

) 6= ;: By (5) we get s

0

I t

0

2 pre
(e

00

),

and (2) follows from the de�nition of pre
ursor.

In the se
ond sub-
ase we have s I t = �x:t

p

I �x:H

p

(y

q

) for some

p 2 f1; : : : ; kg and G

0

= G

0

2

; �x:t

p�1

I �x:H

p�1

(y

q

). Then (3) holds

trivially and (1) results from the observation that V(G

0

; s)\V(t)

(�)

= ;

and V(G�) \ V(t) � V(G�

1

�

0

) \ V(t

0

�

0

)

(4;�)

= ;. For (2), assume that

e

0

2 G

00

satis�es V(e

0

) \ V(t) 6= ;: Note that V(�x:t

j

I �x:H

j

(y

q

)) \

V(t) = ; for all j > p. Therefore e

0

des
ends from some equation

e

00

2 G

0

2

. This implies that e

0

= e

00

�

0

. Be
ause ; 6= V(e

0

) \ V(t

0

) =

V(e

00

�

0

) \ V(t�

0

), we have V(e

00

) \ V(t

0

) 6= ;, and by (5) we dedu
e

that s

0

I t

0

2 pre
(e

00

): Therefore (2) holds, too.

[p℄ Then s

0

I t

0

= �x:X(s

m

) I u or s

0

I t

0

= u I �x:X(s

m

) with u

rigid, and s I t = (s

0

I t

0

)�

0

with �

0

= fX 7! �x

m

:x

j

(H

p

(x

m

))g for

some 1 � j � m: It is easy to see that under the additional fa
t that

jD(�

0

)j = 1, the following logi
al impli
ations hold: (4)^(*) ) (1),

(5)^(*) ) (2), and (6)^(*) ) (3).

Sub
ase 2.2 Assume s

0

I t

0

is not sele
ted in �

0

: Then s I t = s

0

�

0

I

t

0

�

0

. We distinguish two situations, depending on whether �

0

is [�d℄ or not.

If �

0

= [�d℄ then it sele
ts a 
ex/
ex equation e

0

= �y:X(y

0

) B �y:Y (y

00

) in

G

2

, where y

0

and y

00

are sequen
es of distin
t bound variables and pre
(e

0

) =

2: There are two possibilities:

1. e

0

2 G

0

2

; then (4) implies that fX;Y g \ V(t

0

) = ;.

2. e

0

2 G

00

2

; then s

0

I t

0

62 pre
(e

0

) (be
ause pre
(e

0

) = 2)

(5)

) fX;Y g \

V(t

0

) = ;.

In both situations we have D(�

0

) \ V(t

0

) = fX;Y g \ V(t

0

) = ;. We label

this equality with (7). Then t = t

0

�

0

(7)

= t

0

, and (3) follows from (6).

Also (1) holds be
ause V(G

0

; s)\V(t) � V(G

0

2

�

0

; s

0

�)\V(t

0

)

(7)

= (V(G

0

2

; s

0

)[

Rng(�

0

))\V(t

0

)

(4;�)

= ; and V(G�)\V(t) � (V(G�

1

)[Rng(�

0

))\V(t

0

)

(4;�)

= ;.
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For (2), let e

0

1

2 G

00

su
h that V(e

0

1

) \ V(t) 6= ;. Proving (2) amounts to

proving that s I t 2 pre
(e

0

1

). Let e

00

1

2 G

00

2

su
h that e

0

1

des
ends from

e

00

1

: Note that V(e

00

1

) \ V(t

0

) = ; is possible only if X 2 V(t

0

); Y 2 V(e

0

1

),

or Y 2 V(t

0

); X 2 V(e

0

1

), whi
h 
ontradi
ts (7). Thus V(e

00

1

) \ V(t

0

) 6= ;

(5)

)

s

0

I t

0

2 pre
(e

00

1

)) (2).

We assume now that �

0

6= [�d℄. Then jD(�

0

)j � 1. We label this prop-

erty with (8). Note that V(G�

1

) \ V(t

0

) = ; be
ause of (4), and therefore

either V(G�) \ V(t) � V(G�

1

) \ (V(t

0

) [ Rng(�

0

))

(4;�)

= ; if D(�

0

) � V(t

0

),

or V(G�) \ V(t) � (V(G�

1

) [ Rng(�

0

)) \ V(t

0

)

(4;�)

= ; otherwise. Thus

V(G�)) \ V(t) = ;, and therefore, for proving (1), it remains to show

that V(t) \ V(G

0

; s) = ;: If �

0

is not [on℄ or [ov℄ applied to some equa-

tion of G

0

2

then V(G

0

; s) \ V(t) � V(G

0

1

�

0

; s

0

�

0

) \ V(t

0

�

0

)

(�;4;8)

= ;. Oth-

erwise, V(G

0

; s) � V(G

0

1

�

0

; s

0

�

0

) [ V where V is the set of fresh vari-

ables introdu
ed by the rule variant used in the narrowing step. Then

(V(G

0

; s) [ V ) \ V(t) � V(G

0

1

�

0

; s

0

�

0

[ V ) \ V(t

0

�

0

)

(�;4;8)

= ;. Hen
e (1)

holds in both situations. (3) follows from (6), (*) and (8). For (2), assume

that e

0

2 G

00

su
h that V(e

0

) \ V(s I t) 6= ; and let e

00

be the equation

in G

00

2

from whi
h e

0

des
ends. Then V(e

0

) � V(e

00

�

0

) if �

0

is not [on℄ or

[ov℄ applied to e

00

, or V(e

0

) � V(e

00

�

0

)[ V otherwise, where V are the fresh

variables introdu
ed by the rule variant of the narrowing step. In both


ases we obtain ;6=V(e

0

) \ V(s I t) � V(e

00

�

0

) \ V(s

0

� I t

0

�); whi
h yields

V(s

0

I t

0

)\V(e

00

) 6= ;: From (5) we get that s

0

I t

0

2 pre
(e

00

); whi
h yields

(2). 2

5.7 Redundant Equations

Upon 
omputations of R-normalized solutions with hLN

1

;S

n

i-refutations,

the 
al
ulus may generate new equations whi
h are redundant, i.e. solving

them does not 
ontribute to the 
omputation of an R-normalized solution.

This behaviour is illustrated in the example below.

Example 8 Let R = ff(X

1

; X

2

) ! X

1

g and G = f(X; f(f(3))) B Y:

G has the R-normalized solution � = fX 7! H

2

; Y 7! H

2

g whi
h 
an be


omputed with an hLN

1

;S

n

i-refutation as follows:

G )

[on℄

G

1

= X

1

I X; f(f(3)) I X

2

; X

1

B Y

)

[�d℄;�

G

2

= f(f(3)) I X

2

; H

1

B Y )

3

[i℄

2

;�

2

G

3

= H

1

B Y )

[�d℄;�

3

2

where �

1

= fX 7! H

2

; X

1

7! H

2

g; �

3

= fH

1

7! H

2

; Y 7! H

2

g, and the

subderivation G

2

)

3

[i℄

2

;�

2

G

3

sele
ts only des
endants of f(f(3)) I X

2

:
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We see that solving this equation does not 
ontribute to the 
omputation

of �, and thus it 
an be eliminated from G

2

without a�e
ting the 
omputed

solution. The 
al
ulus LNC [MO98℄ generates a derivation that eliminates

this equation by performing a [v℄-step whi
h binds X

2

to f(f(3)); but it also

generates unne
essary derivations that apply [on℄ or [i℄ to this equation.

The following de�nition formalizes our notion of redundant equation.

De�nition 48 (redundant equation) Let G )

�

G

0

be an hLN

1

;S

n

i-

derivation and e = �x:s I �x:X(y) an equation in G

0

with V(�y:s)\fxg =

;. Then e is redundant if X 62 V(G

0

r e; �x:s):

Note that a

ording to this de�nition, an equation of the form �x:s I

�x:X(y) with �y:s \ fxg 6= ; is not redundant. For example, the equation

�x; y:Y (x; y) I �x; y:X(x) is not redundant. Intuitively, this equation is

not redundant be
ause it 
ontains the information that the left-hand side

�x; y:Y (x; y) must be redu
ed to a term whi
h does not depend on y:

The elimination rule for redundant equations is

[rm℄

G; e;G

0

G;G

0

if e is redundant.

In the sequel we study the soundness and 
ompleteness of the 
al
ulus

LN

1

[ f[rm℄g:

Lemma 34 If � : G

0

)

�

�

G

1

)

[rm℄

G

2

is an hLN

1

;S

n

i-derivation then

f�
�

V(G

0

)

j 
 2 U

R

(G

1

)g = f�


0

�

V(G

0

)

j 


0

2 U

R

(G

2

)g:

Proof. Assume the last step of � is

� : G

1

= G; �x:s(y) I �x:X(y); G

0

)

[rm℄

G

2

= G

0

; G

00

:

Let A

1

= f�
�

V(G

0

)

j 
 2 U

R

(G

1

)g, A

2

= f�


0

�

V(G

0

)

j 


0

2 U

R

(G

2

)g; and

V = V(G�): Obviously, U

R

(G

1

) � U

R

(G

2

), and thus A

1

� A

2

:

Let Æ 2 A

2

. Then there exists 


0

2 U

R

(G

2

) su
h that Æ = �


0

: From the

shapes of G

1

and G

2

results that Æ�

VnfXg

[ fX 7! �x:s


0

g is a well-de�ned

substitution and Æ 2 U

R

(G

1

). From Lemma 33.(1) results that X 62 V .

Therefore, �


0

�

V(G

0

)

= �Æ�

V(G

0

)

, and thus A

2

� A

1

.

Hen
e A

1

= A

2

: 2

Lemma 35 Let G = e

n

be a goal, hG; 
;R

n

i 2 Repr(G), e

k

2 G a redun-

dant equation, G

0

= (e

k�1

; e

k+1;n

); and R

0

n�1

= (R

k�1

; R

k+1;n

):

Then we 
an perform the [rm℄-step G)

[rm℄;"

G

0

, and we have

hG; �;R

n

i � hG

0

; �; R

0

n�1

i:
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Proof. Obvious. 2

Lemmata 34 and 35 imply that we preserve the soundness and 
ompleteness

properties of LN

1

with strategy S

n

if we extend S

n

to a strategy whi
h 
an

sele
t redundant equations, and re�ne LN

1

to a 
al
ulus whi
h applies rule

[rm℄ to sele
ted equations whi
h are redundant. We 
all the new strategy

S




and the re�ned 
al
ulus LN

2

. The de�nition of the strategy S





an be

obtained from the de�nition of S

n

by repla
ing 
ondition (
1) with

(
1') a 
ex/
ex equation is sele
ted only if it is redundant or (
1) holds.

The nondeterminism between the inferen
e rules of LN

2

with strategy S




is shown in Figs. 5.6 and 5.7. The supers
ripts atta
hed to the labels

in the table indi
ate the priority of applying the 
orresponding inferen
e

rule. These priorities are established by imposing additional side 
onditions

to the 
orresponding inferen
e rules of LN

1

. E.g., for equations of the

form e = �x:v(s

n

) B �x:X(t

n

) with v 2 fxg [ F




, 
he
ks whether the

pre
onditions to apply rule [rm℄ are satis�ed. If yes, then [rm℄ is applied

deterministi
ally. Otherwise the sele
ted equation is not redundant and the

inferen
e rules [i℄

2

, [p℄

2

of LN

2

are applied nondeterministi
ally.

root(s)

n

root(t)

V(t) F

d

F




[ BV(t)

V(s) [del℄

1

=[rm℄

2

= [i℄

1

1

; [p℄

1

1

; [i℄

1

1

; [p℄

1

1

; [ov℄

1

1

[�s℄

3

=[�d℄

3

[ov℄

1

1

; [on℄

1

2

F

d

[rm℄

1

= [del℄

1

= [on℄

1

1

([i℄

2

2

; [p℄

2

2

; [on℄

2

1

) ([on℄

2

1

; [on℄

2

2

; [d℄

2

)

F




[ BV(s) [rm℄

1

= � [del℄

1

=[d℄

2

([i℄

2

2

; [p℄

2

2

; [ov℄

2

2

)

Fig. 5.6: Inferen
e rules of LN

2

for equation s � t sele
ted by sel 2 S




root(s)

n

root(t)

V(t) F

d

F




[ BV(t)

V(s) [del℄

1

=[rm℄

2

=[�s℄

3

=[�d℄

3

[i℄

1

1

; [p℄

1

1

; [ov℄

1

[i℄

1

1

; [p℄

1

1

; [ov℄

1

F

d

[rm℄

1

=([i℄

2

2

; [p℄

2

2

; [on℄

2

) [del℄

1

=([on℄

2

; [d℄

2

) [on℄

F




[ BV(s) [rm℄

1

=([i℄

2

2

; [p℄

2

2

) � [del℄

1

=[d℄

2

Fig. 5.7: Inferen
e rules of LN

2

for equation s B t sele
ted by sel 2 S




In the sequel we investigate the 
al
ulus LN

2

with strategy S




.



118 CHAPTER 5. LAZY NARROWING FOR PRS

5.8 Lazy Narrowing for Left-Linear Constru
-

tor Pattern Rewrite Systems

In this se
tion we study the possibility to redu
e the nondeterminism be-

tween the inferen
e rules of LN

2

with strategy S

n

for 
on
uent left-linear


onstru
tor fully-extended PRSs.

The restri
tion to left-linear 
onstru
tor rewrite systems is quite 
ustom-

ary in fun
tional logi
 programming. In the �rst-order 
ase it was shown

[MO98℄ that for left-linear 
onstru
tor PRS we 
an 
ompletely eliminate

the nondeterminism on the sele
tion of inferen
e rules for solving 
ex/rigid

des
endants of parameter-passing equations without losing 
ompleteness

be
ause all des
endants of parameter-passing equations have 
onstru
tor

terms to the right-hand side. Unfortunately, LN

2

with strategy S

n

does

not have this property, as we 
an see from the following example.

Example 9 Consider the left-linear 
onstru
tor PRS R = ff(X) ! Xg

and the goal G = f(Y (X)) B a: Then any hLN

2

;S

n

i-derivation starts with

the following hLN

2

;S

n

i-subderivation

f(Y (X))Ba )

[on℄

G = Y (X) I X

1

; X

1

B a

)

[ov℄;�=fX

1

7!f(H)g

G

0

= Y (X) I f(H); H(X) I X

2

; X

2

Ba

The appli
ation of [ov℄ in the se
ond inferen
e step introdu
es the de�ned

symbol f in the right-hand side of the leftmost parameter-passing equation

of G

0

: 2

It is easy to see that su
h undesirable parameter-passing equations are


reated as the result of an [ov℄- or [i℄-step. Thus, we should invent a method

to avoid performing [ov℄- or [i℄-steps in su
h problemati
 situations, but

without losing 
ompleteness. The following lemma gives the basi
 idea for

our attempt.

Lemma 36 Let e = �z:s(y) B �z:X(y), e

0

= �x:X(t) D �x:u be equations

su
h that �x:u is rigid, V(s) \ fzg = ;, X 62 V(s; �x:u) and V = V n

fXg. Assume that e

00

= �x:s(t) D �x:u is the equation obtained from e

0

by

repla
ing �x:X(t) with �x:s(t). Then

f��

V

j � 2 U

R

(e; e

0

)g = f�

0

�

V

j �

0

2 U

R

(e; e

00

)g:

Proof. We show that the left-hand side is a subset of the right-hand side,

and vi
e versa.

(�) Let � 2 U

R

(e; e

0

): It is suÆ
ient to prove that �

0

2 U

R

(e

00

): By de�ni-

tion, � 2 U

R

(e; e

0

) i�
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(1) �z:s�(y)!

�

R

�z:(X�)(y) and

(2) � 2 U

R

(e

0

).

Be
ause �x:(s�)(t�)

(1)

!

�

R

�x:(X�)(t�), we have that � 2 U

R

(�x:s(t) B

�x:X(t)): From (2) we know that � 2 U

R

(�x:X(t) D �x:u): Then � 2

U

R

(�x:s(t) D �x:u), i.e. � 2 U

R

(e

00

):

(�) Assume � = ��

V

where � 2 U

R

(e; e

00

). Then

(3) �z:s�(y)!

�

R

�z:(X�)(y) and

(4) � 2 U

R

(e

00

):

We want to prove that there exists a substitution �

0

su
h that

(5) �z:s�

0

(y)!

�

R

�z:(X�

0

)(y),

(6) �

0

2 U

R

(�x:X(t) D �x:u), and

(7) � = �

0

[V ℄:

Let �

0

= ��

V

[ fX 7! �y:s�(y)g whi
h gives (7) as an immediate 
onse-

quen
e. Sin
e X 62 V(s) we have �z:s�

0

(y) = �z:s�(y) = �z:(X�

0

)(y). Thus

(5) holds and (8) �z:X�

0

(y) !

�

R

�z:X�(y) from (3). For (6) we observe

that if e

00

= �x:X(t) B �x:u then

�x:(X�

0

)(t�

0

) = �x:s�(t�

0

)

(8)

!

�

R

�x:s�(t�)

(4)

!

�

R

�x:u� = �x:u�

0

;

and if e

00

= �x:X(t) ' �x:u then

�x:(X�

0

)(t�

0

) = �x:s�(t�

0

)

(8)

!

�

R

�x:s�(t�)

(4)

$

�

R

�x:u� = �x:u�

0

:

Thus (6) holds in both situations. 2

Remark 1 In Lemma 36 we require V(s) \ fzg = ;. Without this restri
-

tion the 
ase "�" in the proof of Lemma 36 does not hold.

Lemma 36 suggests the following new inferen
e rule:

[
℄

G; �z:s(y) I �z:X(y); G

0

; �x:X(t) D �x:u;G

00

G; �z:s(y) I �z:X(y); G

0

; �x:s(t) D �x:u;G

00

if �x:u is rigid and V(s) \ fzg = ;:

The equation sele
ted by the [
℄-rule is �x:X(t) D �x:u and its des
endant

is de�ned to be �x:s(t) D �x:u. The notions of pre
ursor and des
endant

are 
arried over to the [
℄-rule in the natural way. We denote by LN

3

the 
al
ulus obtained from LN

2

by adding the rule [
℄ and by applying it

instead of [ov℄ and [i℄

1

whenever possible.

Remark 2 The statements of Lemma 33 hold for the 
al
ulus LN

3

with

strategy S




as well.
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The soundness of the 
al
ulus LN

3

is an immediate 
onsequen
e of the

following lemma:

Lemma 37 If � : G

0

)

�

�

G

1

)

[
℄

G

2

is an hLN

3

;S

n

i-derivation then

f�
�

V(G

0

)

j 
 2 U

R

(G

1

)g = f�


0

�

V(G

0

)

j 


0

2 U

R

(G

2

)g:

Proof. Assume the equation sele
ted in the last hLN

3

;S

n

i-step of � is

�x:X(t) D �x:u: Then there exists a parameter-passing equation e

0

=

�z:s I �z:X(y) 2 pre


G

1

(e): From Remark 2 we learn that X 62 V(G�):

Then Lemma 37 follows from Lemma 36. 2

Assume

G

0

)

�

�

G

1

= G

0

; �x:X(t) D �x:u

| {z }

e

; G

00

is an hLN

3

;S




i-derivation and e = sel(G

1

) for some sel 2 S




. From Remark

2 and 
ondition (
2) of strategy S




we dedu
e that either: (a) there exists a

parameter-passing equation e

0

= �z:s I �z:X(y) 2 pre


G

1

(e); or (b) all the

equations s

0

I t

0

2 Gr e satisfy the 
ondition X 62 V(t

0

): The problemati


situation is (a): in this 
ase it is desirable to be able to apply rule [
℄ instead

of [ov℄ or [i℄. Unfortunately, there is a side 
ondition whi
h 
an prohibit the

appli
ation of [
℄, namely if e

0

satis�es the 
ondition V(s) \ fzg 6= ;: We

avoid su
h situations by imposing an additional 
ondition on the left-linear


onstru
tor PRS as well.

De�nition 49 (full extension) A term is fully-extended if every free var-

iable in the term has all the bound variables in the 
urrent s
ope as argu-

ments. A PRS 
onsisting of rewrite rules with fully-extended left-hand sides

is 
alled fully-extended.

The notion of fully-extended PRSs was �rst introdu
ed by Prehofer [Pre98℄,

though he had a di�erent motivation than ours. Hereafter, we simply refer

to fully-extended PRSs as EPRSs.

Lemma 38 If R is a left-linear EPRS then the right-hand sides of the

parameter-passing equations generated in hLN

3

;S




i-derivations are fully-

extended.

Here we don't show the detailed proof but only note that the right-hand

sides of the parameter-passing equations generated by [ov℄ and [on℄ are

fully-extended and that [i℄ and [p℄ instantiate variables with fully-extended

terms. [�d℄ and [�s℄ are the only rules whi
h may instantiate variables with

non-fully-extended terms; however, they never instantiate the variables in
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the right-hand sides of the parameter-passing equations. This follows from

Remark 2.

The following lemma is the 
ounterpart for LN

3

of Lemma 3.1.(2) in

[MO98℄ for LNC.

Lemma 39 Let R be a left-linear 
onstru
tor EPRS and �: G)

�

�

G

0

; s I

t; G

00

an hLN

3

;S




i-derivation. Then t is a linear pattern 
onstru
tor term.

Lemma 39 explains why the 
al
ulus LN

3

with strategy F




is more deter-

ministi
 than LN

2

with strategy S




: we 
an 
ompletely remove 
olumn 2

from Fig. 5.7 for des
endants of parameter-passing equations (i.e., equa-

tions of the form s I t).

We have already seen why LN

2

with strategy S




is sound. Now we

explain why LN

3

with strategy S




is 
omplete.

Lemma 40 Let R be a 
on
uent left-linear 
onstru
tor EPRS. If 
 2

U

R

(G) is normalized then there exists an hLN

3

;S




i-refutation � : G)

�

�

F

su
h that �


0

= 
 [V(G)℄ for some solution 
 2 U

R

(F ):

Proof. (Sket
h) Let 
 be a normalized solution of G: We will prove that

there exists an hLN

3

;S




i-refutation � : G )

�

�

F with �� = 
 [V(G)℄ for

some solution � of F: The 
onstru
tion of � is depi
ted in the diagram

below. in Fig. 5.8. Here �

1

; : : : ; �

n

2 f[i℄,[ov℄g: We prove by indu
tion on

9�

1

: G)

�

�

1

G

1

)

�

1

)

�

F

1

+

+

[
℄

9�

2

: G

0

1

)

+

�

2

G

2

)

�

2

)

�

F

2

+

+

[
℄

.

.

.

+

+

[
℄

9�

n

: G

0

n�1

)

+

�

n

G

n

)

�

n

)

�

F

n

Fig. 5.8: Constru
tion of an hLN

3

;S




i-refutation � : G)

�

G

n

for a given

R-normalized solution 
 2 U

R

(G)

n that the following 
onditions hold:

(a) the LN

2

-derivationG)

�

�

1

:::�

n

G

n

shown in the diagram is an hLN

3

;S




i-

derivation,

(b) for any i � n there exists 


i

2 U

R

(G

i

) su
h that �

1

: : : �

i




i

= 
 [V(G)℄,
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(
) j


1

j > : : : > j


n

j where j


i

j := fjX


i

j j X 2 V(G�

1

: : : �

i

)g:

The 
onstru
tion starts with an hLN

2

;S




i-refutation �

1

: G )

�

Æ

F

1

su
h

that:

� 
 = Æ

1




00

1

for some 


00

1

2 U

R

(F

1

);

� [ov℄ or [i℄ is applied to an equation e sele
ted in some intermediate

goal G

00

of �

1

only if pre
(e) is a non-empty 
ex/
ex goal and all the

non-
ex/
ex equations of G

00

are 
ex/rigid with pre
ursors.

From the 
ompleteness of LN

2

with strategy S




, su
h an hLN

2

;S




i-refu-

tation exists. Let G

1

be the �rst goal in �

1

where an equation to whi
h

[
℄ 
an be applied is sele
ted. If su
h a goal does not exist then �

1

is an

hLN

3

;S




i-refutation and we 
hoose � = �

1

, F = F

1

: Otherwise we 
ut

out the subrefutation originating in G

1

, keep the subderivation G)

�

�

1

G

1

,

and start applying all the possible [
℄-steps on the equation sele
ted by �

1

from G

1

: Then G )

�

�

G

1

is an hLN

3

;S




i-derivation and 
 = �

1




1

[V(G)℄

for some 


1

2 U

R

(G

1

). Suppose

� e = �x:X(t) D u is the 
ex/rigid equation sele
ted from G

1

,

� e

0

= �x:X

0

(t

0

) D u is the result of applying all [
℄-steps on e, and

� G

0

1

is the 
orresponding goal.

If the sequen
e of pre
ursors used in the [
℄-steps is

�x:X

n+1

(: : : ) I �x:X

n

(: : : ); : : : ; �x:X

1

(: : : ) I �x:X(x) then Lemma 36

yields that 


0

1

= 


1

[V(G

1

) n fX

n

g℄ for some 


0

1

2 U

R

(G

0

1

). From Remark 2

we know that fX

n

g \ V(G�

1

) = ;, whi
h implies that �

1




1

= �

1




0

1

[V(G)℄:

Now, we 
an sele
t e

0

and perform an LN

2

-step whi
h is also an LN

3

-

step. We start with su
h an LN

3

-step and 
onstru
t an hLN

1

;S




i-refutation

�

2

: G

0

1

)

+

�

2

G

2

)

�

2

;�

1

)

�

Æ

2

F

2

with �

2

2 f[i℄,[ov℄g in the same way as we


onstru
ted �

1

: Again, we 
ut out the subrefutation (if any) of �

2

whi
h

starts with the LN

2

-step that violates strategy S




, retain the hLN

3

;S




i-

derivation G

0

1

)

+

�

2

G

2

and determine 


2

2 U

R

(G

2

). It is important to

see that we obtain an hLN

3

;S




i-derivation G

0

1

)

+

�

2

G

2

with ; 6= D(�

1

) �

D(�

2

) � V(G�

1

), whi
h explains why j


1

j > j


2

j:

Sin
e there is no in�nite des
ending 
hain j


1

j > j


2

j > : : : , our 
on-

stru
tion will eventually terminate and yield the desired hLN

3

;S




i-refuta-

tion. 2
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5.9 Stri
t Equality

In fun
tional logi
 programming it is 
ustomary to 
onsider two expressions

equal if they redu
e to the same 
onstru
tor term [MO98℄. This so-
alled

stri
t equality 
an be integrated into our lazy narrowing 
al
uli if we dis-

tinguish between the following types of equations:

1. unoriented equations

(a) with nonstri
t semanti
s, denoted by s � t,

(b) with stri
t semanti
s, denoted by s

:

= t:

2. oriented equations

(a) with stri
t semanti
s, denoted by s� t

(b) with nonstri
t semanti
s

i. linear des
endant of initial equation, denoted by s B t

ii. des
endant of parameter-passing equation, denoted by s I t:

An R-uni�er of of an equation with stri
t semanti
s is an R-uni�er of its

nonstri
t 
ounterpart.

De�nition 50 (stri
t solution) A stri
t solution of a nonstri
t equation

e is an R-uni�er of e:

A stri
t solution of a stri
t equation s

:

= t is a solution � 2 U

R

(s � t)

su
h that there exists u 2 T (F




;V) for whi
h s� !

�

R

u and t� !

�

R

u.

A stri
t solution of a stri
t equation s� t is a solution � 2 U

R

(s � t)

su
h that t� 2 T (F




;V):

In this se
tion we look for eÆ
ient 
al
uli to 
ompute normalizes stri
t

solutions of goals 
onsisting of equations of type 1.(a), 1.(b), 2.(a), 2.(b).i.

We start with the 
al
ulus LN

2

with strategy S




introdu
ed in Se
t. 5.7,

and regard is as the disjoint union of two sub
al
uli:

� LN

ns

2

for non-stri
t equations, and

� LN

s

2

for stri
t equations.

In the sequel we analyze how the sub
al
ulus LN

s

2


an be spe
ialized to

eÆ
iently solve stri
t equations. The following lemma resumes the results

of our analysis.

Lemma 41 Let R be a left-linear PRS, G = G

1

; e; G

2

be a goal and 
 be

an R-normalized solution of G. If e 
an be sele
ted with strategy S




then

there exists an hLN

2

;S




i-step � : G)

�

G

0

and a substitution 


0

2 U

R

(G

0

)

su
h that
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(1) e is the equation sele
ted by �,

(2) 
 = �


0

[V(G)℄,

(3) if e = s� t then

(3.1) root(t) 62 F

d

,

(3.2) if root(t) 2 F

d

then � is an [on℄-step.

Proof.

(1)&(2) We know from the 
ompleteness of LN

2

with strategy S




that

if we interpret stri
t equations as oriented equations then there exist an

hLN

2

;S




i-step � : G )

�

G

0

and a substitution 


0

2 U

R

(G

0

) whi
h sat-

isfy (1) and (2). We only have to show that if 
 is a stri
t solution of

e

0

= s B t 2 G then 


0

is a stri
t solution of the linear des
endants of e

0

in

G

0

: This 
an be shown by 
ase distin
tion on the type of �.

(3) For (3.1), note that if root(t) 2 F

d

then t
 62 T (F




;V) whi
h 
ontradi
ts

with our assumption on 
. Therefore we must have root(t) 62 F

d

: For (3.2),

we observe that if root(s) 2 F

d

then any rewrite derivation s
 !

�

R

t
 must


ontain a rewrite step at the root position. Then we 
an 
hoose � to be an

[on℄-step. 2

This lemma suggests to de�ne the spe
ialization of LN

s

2


onsisting of

the inferen
e rules [i℄

s

, [p℄

s

, [ov℄

s

, [on℄

s

, [�s℄

s

, [�d℄

s

, [d℄

s

shown in Fig. 5.9.

We 
all LN

4

the 
al
ulus resulted from LN

2

by repla
ing the sub
al
ulus

LN

s

2

with the one depi
ted in Fig. 5.9.

Be
ause the 
al
ulus LN

4

is a spe
ialization of LN

2

, it results that LN

4

with strategy S




is sound: whenever G )

�

�

F is an hLN

4

;S




i-refutation

and 
 2 U

R

(F ), we have that �
 2 U

R

(G):

Furthermore, the 
al
ulus LN

4

with strategy S




is also 
omplete for the


omputation of the stri
t R-normalized solutions of a goal. From Lemma

41.(1)-(2) we learn that LN

4

with strategy S




is a 
omplete 
al
ulus for

the 
omputation of R-normalized solutions. Even more, Lemma 41.(3)

allows us to 
onsider only hLN

4

;S




i-refutations for whi
h 
onditions (3.1)

and (3.2) hold. Therefore, we 
an redu
e the nondeterminism between the

inferen
e rules of LN

4

with strategy S




for a sele
ted equation s � t as

shown in Fig. 5.10.

5.10 Conditional Pattern Rewrite Systems

In this se
tion we outline the possibility to extend the 
al
ulus LN

1

to the


ase of 
onditional pattern rewrite systems.
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[d℄

s

de
omposition

G; �x:v(s

n

)

�

=

�x:v(t

n

); G

0

G; �x:s

n

� �x:t

n

; G

0

if v 2 F




[ fxg and

�

=

2 f

:

=;�g

[i℄

s

imitation

G; �x:X(s

n

)

�

=

�x:g(t

m

); G

0

(G; �x:H

m

(s

n

)

�

=

�x:t

m

; G

0

)�

where

�

=

2 f

:

=;

:

=

�1

;�;�

�1

g, g 2 F




, � = fX 7! �x

n

:g(H

m

(x

n

))g and H

m

are fresh variables.

[p℄

s

proje
tion

G; �x:X(s

n

)

�

=

�x:t; G

0

(G; �x:s

i

(H

p

(s

n

))

�

=

�x:t; G

0

)�

where

�

=

2 f

:

=;

:

=

�1

;�;�

�1

g, 1 � i � n, �x:t is rigid, � = fX 7!

�y

n

:y

i

(H

p

(y

n

))g, y

i

: �

p

! �; and H

p

: �

p

are fresh variables.

[ov℄

s

outermost narrowing at variable position

G; �x:X(s

m

)

�

=

�x:v(t); G

0

(G; �x:H

n

(s

m

) I �x:l

n

; �x:r

�

=

�x:v(t); G

0

)�

if

�

=

2 f�;

:

=;

:

=

�1

g, v 2 fxg[F




; f(l

n

)! r is a fresh variant of an x-lifted

rule, � = fX 7! �y

m

:f(H

n

(y

m

))g with H

n

fresh variables of appropriate

types, and s

m

are distin
t bound variables only if the sele
ted equation has

pre
ursors.

[on℄

s

outermost narrowing at nonvariable position

G; �x:f(s

n

)

�

=

�x:t; G

0

G; �x:s

n

I �x:l

n

; �x:r

�

=

�x:t; G

0

if

�

=

2 f

:

=;

:

=

�1

;�g and f(l

n

)! r is a fresh variant of an x-lifted rule.

[�s℄

s


ex/
ex same

G; �x:X(y

n

)

�

=

�x:X(y

0

n

); G

0

(G;G

0

)�

where

�

=

2 f

:

=;�g; � = fX 7! �y

n

:H(z

p

)g with y

n

6= y

0

n

and fz

p

g = fy

i

j

1 � i � n and y

i

= y

0

i

g:

[�d℄

s


ex/
ex di�erent

G; �x:X(y

m

)

�

=

�x:Y (y

0

n

); G

0

(G;G

0

)�

where

�

=

2 f

:

=;�g, � = fX 7! �y

m

:H(z

p

); Y 7! �y

0

n

:H(z

p

)g with fz

p

g =

fy

m

g \ fy

0

n

g:

Fig. 5.9: Inferen
e rules for stri
t equations



126 CHAPTER 5. LAZY NARROWING FOR PRS

root(s)

n

root(t)

V(t) F

d

F




[ BV(t)

V(s) [�s℄

s

=[�d℄

s

� [i℄

s

1

; [p℄

s

1

; [ov℄

s

F

d

[on℄

s

� [on℄

s

F




[ BV(s) [i℄

s

2

; [p℄

s

2

� [d℄

s

Fig. 5.10: LN

4

: Inferen
e rules for equation s� t sele
ted with sel 2 S




root(s)

n

root(t)

V(t) F

d

F




[ BV(t)

V(s) [�s℄

s

=[�d℄

s

[on℄

s

2

[i℄

s

1

; [p℄

s

1

; [ov℄

s

1

F

d

[on℄

s

1

[on℄

s

1

[on℄

s

1

F




[ BV(s) [i℄

s

2

; [p℄

s

2

; [ov℄

s

2

[on℄

s

2

[d℄

s

Fig. 5.11: LN

4

: Inferen
e rules for equation s

:

= t sele
ted with sel 2 S




De�nition 51 (
onditional PRS) A 
onditional PRS is a set of 
ondi-

tional rewrite rules of the form f(l

n

)! r ( G where

� f(l

n

); r are terms of the same base type,

� G is a goal 
onsisting of oriented and/or unoriented equations, and

� V(r) � V(f(l

n

)) [G:

Higher-order 
onditional rewriting with respe
t to a 
onditional PRS R is

de�ned similarly to 
onditional term rewriting (see Ch. 3, Def. 21), by using

the notion of higher-order rewriting given in Def. 35, and by interpreting

s � t as s #

R

t and s B t as s!

�

R

t.

The 
onditional 
ounterpart of the 
al
ulus LN

�

is the 
al
ulus CLN

�

obtained by extending the inferen
e rules for outermost narrowing to the


onditional 
ase, as follows:

[on℄ outermost narrowing at nonvariable position

G; �x:f(s

n

)

�

=

�x:t; G

0

G; �x:s

n

B �x:l

n

; �x:u

p

�

=

p

�x:v

p

; �x:r

�

=

�x:t; G

0

if

�

=

2 f�;�

�1

;Bg and f(l

n

)! r ( u

p

�

=

p

v

p

is a fresh variant of an

x-lifted rule with

�

=

1

; : : : ;

�

=

p

2 f�;Bg.

[ov℄ outermost narrowing at variable position

G; �x:X(s

m

)

�

=

�x:t; G

0

(G; �x:H

n

(s

m

) B �x:l

n

; �x:u

p

�

=

p

�x:v

p

; �x:r

�

=

�x:t; G

0

)�
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if

�

=

2 f�;�

�1

;Bg, �x:t is rigid and f(l

n

) ! r ( u

p

�

=

p

v

p

is a fresh

variant of an x-lifted rule and � = fX 7! �y

m

:f(H

n

(y

m

))g with H

n

fresh variables of appropriate types and

�

=

1

; : : : ;

�

=

p

2 f�;Bg.

We generalize the notions of des
endant and linear des
endant of an

equation sele
ted in an [on℄- or [ov℄-step as shown below.

� e des


�

(e)

ldes


�

(e)

[on℄ �x:f(s

n

)

�

=

�x:t �x:u

p

�

=

p

�x:v

p

�x:s

n

B �x:l

n

�x:r

�

=

�x:t

[ov℄ �x:X(s

m

)

�

=

�x:t �x:u

p

�

=

p

�x:v

p

�x:H

n

(s

m

�) B �x:l

n

�x:r

�

=

�x:t

The notion of pre
ursor is generalized as follows:

De�nition 52 (pre
ursor) If � : G)

0

G is an empty CLN

�

-derivation

then pre


�

(e) = 2 for all e 2 G:

If � : G )

�

G

1

; e; G

2

)

�

G

0

= G

0

1

; e

0

; G

0

2

is a nonempty CLN

�

-

derivation su
h that e

0

2 des
(e), � is the last CLN

�

-step of �, and �

0

is

the CLN

�

-subderivation of � without � then:

� if � = [on℄ and e = �x:f(s

n

)

�

=

�x:t then

{ pre


�

(e

0

) := G

00

; �x:s

n

I �x:l

n

; �x:u

p

�

=

p

�x:v

p

if e

0

= �x:r

�

=

�x:t

{ pre


�

(e

0

) = G

00

; �x:s

n

I �x:l

n

if e

0

= �x:u

k

�

=

k

�x:v

k

for some k 2 f1; : : : ; pg;

{ pre


�

(e

0

) = G

00

if e

0

= �x:s

k

I �x:l

k

for some k 2 f1; : : : ; ng;

� if � = [ov℄ and e = �x:X(s

m

)

�

=

�x:t� then

{ pre


�

(e

0

) = G

00

; �x:H

n

(s

m

�) I �x:l

n

; �x:u

p

�

=

p

�x:v

p

if e

0

= �x:r

�

=

�x:t�

{ pre


�

(e

0

) = G

00

; �x:H

n

(s

m

�) I �x:l

n

if e

0

= �x:u

k

�

=

k

�x:v

k

for some k 2 f1; : : : ; pg;

{ pre


�

(e

0

) = G

00

if e

0

= �x:H

k

(s

m

�) I �x:l

k

for some k 2 f1; : : : ; ng,

� G

00

, otherwise

where G

00

:= des


�

(pre


�

0

(e))r e:
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The strategies S

0

; S

n

and S




are de�ned like in the un
onditional 
ase

(Def. 43, pp. 98). By a similar reasoning it 
an be shown that the 
al
ulus

CLN

�

is sound and 
omplete if we adopt the equation sele
tion strategy

S

0

or S

n

:

It 
an be shown that some of the re�nements towards more determinism

of the 
al
ulus LN

�

with strategy S

n


an be generalized to the 
al
ulus

CLN

�

with strategy S

n

. Two possible re�nements of LCN

1

with strategy

S

n

are:

1. LCN

1

with strategy S

n

: the 
onditional 
ounterpart of the 
al
ulus

LN

1

with strategy S

n

(Se
t. 5.4),

2. LCN

2

with strategy S




: the 
onditional 
ounterpart of the 
al
ulus

LN

2

with strategy S




:

We 
laim without proof that

� LCN

1

with strategy S

n

is sound and 
omplete if R is 
on
uent,

� LCN

2

with strategy S




is sound and 
omplete if R is left-linear and


on
uent.

5.11 Con
lusion

A summary of the lazy narrowing 
al
uli proposed in this 
hapter and of

the re�nements a
hieved with them is shown in Fig. 5.12.

We want to emphasize that these re�nements 
an be e�e
tively used

to drive the 
omputation of a fun
tional logi
 program. The 
al
ulus LN

1

with strategy S

n

has been integrated into the fun
tional logi
 
omponent

of the distributed 
onstraint fun
tional logi
 system CFLP [MIS99b℄, and

the integration of the other re�nements presented in this 
hapter is under

way.

Fig. 5.13 depi
ts the dependen
ies among the lazy narrowing 
al
uli

that inspired our resear
h. The 
al
uli written with slanted boldfa
ed fonts

are those proposed by us. The equation sele
tion strategies 
orresponding

to the lazy narrowing 
al
uli are mentioned in parentheses.

Note that all 
al
uli proposed by us are not restri
ted to terminating

term rewriting systems. The restri
tion to terminating rewrite systems is

quite strong in fun
tional logi
 programming. Our 
on
ern was to design


al
uli whi
h 
an generate a 
omplete set of R-normalized R-uni�ers with

respe
t to (various 
lasses of) 
on
uent PRSs.

Another extension whi
h adds expressive power to fun
tional logi
 pro-

grams are 
onditional pattern rewrite systems. A proposal for a sound and
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Properties Strategy PRS Deterministi
 re�nements

LN

�

sound

(Lemma 23)

LN

1

sound,
omplete

(Lemma 30)

S

0

;S

n


on
uent -[ov℄ for �x:X(y)

�

=

�x:t

without pre
ursors

LN

ev

1

sound,
omplete

(Lemma 32)

S

n

orthogonal -[on℄ for �x:f(s) I �x:X(y)

with f 2 F

d

LN

2

sound,
omplete

(Lemma 34, 35)

S




left-linear


on
uent

[rm℄ for redundant equa-

tions

LN

3

sound,
omplete

(Lemma 37,40)

S




left-linear


on
u-

ent fully

extended

6 9 equations �x:s I �x:f(t)

with f 2 F

d

LN

4

sound,
omplete

(Lemma 41)

S




left-linear


on
uent

EÆ
ient sub-


al
ulus for equations with

stri
t semanti
s (Figs. 5.9{

5.11)

Fig. 5.12: Lazy narrowing 
al
uli for pattern rewrite systems


omplete lazy narrowing 
al
ulus for 
on
uent and terminating 
onditional

PRS is given in [Pre98℄. The development of an eÆ
ient lazy narrowing


al
ulus for larger 
lasses of 
onditional PRSs is an extremely 
hallenging

dire
tion of resear
h. In Se
t. 5.10 we proposed the 
al
ulus CLN

�

as the


onditional 
ounterpart of LN

�

and mentioned a few theoreti
al results

that 
an be lifted from LN

�

to CLN

�

: We 
onje
ture that LN

�

is a good

starting point for the development of an expressive and powerful 
al
ulus

for equational theories represented by 
on
uent 
onditional PRSs.
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LNC
d

Lazy Narrowing

NC

Narrowing

Lazy Narrowing

term algebras

for applicative

2 c

LNN

(4)

LN  (S  )

LN  (S  )
1 n

PRS

LN

LN
ff

left
LNC  (S    )

LN
3

(1) (2)

4
LN

λ
TRS    

HLNC

applicative TRS

LNCA

CNC

CTRS

LCNC

Conditional

PRS

CLN

for simply-typed

λ -calculus

Lazy Narrowing

(1): left-linear constructor

full EPRS

(2): equations with

strict semantics

(3): left-linear constructor

TRS, and equations

with strict semantics

(4): confluent and 

terminating PRS

(3)

Fig. 5.13: Narrowing 
al
uli: dependen
y diagram



Chapter 6

Cooperative Constraint

Fun
tional Logi


Programming

In this 
hapter we introdu
e a 
ooperative 
onstraint fun
tional logi
 pro-

gramming s
heme whi
h 
ombines features of fun
tional logi
 programming

and 
ooperative 
onstraint solving. The s
heme is intended to 
ombine the

advantages of 
ooperative 
onstraint solving (e.g., eÆ
ient and powerful

methods to solve large and 
omplex problems) with the features of fun
-

tional logi
 programming.

We des
ribe our s
heme as an extension of the traditional 
onstraint

programming s
heme CP(X ) in two dire
tions:

� support for 
ooperative 
onstraint solving. The s
heme is parameter-

ized with a strategy S whi
h de�nes the way how a set of 
omponents

solvers fCS

1

; : : : ;CS

n

g of the 
onstraint domain X 
ooperate upon

solving systems of 
onstraints. We abstra
t this extension in a s
heme

CP(X ;S),

� program 
onstru
tion fa
ilities. We adopt a fun
tional logi
 program-

ming style to support one's own abstra
tions by means of user pro-

grams. The redu
tion of a problem 
ontaining user de�ned symbols to

a problem that 
an be solved by the CP(X ;S) s
heme (i.e., without

user-de�ned 
onstru
ts) is a
hieved with a so 
alled 
onstraint lazy

narrowing 
al
ulus C: De�ning an e�e
tive operational prin
iple for

solving systems of 
onstraints involving user de�ned operators boils

down to the design of a suitable 
ombination of the operational se-

131
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manti
s of the s
heme CP(X ;S) with the 
onstraint lazy narrowing


al
ulus C:We propose a s
heme CFLP(X ;S; C) whi
h is intended to


larify the meaning of the 
ombination of the two mutually dependent

operational prin
iples.

In a nutshell, our 
onstraint fun
tional logi
 programming s
heme 
an be

written s
hemati
ally

CFLP(X ;S; C) = CP(X ;S) + FLP(X ; C)

where

� X is the underlying 
onstraint domain of the system,

� S is a strategy that de�nes the operational semanti
s of solving sys-

tems of 
onstraints over X with a 
ooperation of a given 
olle
tion

fCS

1

; : : : , CS

n

g of 
onstraint solvers,

� C is a 
al
ulus for solving equations 
ontaining user de�ned 
onstru
ts.

This 
hapter is stru
tured as follows. In Se
t. 6.1 we re
all the traditional


onstraint programming s
heme CP(X ).

In Se
ts. 6.2{6.4 we des
ribe extensions of the traditional 
onstraint

programming s
heme with some desirable features.

In Se
t. 6.2 we address the possibility to extend CP(X ) with addi-

tional 
onstraint solving 
apabilities by providing support for 
on
urrent


onstraint solving. The main 
on
ern of this extension is how to make


ooperate di�erent 
onstraint solvers de�ned over the same 
onstraint do-

main but with di�erent admissible 
onstraints. We introdu
e an additional

argument S 
alled strategy, whi
h formalizes the me
hanism of 
onstraint

solving 
ooperation.

In Se
t. 6.3 we dis
uss another extension whi
h dramati
ally improves

the expressive power of 
onstraint programming: support for de�ning one's

own abstra
tions|user de�ned fun
tions|by means of 
onstrained fun
-

tional logi
 programs. Su
h a feature requires the extension of the 
ompu-

tational me
hanism of (
on
urrent) 
onstraint programming with a me
h-

anism to solve equations involving user de�ned fun
tion symbols. For han-

dling user de�ned abstra
tions we add to the the CP(X ;S) s
heme a new

parameter C whi
h denotes a 
onstraint lazy narrowing 
al
ulus. The re-

sulted s
heme should integrate the advantages of both de
larative program-

ming frameworks of CP(X ;S) and fun
tional logi
 programming based on

a 
al
ulus C. Therefore we 
all it 
on
urrent 
onstraint fun
tional logi


programming, and denote it by CFLP(X ;S; C): The main 
on
ern of 
on-


urrent 
onstraint fun
tional logi
 programming is to de�ne a 
lear opera-

tional semanti
s that 
ombines the 
al
ulus C with the operational prin
iple
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of CP(X ;S): Sin
e the 
al
ulus C dramati
ally in
uen
es the overall per-

forman
e of the system, it is required to dete
t e�e
tive 
al
uli. We 
laim

that the design of an e�e
tive 
onstrained lazy narrowing 
al
ulus 
an take

bene�t of the results a
hieved in FLP by generalizing to CFLP the essen-

tial features underlying the deterministi
 re�nements of lazy narrowing. In

Chapter 7 we dis
uss how the design of the underlying 
al
uli of our system

CFLP was in
uen
ed by the lazy narrowing 
al
uli introdu
ed in Chapter 5.

Finally, in Se
t. 6.4 we de�ne a distributed model of CFLP(X ;S; C):

The distributed model is intended to serve as basis of implementations of


onstraint fun
tional logi
 programming systems whi
h make use of 
on-

straint solving resour
es lo
ated in a distributed environment, su
h as het-

erogeneous network of 
omputers.

6.1 The CP(X ) S
heme

Constraint programming (CP) is based on the idea of spe
ifying a problem

by a set of 
onstraints. A 
onstraint is simply a logi
al relation among

several unknowns (or variables), whi
h take a value in a given domain X .

This domain has a well known algebrai
 stru
ture equipped with natural

algebrai
 operations su
h as addition or multipli
ation, and with privileged

predi
ates su
h as equality and various forms of inequality.

What is essential for the use of 
onstraints for programming and 
om-

puting purposes is that 
onstraints introdu
e a uniform framework for ma-

nipulating partial information. Every 
onstraint is a pie
e of information

about obje
ts. There are some trivial 
onne
tives (mainly only 
onjun
tion)

provided in the system as the basi
 me
hanism to be more pre
ise.

Programming is viewed as spe
ifying a problem by a set of 
onstraints.

The system is equipped with a me
hanism (the solver) whi
h solves the

problem by 
omputing its 
anoni
al form as result.

In the sequel we give a formal a

ount to the notions of 
onstraint

domain and solver to 
apture the basi
 
hara
teristi
s of 
onstraint pro-

gramming outlined above.

Constraint Domain

The 
on
ept of 
onstraint domain formalizes the idea of 
onstraint. Our

presentation is an adaptation of the terminology in [Mon96℄ to simply-typed

signatures.

We assume that a simply-typed signature of a 
onstraint domain 
an

be represented in the form � = hS

0

[ fboolg;F [ �i su
h that:

� ftrue : bool; false : boolg [ f�

�

j � 2 Sg � �,



134 CHAPTER 6. COOPERATIVE CONSTRAINT FLP

� F \ (� n ftrue; falseg) = ;, where S is the indu
tive 
losure of

S

0

[ fboolg under the fun
tion type 
onstru
tor,

� if p 2 � then p : �

n

! bool:

The symbols of � are 
alled predi
ates and the symbols of F are regarded

as fun
tion symbols. We de�ne f
ts(�) := F , and assume that any �-

algebra A = hfA

�

g

�2S

; �i 
orresponding to a simply-typed signature � =

hS

0

[ fboolg;F [ �i meets the following requirements:

� A

bool

= ftrue; falseg where ftrue; falseg is a boolean domain, and

� �(true) = true; �(false) = false; �(�

�

) = =

�

where =

�

is the

equality operator over A

�

:

De�nition 53 (simple 
onstraint domain) A simple 
onstraint domain

is a quadruple X = h�;A;V ;�i su
h that:

� � = hS

0

[ fboolg;F [ �i is a simply-typed signature,

� A = hfA

�

g

�2S

; �i is a simply-typed �-algebra,

� V = fV

�

g

�2S

is an S-sorted set of variables su
h that V

�

is 
ountably

enumerable for any � 2 S and V \ (F [�) = ;,

� a subset � � Eq(F ;V)[ftrue; falseg with true; false 2 �: The set

� is 
alled the set of basi
 
onstraints of X :

We use �, possibly with subs
ript, to range over basi
 
onstraints and

denote by r the set of all S-sorted A-valuations v : V ! jAj.

The meaning of a 
onstraint 
an be given by its set of solutions.

De�nition 54 Given a 
onstraint domain X = h�;A;V ;�i and a 
on-

straint � 2 �, a solution of � is an A-valuation v 2 r su
h that

A j= v

�

(�)

where v

�

: T (f
ts(�);V) ! jAj denotes the homomorphi
 extension of v

(see Def. 1, pp. 9). We denote by [[�℄℄

A

the set of solutions of �.

If V is a �nite set of variables, notation V �

�n

V , then we de�ne

[[�℄℄

A

V

:= fv j 9v

0

2 [[�℄℄

A

su
h that v�

V

= v

0

�

V

g:

The notions of interpretation, model and satisfa
tion relation j= between a

simply-typed �-algebra and a 
onstraint of a simple system are de�ned as

usual. The notions of satis�ability and validity 
an be restated as follows:
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� � is satis�able if [[�℄℄

A

6= ;, otherwise it is unsatis�able.

� � is valid if [[�℄℄

A

= r.

A preorder 
an be de�ned over � to model the ri
hness of the informa-

tion 
ontained in a 
onstraint.

De�nition 55 (re�nement ordering) Let X = h�;A;V ;�i be a simple


onstraint domain, V �

�n

V, and �

1

; �

2

2 �: The 
onstraint �

1

is a V -

re�nement of �

2

, written as �

2

�

jV

�

1

if [[�

1

℄℄

A

V

� [[�

2

℄℄

A

V

: �

1

is a re�nement

of �

2

, written as �

2

� �

1

, if �

1

is a V-re�nement of �

2

:

It is straightforward to see that the re�nement ordering is a preorder over


onstraints whi
h satis�es the following properties:

� � �

true � � � false

�

1

� �

2

^ �

2

� �

3

) �

1

� �

3

We denote by � the equivalen
e relation indu
ed by the preorder � on


onstraints.

Simple 
onstraint domains provide the formalism for 
onstraint systems.

In order to de�ne operators over 
onstraints, we impose a logi
al stru
ture

over � by applying logi
al 
onne
tives. The most important 
onne
tives

are 
onjun
tion and disjun
tion.

De�nition 56 (
onstraint domain) A 
onstraint domain is a quadruple

X = h�;A;V ;�

0

i where h�;A;V ;�i is a simple 
onstraint domain and �

0

is the indu
tive 
losure of � de�ned as follows:

� � �

0

,

�

1

; �

2

2 �

0

) �

1

^ �

2

2 �

0

,

�

1

; �

2

2 �

0

) �

1

_ �

2

2 �

0

.

The expression �

1

^ �

2

is 
alled the 
onjun
tion of �

1

and �

2

, and the ex-

pression �

1

_ �

2

is 
alled the disjun
tion of �

1

and �

2

.

The fun
tions V : � ! V and [[�℄℄

A

: � ! 2

r

are extended to �

0

as

follows:

� V(�

1

^ �

2

) := V(�

1

_ �

2

) := V(�

1

) [ V(�

2

),

� [[�

1

^ �

2

℄℄

A

:= [[�

1

℄℄

A

\ [[�

2

℄℄

A

and [[�

1

_ �

2

℄℄

A

:= [[�

1

℄℄

A

[ [[�

2

℄℄

A

:
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In the sequel we assume that X = h�;A;V ;�i is a 
onstraint domain.

We 
all � the 
omputation domain of X :

We observe that the following properties of 
onstraint 
onjun
tion and

disjun
tion hold:

(CS

1

) :

8

>

>

>

>

<

>

>

>

>

:

�

1

^ �

2

� �

2

^ �

1

� ^ � � �

(�

1

^ �

2

) ^ �

3

� �

1

^ (�

2

^ �

3

)

� ^ true � �

� ^ false � false

(CS

2

) :

8

>

>

>

>

>

>

<

>

>

>

>

>

>

:

�

1

_ �

2

� �

2

_ �

1

� _ � � �

� _ false � �

� _ true � true

(�

1

_ �

2

) _ �

3

� �

1

_ (�

2

_ �

3

)

�

1

^ (�

2

_ �

3

) � (�

1

^ �

2

) _ (�

1

^ �

3

)

We denote by �

s

the 
ongruen
e relation indu
ed by (CS

1

) and (CS

2

) on �:

In the sequel we will identify any two 
onstraints whi
h are �

s

-
ongruent.

The notion of binary 
onstraint 
onjun
tion 
an be extended to the


onjun
tion of a (possibly in�nite) set of 
onstraints. From the properties

mentioned before results that a 
onjun
tion of 
onstraints 
an be simply

represented as a set of 
onstraints. We write

V

n

i=1

�

i

for the 
onjun
tion

�

1

^ : : : ^ �

n

:

Conjun
tion is the most important operator over 
onstraints, whi
h

allows to spe
ify an obje
t by stating several independent properties by

using 
onstraints and then putting them together.

The properties of the logi
al 
onne
tives ^ and _ allow us to write a


onstraint M 2 � in an equivalent disjun
tive normal form

m

_

i=1

n

i

^

j=1

�

i;j

where �

i;j

are primitive 
onstraints. Su
h a 
onstraint is 
alled 
onstraint

store; it 
onsists of m disjun
ts �

i

:=

V

n

i

j=1

�

i;j


alled elementary 
onstraint

stores. We denote by �

^

the set of elementary 
onstraint stores of �, by �

p

the set of primitive 
onstraints of �, and adopt the following 
onventions

of notation:

� M , M

1

; M

2

, : : : range over �,

� �; �

0

, �

1

, �

2

, : : : range over �

p

,

� �; �

0

, �

1

, �

2

, : : : range over the set �

^

of elementary 
onstraint stores.
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Solver

Intuitively, a solver over a 
onstraint domain h�;A;V ;�i is an algorithm

whi
h transforms an elementary 
onstraint store into a 
onstraint whi
h

is 'simpler' than � but equivalent to � in A (a solver preserves the solu-

tions). Moreover, the repeated appli
ation of a solver always terminates

and rea
hes a �xed point 
alled solved form or 
anoni
al form. Usually, the

solved form of an elementary 
onstraint store � has a synta
ti
 stru
ture

from whi
h the set of solutions [[�℄℄

A


an be easily derived.

De�nition 57 (solver) A solver on a 
onstraint domain X = h�;A;V ;�i

is a 
omputable fun
tion CS : �! � whi
h has the following properties:

disjun
tion: CS(

W

N

i=1

�

i

) :=

W

N

i=1

CS(�

i

),

soundness: 8� 2 �

^

, � � CS(�),


ompleteness: 8� 2 �

^

, CS(�) � �;

termination or �xed-point: 8� 2 �

^

; 9n 2 N, CS

n+1

(�) = CS

n

(�).

We denote by Solver(X ) the set of 
omponent solvers over X : In order to

ease the integration of the operational prin
iples of 
ooperative 
onstraint

solving and lazy narrowing for fun
tional logi
 programming, we represent

the output CS(�) of a 
onstraint solver CS in the form

W

N

k=1

h[�

k

℄; �

k

i where

� �

k

2 Subst(F ;V) is an idempotent substitution and �

k

2 �

k

su
h

that V(�

k

) \ D(�

k

) = ;,

� [�

k

℄ :=

V

X2D(�

k

)

(X � X�

k

),

� h[�

k

℄; �

k

i denotes the 
onstraint [�

k

℄ ^ �

k

;

� CS([�

k

℄ ^ �

k

) =

W

N

0

j=1

h[�

k

�

0

j

℄; �

0

j

i where

W

N

0

j=1

h�

0

j

; �

0

j

i = CS(�

k

)

for any k 2 f1; : : : ; Ng:We use this representation to 
apture the fa
t that

the 
onstraint solving 
omputational me
hanism in
reases the information


ontained in a 
onstraint, i.e., the instantiation of logi
al variables.

A solver indu
es an ordering on 
onstraints w.r.t. the solver. Intu-

itively, the result of a solver is smaller than its input, i.e. we 
an identify a


onstraint solver with a simpli�er.

De�nition 58 (solver ordering) Let CS be a solver on the 
onstraint

system X = h�;A;V ;�i: Then the solver ordering indu
ed by CS on �

^

is

de�ned as follows: � �

CS

�

0

if 9n 2 N su
h that

W

N

k=1

h[�

k

℄; �

k

i = CS

n

(�)

and �

0

= �

k

for some k 2 f1; : : : ; Ng:
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The relation �

CS

on � is a quasi-ordering, and the related ordering <

CS

is

noetherian.

With our representation, we 
an regard a solver CS as the set of sim-

pli�
ation rules f�

CS

=)

�

k

�

k

j CS(�) =

W

N

k=1

h[�

k

℄; �

k

i; � 6�

s

CS(�)g. Similar to

lazy narrowing derivations, a CS-derivation is a sequen
e

�

CS

=)

�

1

�

1

CS

=)

�

2

: : :

CS

=)

�

n

�

n

of CS-simpli�
ation steps, abbreviated �

C

=)

*

�

�

n

where � = �

1

: : : �

n

. A

CS-refutation is a CS-derivation �

CS

=)

*

�

�

n

su
h that there is no CS-step

starting with �

n

:

Computing the CS-
anoni
al form of an elementary 
onstraint store �

is realized by generating all the CS-refutations �

CS

=)

*

�

k

�

k

; 1 � k � N:

Then the 
anoni
al form of � is the disjun
tion of the elements of the set

CF

CS

(�) := fh�

k

; �

k

i j k 2 f1; : : : ; ngg:

6.1.1 Extensions

The main drawba
ks of the traditional 
onstraint programming s
heme are:

1. La
k of program 
onstru
tion: the only means to des
ribe a problem

is by using the language of 
onstraints of the underlying 
onstraint

domain. A 
onstraint program represents the 
ontent of a 
onstraint

store. There is no means of abstra
tion or me
hanism of programming

to spe
ify the dynami
 
onstru
tion of a 
onstraint store.

2. Fixed 
omputational domain: for eÆ
ien
y reasons, the underlying


onstraint solver of a 
onstraint programming language is restri
ted

to some 
lasses of 
onstraints, i.e. � is a stri
t subset of the set of 
on-

straints supported by the language. This means that the 
onstraint

solver is in general in
omplete, i.e. unable to solve all 
onstraints

supported by the language. The design of a 
omplete solver is a hard

and lengthy task whi
h usually yields an ineÆ
ient solver.

Re
ent years have witnessed a growing interest to improve the traditional

CP s
heme by eliminating these drawba
ks. The following two se
tions give

an a

ount to the ongoing resear
h whi
h addresses these problems.

6.2 The CP(X ;S) S
heme

In this se
tion we introdu
e a formalism that supports the se
ond improve-

ment of the traditional CP(X ) s
heme: the possibility to extend the 
om-
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putation domain of a 
onstraint domain and to improve the solving 
a-

pabilities by repla
ing the built-in 
onstraint solver with a 
ooperation of


onstraint solvers.

6.2.1 State of the Art

The main idea of 
ooperative 
onstraint programming is to avoid the design

of a general-purpose 
onstraint solver by repla
ing it with a 
olle
tion of

spe
ialized 
onstraint solvers equipped with a suitable me
hanism of 
oop-

eration that supports solving 
omplex problems that none of the individual

solvers 
an handle alone. Thus, the e�ort of designing an eÆ
ient and

powerful 
onstraint solver (su
h as a quanti�er elimination solver over real


losed �elds) is shifted to designing a strategy for 
ooperating 
onstraint

solvers. The importan
e and advantages of adopting this approa
h are

widely re
ognized and drafts for proposals of 
ooperative 
onstraint solving

systems started to appear.

Most of the systems proposed so far (su
h as the 
ooperative ar
hite
-

ture of Marti-Rueher [MR95℄ or CoSA
 [Mon96℄) are fo
used on the easy

integration, 
ooperation, and reusability of various 
onstraint solvers. In

general, the design of su
h an integrated system requires a good knowl-

edge of the basi
 
omponents (
onstraint manager, 
ommuni
ation man-

ager, et
.) in order to add new solvers or to repla
e integrated solvers.

Monfroy [Mon96℄ proposes BALI (Binding Ar
hite
ture for SoLver Inte-

gration), a domain independent environment for exe
uting solver 
ollabo-

rations. In his view, 'solver 
ollaboration' means 'solver 
ombination' and

'solver 
ooperation', where 'solver 
ombination' fo
uses on building a solver

for the union of theories, and 'solver 
ooperation' is 
on
erned with 
ommu-

ni
ation problems between solvers de�ned over the same 
onstraint domain

but with possibly di�erent admissible 
onstraints.

6.2.2 Enri
hment

Enri
hments are the means to extend the set of 
onstraints a

epted by a

solver.

De�nition 59 (
onstraint domain enri
hment) Let

X = hhS

0

[ fboolg;F [ �i;A;V ;�i

X

0

= hhS

0

0

[ fboolg;F

0

[ �

0

i;A

0

;V

0

;�

0

i

be two 
onstraint domains. Then X

0

is an enri
hment of X if:

1. S

0

= S

0

0

, F � F

0

and � = �

0

2. jAj = jA

0

j and for all g 2 F [�, g

A

0

= g

A

(i.e., the interpretation of

g is the same in A and A

0

)
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3. V = V

0

and � � �

0

:

Thus, the enri
hment of a 
onstraint domain X 
onsists of some additional

fun
tions de�ned on the original domain.

We now extend the 
lass of 
onstraints a solver CS 
an manipulate. The

new 
onstraints belong to an enri
hment of the 
onstraint domain of CS:

De�nition 60 (CS-admissible primitive 
onstraint) Let X = h�;A;

V ;�i be a 
onstraint system, CS be a solver on X

0

= h�

0

;A

0

;V

0

;�

0

i and

� 2 �

p

: Then � is a CS-admissible primitive 
onstraint over X if � 2 �

0

and X is an enri
hment of X

0

:

In order to extend the notion of CS-admissible primitive 
onstraint to all

kind of 
onstraints, we introdu
e the following de�nition.

De�nition 61 (CS-admissible part of a 
onstraint) Let X = h�; A;

V ; �i be a 
onstraint domain, CS be a solver over X

0

= h�

0

;A

0

;V

0

;�

0

i and

S 2 �

^

: Then the CS-admissible part of � over X , denoted by adm

CS;X

(�),

is re
ursively de�ned as follows:

� adm

CS;X

(� ^ �) := � ^ adm

CS;X

(�) if � is a CS-admissible primitive


onstraint over X ,

� adm

CS;X

(� ^ �) := adm

CS;X

(�) if � is not a CS-admissible primitive


onstraint over X ,

� adm

CS;X

(true) = true; adm

CS;X

(false) = false.

We denote by adm

CS;X

(�) the CS-nonadmissible part of �:

We extend a 
onstraint solver by allowing it to manipulate 
onstraints that

are not de�ned over its own 
onstraint domain.

De�nition 62 (solver enri
hment) Let CS be a solver over X

0

and X =

h�;A;V ;�i be an enri
hment of X

0

: Then the enri
hment of CS over X is

de�ned by

CS

e

(�) :=

N

_

k=1

h[�

k

℄; �

k

^ �

00

�

k

i

where adm

CS;X

0

(�) = �

0

, adm

CS;X

0

(�) = �

00

and CS(�

0

) =

W

N

k=1

h[�

k

℄; �

k

i:

The following lemma is not hard to prove.

Lemma 42 If CS is a solver over a 
onstraint domain X then the solver

enri
hment CS

e

is a solver over X :

For the sake of simpli
ity, we will drop the supers
ript

e

and write CS

instead of CS

e

:
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6.2.3 Solver Cooperation

Solver 
ooperation is a formalism whi
h enables to 
ombine solving te
h-

niques over 
onstraint domains in an attempt to yield a solver for the union

of the individual 
onstraint domains.

De�nition 63 (solver 
ooperation) Let X = h�;A;V ;�i be a 
onstraint

domain and CS

1

; : : : ;CS

n

be n solvers de�ned respe
tively over X

1

; : : : ; X

n

:

Then CS

1

; : : : ;CS

n


ooperate over X , notation hCS

n

i

X

, if X is an enri
h-

ment of X

i

for all i 2 f1; : : : ; ng:

In other words, a solver 
ooperation for a 
onstraint domain X = h�;A;V ;�i

is a set of 
onstraint solvers, ea
h of them being de�ned over a 
ertain subset

of �: We 
all the individual solvers of a 
ooperation 
omponent 
onstraint

solvers.

In order to solve 
onstraints in � with a solver 
ooperation hCS

n

i, we

have to 
larify how the individual 
onstraint solvers 
ooperate. The main

ingredients of des
ribing me
hanisms for solver 
ooperation are the �xed

point operator, the spe
ial solvers, and the 
on
ept of strategy for solver


ooperation.

A powerful formalism to des
ribe solver 
ooperation is the notion of

strategy.

The �xed point operator

Assume X = h�;A;V ;�i is a 
onstraint domain. The termination property

of the set Solver(X ) guarantees the following property:

8CS 2 Solver(X ):9m 2 N:8� 2 �

^

:CS

m+1

(�) = CS

m

(�)

where CS

0

:= Id; CS

n+1

:= CS Æ CS

n

;

As a 
onsequen
e, we 
an de�ne the operator fp : Solver(X )! Solver(X );

fp(CS) = CS

m

where m 2 N is the least natural number su
h that

8CS 2 Solver(X ):8� 2 �

^

:CS

m+1

(�) = CS

m

(�):

The operator fp : Solver(X )! Solver(X ) is 
alled the �xed point operator.

Spe
ial solvers

A suitable formalism for solver 
ooperation should take into a

ount the

prepro
essing operations that transform 
onstraints into a suitable input

to the individual 
onstraint solvers. Su
h operations in
lude translations of


onstraints into a suitable synta
ti
 form, synta
ti
 puri�
ation operations,
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et
. A 
onvenient way to des
ribe these operations is to regard them as

spe
ial 
onstraint solvers.

To illustrate, we 
onsider the variable abstra
tion solver whi
h performs

synta
ti
 puri�
ation in an attempt to transform non-admissible 
onstraints

into admissible ones.

Example 10 Let X = h�;A;V ;�i be a 
onstraint domain with � = hS

0

[

fboolg;F [ �i su
h that:

� S

0

:= f
omplList; 
omplg; jAj := fA

�

g

�2f
ompl;
omplList;boolg

with:

A


ompl

:=the domain C of 
omplex numbers, and

A


omplList

:=the domain List

C

of lists of 
omplex numbers.

� F 
ontains the operators +, �, �,

p

, 
ons, 
ar, 
dr, and the 
onstant

symbols with the usual interpretations, the 
onstant symbols of the set

C of 
omplex numbers, and the empty list [ ℄:

� � := f�

C

;�

List

C

; true; falseg:

� � := Eq(F ;V) [ ftrue; falseg:

Let CS

1

be a solver over the 
onstraint domain X

1

= h�

1

;A

1

;V ;�

1

i with

�

1

= hS

0

[ fboolg;F

1

[�

1

i, where:

� F

1

:= F n f+;�; �;

p

g

� �

1

:= f�


omplList

; true; falseg;

� �

1

:= Eq(F

1

;V) [ ftrue; falseg

and let CS

2

be a solver over the 
onstraint domain X

2

= h�

2

;A

2

;V ;�

2

i

with �

2

= hS

0

[ fboolg;F

2

[ �

2

i, where:

� F

2

:= F n f
ons; 
ar; [ ℄g with the same interpretation as in X ,

� �

2

:= f�


ompl

; true; falseg,

� The equations in �

2

are those between multivariate polynomials with


omplex 
oeÆ
ients.

Then X is an enri
hment of X

1

and X

2

and thus, CS

1

and CS

2


an 
oop-

erate to solve 
onstraints in �, su
h as

� : [X + Y + Z;X �X + Y � Y + Z � Z℄ � [7; 9℄:
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The 
onstraint � is neither CS

1

-admissible nor CS

2

-admissible. But �

1


an

be transformed into a 
onjun
tion of admissible 
onstraints by repla
ing the

polynomial expressions inside � with fresh variables:

�

0

: [X

1

; X

2

℄ � [7; 9℄ ^X

1

� X + Y + Z ^X

2

� X �X + Y � Y + Z � Z:

The �rst equation of �

0

is CS

1

-admissible, whereas the last two equations of

�

0

are CS

2

-admissible.

De�nition 64 (aliens, pure and impure 
onstraint) Let � = hS

0

[

fboolg;F [ �i be a simply-typed signature, X

1

= h�

1

;A

1

;V ;�

1

i, X =

h�;A;V ;�i be 
onstraint domains su
h that X is an extension of X

1

:

A �

1

-pure term (resp. 
onstraint) is a �

1

-term (resp. �

1

-formula). A

�

1

-alien subterm of a �-term t 2 T (F ;V) is a subterm tj

p

of t su
h that:

� root(tj

q

) 2 f
ts(�

1

) [ V for all q < p,

� 9q < p su
h that root(tj

q

) 2 f
ts(�

1

); and

� root(tj

p

) 2 F n f
ts(�

1

).

The set of �

1

-alien terms in an elementary 
onstraint � 2 �

^

is denoted by

Alien

�

1

(�): An elementary 
onstraint � 2 �

^

is �

1

-impure if Alien(�) 6= ;:

When we des
ribe a 
omponent solver CS

k

on X = h�;A;V ;�i, it is 
onve-

nient to express a 
onstraint from �

^

as a pair h�; �

0

i

�

k

; where � is �

k

-pure

and �

0

is �

k

-impure, and h�; �

0

i means the 
onjun
tion �^ �

0

: The subs
ript

�

k

will be omitted when it is understood from the 
ontext.

With this representation, the notion of CS

k

-simpli�
ation step over �

k

is extended to CS

k

-simpli�
ation step over � in the following way:

h�; �

0

i

�

k

CS

k

=)

�

�

00

^ (�

0

�)

if �

CS

e

k

=)

�

�

00

: A

ordingly, the 
hara
teristi
 properties of the 
omponent


onstraint solver CS

k


an be restated as follows:

soundness: if h�; �

0

i

�

k

CS

k

=)

�

�

00

^�

0

� and 
 2 [[�

00

^�

0

�℄℄

A

then (�
)�

V(�;�

0

)

2

[[�

0

^ �

00

℄℄

A


ompleteness: for any 
 2 [[� ^ �

0

℄℄

A

, if � ^ �

0

is not a CS

k

-
anoni
al

form then there exists a simpli�
ation step h�; �

0

i

�

k

CS

k

=)

�

�

00

^�

0

� with


 = �


0

[D(
)℄ for some 


0

2 [[�

00

^ �

0

�℄℄

A

termination: there are no in�nite simpli�
ation derivations

� = �

0

CS

k

=)

�

1

�

2

CS

k

=)

�

2

: : :
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De�nition 65 (variable abstra
tion solver) Let X = h�;A;V ;�i be

a 
onstraint domain and hCS

n

i

X

a solver 
ooperation su
h that CS

k

is a

solver over X

k

= h�

k

;A

k

;V ;�

k

i (k = 1; : : : ; n). The abstra
tion solver

Abs over X is 
hara
terized by simpli�
ation rules of the form:

s ' t ^ � !

Abs

"

s[X(y

n

)℄

q

' t ^ (�y

n

:X(y

n

) � �y

n

:sj

q

) ^ �

su
h that

� root(s) 2 �

k

for some k 2 f1; : : : ; ng,

� fy

n

g = BV(s; q),

� sj

q

2 Alien

�

k

(s ' t),

� X is a fresh variable of appropriate type.

The variable abstra
tion solver transforms impure 
onstraints into pure

ones by adding fresh variables of appropriate types. We 
all su
h variables

abstra
tion variables.

It 
an be shown that the variable abstra
tion solver is a solver over X

and that if � 2 � then the Abs-
anoni
al form of �

^

is a disjun
tion of


onjun
tions of pure formulas.

Strategies for solver 
ooperation

A strategy for solver 
ooperation des
ribes the way in whi
h the 
ompo-

nent solvers hCS

n

i

h�;A;V;�i

of a solver 
ooperation 
ooperate upon solving

systems of 
onstraints in �:

Cooperation primitives (or 
ombinators) [Mon96℄ provide a powerful

formalism to spe
ify 
ooperation strategies. Ea
h 
ooperation primitive

formalizes a di�erent me
hanism for solver 
ooperation. We re
all here

the 
ooperation primitives whi
h are most 
ommonly used: sequentiality,

parallelism, and 
on
urren
y.

Sequentiality is the most straightforward way of 
ombining solvers: it

enables a 
onstraint solver to a
t on a 
onstraint store whi
h is the result

of another 
onstraint solver.

De�nition 66 (sequential 
omposition) Let hCS

1

;CS

2

i

X

be a solver


ooperation over a 
onstraint domain X = h�;A;V ;�i. The sequential


omposition of the solvers CS

1

;CS

2

is the fun
tion CS

1

;CS

2

: �

^

! �

whi
h is de�ned by

CS

1

;CS

2

(�) := CS

2

(CS

1

(�))

for any � 2 �

^

:
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The parallel 
ombinator formalizes the parallel exe
ution of several 
om-

ponent solvers. The result of su
h a 
ooperation is the 
onjun
tion of the

results of ea
h solver.

De�nition 67 (parallel 
ombinator) Let hCS

n

i

X

be a solver 
oopera-

tion. The parallel 
ombination over X of CS

n

is the fun
tion CS

1

k : : : kCS

n

:

�

^

! � de�ned by:

CS

1

k : : : kCS

n

(�) :=

n

^

k=1

CS

k

(�):

The prin
ipal use of the 
on
urren
y 
ombinator is the following: given a

solver 
ooperation hCS

n

i

X

, the 
on
urrent 
ombination of CS

n

enables the


on
urrent exe
ution of the solvers and keeps the result of the most eÆ
ient

one. This primitive is of interest when the solvers are time 
onsuming (e.g.,

Gr�obner basis 
omputations or solvers of Diophantine equations.)

De�nition 68 (
on
urren
y 
ombinator) Let hCS

n

i

X

be a solver 
o-

operation. A 
on
urrent 
ombination of CS

n

is a fun
tion CS

1

? : : :?CS

n

:

�

^

! � su
h that

8� 2 �

^

; 9k 2 f1; : : : ; ng;CS

1

? : : :?CS

n

(�) = CS

k

(�)

We des
ribe a strategy for a solver 
ooperation hCS

n

i

X

as an expression

built over the union of the set fCS

n

g with a set Id

sp

of identi�ers of spe
ial

solvers (e.g., Id

sp

= fAbsg), by applying the �xed-point operator fp and

the 
ooperation 
ombinators ;, k and ?.

For example, one 
ould de�ne the strategy S

fp

(CS

n

) := fp(Abs); fp(CS

n

):

This strategy was deeply investigated by Hong [Hon94, Hon92a℄, and is fre-

quently used in the area of 
ooperative 
onstraint solving.

The main diÆ
ulty in de�ning a suitable strategy S for a solver 
oop-

eration hCS

n

i

X

is to �nd reasonable restri
tions on the 
ooperation that

guarantee that S(CS

n

) is a 
onstraint solver. In general, the main problem

is to ensure termination. For example, sequential 
omposition CS

1

;CS

2

is

not ne
essarily a 
onstraint solver: whereas it 
an be shown that CS

1

;CS

2

is a sound and 
omplete fun
tion, it may be the 
ase that it does not have

the termination property.

Proving the termination property of a sequential 
ombination CS

1

;CS

2

of 
omponent solvers is usually done by showing that there exists a quasi-

ordering � su
h that �

CS

1

�� and �

CS

2

�� :

The s
heme

The s
heme CP(X ;S) di�ers from CP(X ) in two respe
ts:
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1. whereas CP(X ) has impli
it a 
onstraint solver, the s
heme CP(X ;S)

keeps impli
it a solver 
ooperation hCS

n

i

X

;

2. a se
ond parameter is provided to make expli
it the strategy whi
h

des
ribes the way how the 
omponent solvers CS

1

; : : : ;CS

n


ooper-

ate.

6.3 The CFLP(X ;S; C) S
heme

In general, when modeling 
omplex problems that require 
onstraint solv-

ing 
apabilities, the user wants to have a me
hanism whi
h supports the

spe
i�
ation of his own abstra
tions. This additional fun
tionality 
an be

obtained by means of user-level programs. That is, a 
onstraint program-

ming system should provide a me
hanism to extend the expressive power

of the underlying language with new fun
tion and/or predi
ate symbols de-

�ned in terms of the fun
tion and/or predi
ate symbols already re
ognized

by the system. This view of programming suggests to de�ne a s
heme that

extends the 
onstraint programming s
heme with a me
hanism to enri
h

the underlying 
onstraint domain X with user de�ned fun
tion symbols.

The rest of this se
tion is stru
tured as follows. Subse
tion 6.3.1 gives

an overview of the state of the art on de
larative 
onstraint programming.

In Subse
t. 6.3.2 we des
ribe our framework whi
h supports the extension

of the 
onstraint programming s
heme with user de�ned fun
tion symbols

over a 
onstraint domain.

6.3.1 State of the Art

The most popular framework whi
h supports the integration of 
onstraint

solving 
apabilities with programming is 
onstraint logi
 programming (CLP)

introdu
ed by Ja�ar and Lassez [JL87, JM87℄. In this framework, the

s
heme CLP(X ) de�nes a language based on Horn 
lausal logi
 whi
h is

augmented with the 
apa
ity of solving 
onstraints in a parti
ular 
on-

straint domain X : We now brie
y des
ribe here the CLP languages that

have re
eived substantial development e�ort.

CLP(R) [JMSY90℄ has linear arithmeti
 
onstraints and 
omputes over

the domain of real numbers. Nonlinear 
onstraints are ignored (delayed) un-

til they be
ome e�e
tively linear. CHIP [DvHS

+

88℄ and Prolog III [Col90℄


ompute over several domains. Both 
ompute over boolean domains: Pro-

log III over the 2-valued boolean algebra and CHIP over a larger boolean

algebra that 
ontains symboli
 values. Both CHIP and Prolog III perform

linear arithmeti
 over the rational numbers. CHIP also performs linear

arithmeti
 over bounded subsets of integers (known as �nite domains), and
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Prolog III also 
omputes over a domain of strings. CAL [ASS

+

88℄ de�nes

a family of CLP languages over algebrai
, boolean, and linear algebrai


domains. The 
onstraint solving te
hniques in
lude Gr�obner bases [Bu
85℄

and the Simplex method to solve linear algebrai
 
onstraints. In the pro-

totype system RISC-CLP(R) [Hon92b℄ non-linear 
onstraints are fully in-

volved in the 
omputation. Solving them is a
hieved with two algebrai


methods: Partial Cylindri
al Algebrai
 De
omposition and Gr�obner bases.

RISC-CLP(CF) supports 
onstraints over the domain of 
omplex fun
tions,

su
h as fun
tional equalities, di�erential equations et
. Constraint solving

is realized by iterating several solving methods su
h as Lapla
e transfor-

mation, non-linear equation solving, et
.

The �rst proposal for a 
onstraint fun
tional logi
 programming s
heme

(CFLP) seems to be [DGP91b, DGP91a℄, where a s
heme for de�ning


onstrained fun
tional logi
 languages over arbitrary 
onstraint domains

is presented. Roughly speaking, they de�ne CFLP(X ) as CLP(FP(X )),

that is, as an instan
e of CLP(X ) where the base stru
ture X is enri
hed

with new fun
tions de�ned by means of a fun
tional language, and where

the 
onstraints in
lude equations between FP(X ) expressions, to be solved

by narrowing. In [LF92, LF94℄ L�opez proposes a CFLP(X ) s
heme in

whi
h programs are built as sets of 
onstrained rewrite rules in untyped

�rst-order logi
 and nondeterministi
 fun
tions are disallowed. Similarly

to CLP, CFLP(X ) programs have a least model whi
h is a 
onservative

extension of the 
onstraint domain X ; a 
al
ulus 
alled 
onstraint lazy nar-

rowing is proposed as a sound and 
omplete operational me
hanism for

solving CFLP goals. Due to the presen
e of de�ned fun
tions, the design

of a CFLP s
heme is mu
h more 
hallenging than that of CLP. Firstly,

it is ne
essary to make the 
onstraint solving and the lazy narrowing op-

erational prin
iples mutually dependent. Se
ondly, the equations 
an not

be treated as 
onstraints as in 
onstraint programming, but as joinability

and/or redu
ibility statements whose meaning has to be 
lari�ed. L�opez

does this by adopting a 
po-based semanti
s, where he 
omputes over a

S
ott domain and all the fun
tions and/or predi
ates are 
ontinuous.

Another logi
al framework for the design of a de
larative program-

ming language is CRWL (Constru
tor-based 
onditional ReWriting Logi
)

[GMGRA96, GMGRA97, GMGRA99℄. This s
heme supports nondeter-

ministi
 fun
tions whose 
ombination with lazy evaluations turns out to be

helpful. An experimental system 
alled T OY [LFSH99℄ was implemented

based on the CRWL paradigm and extended re
ently with support for al-

gebrai
 datatypes and higher-order fun
tions.

Re
ently, some work has been done to 
ombine CFLP with CRWL. The

paper [ASLFRA99℄ proposes a �rst-order CFLP language, 
alled SETA,

whose domain is a 
ombination of primitive and user-de�ned domains.
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SETA's primitive domain is given by a 
onstraint domain X , as in CLP(X ):

In addition, the user 
an de�ne his own datatypes using a polymorphi
 type


onstru
tor for multisets and arbitrary free type 
onstru
tors.

6.3.2 Constraint Fun
tional Logi
 Programming

We employ the fun
tional logi
 programming style for extending the ex-

pressive power of CP(X ;S) with new fun
tion symbols. We 
all our s
heme

CFLP(X ;S; C), and 
an des
ribe it as

CFLP(X ;S; C) = CP(X ;S) + FLP(C)

where

� X is a 
onstraint domain equipped with a solver 
ooperation hCS

n

i

X

;

� S is a strategy that des
ribes for the solver 
ooperation hCS

n

i

X

;

� C is a 
al
ulus for solving systems of equations involving fun
tion

symbols de�ned by the user. Su
h a 
al
ulus is 
alled a 
onstraint

lazy narrowing 
al
ulus, and it is the result of generalizing a lazy

narrowing 
al
ulus to a
t over equational goals 
onstru
ted over a

signature whi
h, besides de�ned fun
tion symbols and 
onstru
tors,


ontains additional operators whose meaning is given by the algebra

of the underlying 
onstraint domain (so 
alled external operators).

We regard a system based on the CFLP(X ;S; C) s
heme as a 
ombination

of two subsystems:

1. a 
onstraint solving subsystem whi
h is in 
harge to solve the 
on-

straints of the goal. This subsystem is an implementation of the

s
heme CP(X ;S) determined by the expli
it parameters X and S

and the impli
it solver 
ooperation hCS

n

i

X

;

2. a fun
tional logi
 subsystem whi
h handles the user de�ned abstra
-

tions in the goal. The operational semanti
s of this 
omponent is

des
ribed with the 
al
ulus C:

These two operational prin
iples are mutually dependent, and the main

problem is to �nd a sound way to integrate them.

In the rest of this se
tion we formalize the basi
 ideas outlined above.
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The Language

We assume given

� a 
onstraint domain X = h�;A;V ;�i where

{ � = hS

0

[ fboolg;F

e

[ �i is a simply-typed signature and S

is the indu
tive 
losure of S

0

[ fboolg under the fun
tion type


onstru
tor. The symbols in F

e

are 
alled external symbols,

{ A = hfA

�

g

�2S

; �i,

{ � = f�

�

: �; � ! bool;B

�

: �; � ! bool j � 2 Sg

[ftrue : bool; false : boolg;

� a �nite set F

d

of simply-typed symbols 
alled de�ned symbols,

� a �nite set F




of simply-typed symbols 
alled 
onstru
tors

su
h that F




, F

d

, F

e

n ftrue; falseg, � and V are mutually disjoint.

We de�ne F := F




[ F

d

[ F

e

, �

0

:= hS;F [ �i, and the set �

0

as the


losure of the set �

p

[ Eq(F ;V) under 
onjun
tion and disjun
tion.

De�nition 69 (
onstrained rewrite rule) A 
onstrained rewrite rule

over a 
onstraint domain X = h�;A;V ;�i is an expression of the form

f(l

n

)! r ( E

where

� f(l

n

); r 2 T (F ;V) are terms of the same base type,

� f 2 F

d

and f(l

n

) is a pattern,

� E 2 Eq(F ;V)

�

is a sequen
e of equations representing their 
onjun
-

tion, su
h that V(r) � V(f(l

n

)) [ V(E):

The term f(l

n

)is 
alled the left-hand side, r the right-hand side, and E the


onditional part of the 
onstrained rewrite rule. If E = 2 then we simply

write f(l

n

)! r:

Constrained rewrite rules provide the means to de�ne one's own fun
tions

over a given 
onstraint domain.

De�nition 70 (program) A CFLP program is a set of 
onstrained rewrite

rules.
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De�nition 71 (equation) An unoriented equation is an expression of the

form s � t where s; t are terms of the same type. An oriented equation is

an expression of the form s B t where s; t are terms of the same type.

De�nition 72 (stri
t equation) An unoriented stri
t equation is an ex-

pression of the form s

:

= t where s; t are terms of the same type. An oriented

stri
t equation is an expression of the form s � t where s; t are terms of

the same type. A stri
t equation is either an unoriented stri
t equation or

an oriented stri
t equation.

Stri
t equations are also 
alled equations with stri
t semanti
s. We denote

the set of equations and stri
t equations by Eq(F ;V).

De�nition 73 (
onstrained rewriting) The 
onstrained rewriting rela-

tion indu
ed by a CFLP program R is the binary relation on T (F ;V) de�ned

as follows:

�x:s!

R

�x:t

if there exist

� a position p 2 Pos(�x:s) with fyg = BV(�x:s; p),

� f 2 F

d

su
h that (�x:s)j

p

= f(s

n

),

� an y-lifted fresh variant of a rule f(l

n

)! r ( E; and

� a substitution � 2 T (F ;V)

su
h that

(a) �x:t = (�x:s)[r�℄

p

, and �x:s

k

= �x:l

k

� for all k 2 f1; : : : ; ng:

(b) If �y:s

0

� �y:t

0

2 fE�g then �y:s

0

#

R

�y:t

0

where #

R

is the joinability

relation indu
ed by !

R

on T (F ;V)

(
) If �y:s

0

:

= �y:t

0

2 fE�g then 9�x:u 2 T (F




[ F

e

;V) su
h that

�y:s

0

!

�

R

�x:u and �y:t

0

!

�

R

�x:u;

(d) If �y:s

0

B �y:t

0

2 fE�g then �y:s

0

!

�

R

�y:t

0

(e) If �y:s

0

� �y:t

0

2 fE�g then �x:t

0

2 T (F




[ F

e

;V) and �y:s

0

!

�

R

�y:t

0

Thus we interpret B as !

R

-redu
ibility, � as !

R

-joinability, and � and

:

= as their stri
t 
ounterparts.

Given a CFLP program R over a 
onstraint domain X , one 
an ask

questions about the properties that hold in the intended model of R. Su
h

questions are 
alled queries.
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De�nition 74 (query) A query (or goal) is a formula

V

N

k=1

e

k

where

e

1

; : : : ; e

N

2 Eq(F ;V).

An answer to a query G is a substitution � su
h that G� holds in the rewrite

logi
 asso
iated with the given program R: Proving that � 2 Subst(F ;V)

is an answer of G is done by 
onstrained rewriting.

De�nition 75 (solution) A solution (or answer) of a goal G =

V

N

k=1

e

k

with respe
t to a CFLP program R is a substitution � 2 Subst(F ;V) su
h

that for any equation e 2 fe

k

j 1 � k � Ng we have

� �x:s� #

R

�x:t� if e is of the form �x:s � �x:t,

� there exists a term �x:u 2 T (F




[ F

e

;V) su
h that �x:s� !

R

�x:u

and �x:t� !

R

�x:u if e is of the form �x:s

:

= �x:t,

� �x:s� !

�

R

�x:t� if e is of the form �x:s B �x:t,

� �x:s� !

�

R

�x:t� and �x:t� 2 T (F




[F

e

;V) if e is of the form �x:s�

�x:t:

We denote by Ans

R

(G) the set of solutions of a goal G with respe
t to R:

Solving a goal G with respe
t to a CFLP programR amounts to 
omputing

a representation of Ans

R

(G): Our main 
on
ern is to de�ne an eÆ
ient


al
ulus to solve CFLP goals. For this purpose we employ a 
al
ulus 
alled


onstrained lazy narrowing.

Constrained lazy narrowing

We employ a 
al
ulus for solving CFLP goals whi
h is based on a top-down

exe
ution methodology similar to lazy narrowing: it in
rementally binds

the logi
al variables in the goal by performing so 
alled 
onstrained lazy

narrowing steps. Constrained lazy narrowing is the natural extension of

lazy narrowing from fun
tional logi
 programming with inferen
e rules to

solve 
onstraints, i.e. equations between terms built without user de�ned

fun
tion symbols. The 
onstraints generated during 
onstraint narrowing

are 
olle
ted into a 
onstraint store and solved with a CP(X ;S) s
heme.

In order to 
apture the in
remental 
omputation of a solution, we de-

s
ribe the 
onstrained lazy narrowing 
al
ulus as a set of inferen
e rules on

triples of the form h� j fe

m

g j �i where the 
omponents of the triple have

the following meaning:

� � is the (partial) solution 
omputed so far,
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� fe

m

g is the sequen
e of equations of the 
urrent goal whi
h are still

relevant for the fun
tional logi
 
omponent of the CFLP system,

� � is the set of 
onstraints 
olle
ted so far. For solving systems of


onstraints we employ a CP(X ;S) s
heme where S is a strategy for

a 
ooperation hCS

n

i

X

whi
h de�nes a 
onstraint solver over X .

Su
h triples are 
alled states. A state h� j fe

m

g j �i denotes the goal

([�℄ ^

^

e2fe

m

g[�

e):

The sequen
e fe

m

g is 
alled the fun
tional logi
 store of the state, and � is


alled the 
onstraint store of the state.

The inferen
e rules below de�ne our 
onstraint lazy narrowing 
al
ulus

as a natural extension of the lazy narrowing 
al
ulus CLN

�

des
ribed in

Se
t. 5.10. The symbols E; E

0

; E

1

; E

2

stand for arbitrary sequen
es of

equations.

[d℄ de
omposition

h
 j fE

1

; �x:g(s

n

)

�

=

�x:g(t

n

); E

2

g j �i

h
 j fE

1

; �x:s

n

�

=

�x:t

n

; E

2

g j �i

if

�

=

2 f�;

:

=;B;�g and g 2 F




h
 j fE

1

; �x:g(s

n

)

�

=

�x:g(t

n

); E

2

g j �i

h
 j fE

1

; �x:s

n

�

=

�x:t

n

; E

2

g j �i

if

�

=

2 f�;Bg and g 2 F

d

[on℄ 
onstrained narrowing at nonvariable position

h
 j fE

1

; �x:f(s

n

)

�

=

�x:t; E

2

g j �i

h
 j fE

1

; �x:s

n

B �x:l

n

; E; �x:r

�

=

�x:t; E

2

g j �i

if

�

=

2 f�;�

�1

;

:

=;

:

=

�1

;B;�g and f(l

n

) ! r ( E is a fresh x-lifted

variant of a rule in R

[ov℄ 
onstrained narrowing at variable position

h
 j fE

1

; �x:X(s

m

)

�

=

�x:t; E

2

g j �i

h
� j fE

1

�; �x:H

n

(s

m

�) B �x:l

n

; E; �x:r

�

=

�x:t�; E

2

�g j ��i

if

�

=

2 f�;�

�1

;

:

=;B;�g, �x:t is a rigid term, f(l

n

) ! r ( E is a

fresh x-lifted variant of a rule in R and � = fX 7! �x

n

:f(H

m

(x

n

))g

with H

m

fresh variables of appropriate types.
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[del℄ deletion

h
 j fE

1

; �x:t � �x:t; E

2

g j �i

h
 j fE

1

; E

2

g j �i

h
 j fE

1

; �x:t B �x:t; E

2

g j �i

h
 j fE

1

; E

2

g j �i

[i℄ imitation

h
 j fE

1

; �x:f(s

n

)

�

=

�x:X(y); E

2

g j �i

h
� j fE

1

�; �x:s

n

�

�

=

�x:X

n

; E

2

�g j ��i

if

�

=

2 f�;�

�1

;

:

=;

:

=

�1

;B;B

�1

;�;�

�1

g, � = fX 7! �y:f(X

n

(y))g

where f 2 F




[ F

d

and X

n

are fresh variables of appropriate types.

[p℄ proje
tion

h
 j fE

1

; �x:X(s

n

)

�

=

�x:t; E

2

g j �i

h
� j fE

1

�; �x:s

i

(H

p

(s

n

�))

�

=

�x:t�; E

2

�g j ��i

if

�

=

2 f�;�

�1

;

:

=;

:

=

�1

;B;B

�1

;�;�

�1

g, 1 � i � n, �x:t is rigid, � =

fX 7! �y

n

:y

i

(H

p

(y

n

))g, y

i

: �

p

! �; and H

p

: �

p

are fresh variables.

[va℄ variable abstra
tion

h
 j fE

1

; �x:s

�

=

�x:t; E

2

g j �i

h
 j fE

1

; �x:s[X(y)℄

q

�

=

�x:t; �y:sj

p

�

=

�y:X(y); E

2

g j �i

if

�

=

2 f�;�

�1

;

:

=;

:

=

�1

;B;B

�1

;�;�

�1

g, root(�x:s) 2 F

e

; fyg =

BV(�x:s; p) and (�x:s)j

p

2 Alien(�x:s)

[�℄ 
ex/
ex equations

h
 j fE

1

; �x:X(y

n

)

�

=

�x:X(y

0

n

); E

2

g j �i

h
� j fE

1

�; E

2

�g j ��i

where

�

=

2 f�;B;�;

:

=g, � = fX 7! �y

n

:Z(z)g with fzg = fy

i

j y

i

=

y

0

i

g and Z is a fresh variable of appropriate type.

h
 j fE

1

; �x:X(y

n

)

�

=

�x:Y (y

0

n

); E

2

g j �i

h
� j fE

1

�; E

2

�g j ��i

where

�

=

2 f�;B;�;

:

=g, � = fX 7! �y

n

:Z(z); Y 7! �y

0

m

:Z(z)g with

fzg = fy

n

g \ fy

0

m

g and Z is a fresh variable of appropriate type.

[
p+℄ 
onstraint propagation

h
 j fE

1

; e; E

2

g j �i

h
 j fE

1

; E

2

g j � [ fegi

if e 2 Eq(F




[ F

e

;V).
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[
p�℄

h
 j fE

1

g j � [ fegi

h
 j fe; E

1

g j �i

if e 62 Eq(F




[ F

e

;V).

[
s℄ 
onstraint solve

h
 j fEg j �i

h
� j fE�g j �

0

i

if � 2 2

Eq(F




[F

e

;V)

and h�; �

0

i 2 CF

S(CS

n

)

(�):

The inferen
e rules [
p+℄ and [
p�℄ abstra
t away the 
ooperation between

the fun
tional logi
 
omponent and the 
onstraint solving subsystem; the

[
s℄ rule en
apsulates the 
omputation performed by the a 
onstraint solv-

ing subsystem that implements the s
heme CP(X ;S); and the rest of the

rules des
ribe the 
omputation steps performed by the fun
tional logi
 sub-

system.

The 
omputation of solutions of a given goal

V

m

k=1

e

k

pro
eeds by gener-

ating so 
alled 
onstrained lazy narrowing refutations, i.e. 
onstrained lazy

narrowing derivations of the form: h" j fe

m

g j ;i )

�

h
 j 2 j �i with

V

�2�

�

an S(CS

n

)-
anoni
al form. Obviously, the 
onstrained lazy narrowing 
al-


ulus is sound, i.e., if G =

V

n

k=1

e

k

is a goal and h" j fe

m

g j ;i )

�

h
 j 2 j �i

and � 2 [[

V

�2�

�℄℄

A

then 
� 2 Ans

R

(G):

The 
onstrained lazy narrowing 
al
ulus inherits from the 
al
ulusCLN

�

the sour
es of high nondeterminism that make it in
onvenient for pra
ti
al

appli
ations. Therefore, it is useful to identify a

eptable restri
tions of

the CFLP programs and goals, su
h that our 
onstrained lazy 
onditional

narrowing 
al
ulus (CLCNC for short) 
an be re�ned towards more deter-

ministi
 versions. The deterministi
 re�nements are a
hieved by imposing

a suitable sele
tion strategy of the equation from the fun
tional logi
 store

and suitable priorities between the inferen
e rules of CLCNC whi
h 
an be

applied to the sele
ted equation.

Thus, we regard the argument C of the CFLP(X ;S; C) s
heme as a

deterministi
 re�nement of CLCNC, 
hara
terized by a suitable equation

sele
tion strategy and a suitable priorities for the inferen
e rules appli
able

to the sele
ted equation.

Similar to the design of the deterministi
 re�nements of the 
al
ulus

LN

�

presented in Chapter 5, the design of an e�e
tive 
onstrained lazy

narrowing 
al
ulus C is determined by the following 
onsiderations:

1. The properties of the CFLP program. The most important property

is 
on
uen
e, i.e. if �x:s$

�

R

�x:t then �x:s #

R

�x:t: Other important

properties are su
h as left-linearity, orthogonality, et
.,
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2. The 
lass of solutions whi
h we want to 
ompute. In fun
tional logi


programming we are usually interested in 
omputing R-normalized

substitutions. In Chapter 5 we have seen how this restri
tion 
an be

used to make deterministi
 re�nements of the 
al
ulus LN

1

, .e.g, to

restri
t the appli
ation of outermost narrowing at variable position.

A similar restri
tion of the 
onstrained narrowing at variable posi-

tion 
an be a
hieved by adopting a similar notion of R-normalized

solution and generalizing the notion of pre
ursor to 
onstrained lazy

narrowing,

3. The semanti
s of equations. For example, by distinguishing equations

with stri
t semanti
s, it is possible to de�ne a more eÆ
ient 
al
ulus.

To des
ribe the nondeterminism whi
h is inherent to the 
omputations

performed with the 
al
ulus C, we introdu
e the 
on
ept of 
on�guration.

De�nition 76 (
on�guration) A 
on�guration is a sequen
e of n states

A

n

, whi
h represents their logi
al disjun
tion.

The initial 
on�guration of the system is h" j fe

m

g j ;i where

V

m

k=1

e

m

is

the initial goal.

If we want to �nd all the solutions of a goal

V

m

k=1

e

k

whi
h 
an be


omputed with C, we enumerate all the C-refutations starting with h" j

fe

m

g j ;i in a

ordan
e with a suitable sear
h strategy. We adopt the

breadth-�rst strategy de�ned by the following inferen
e rules:

[
fg℄ inferen
e rules for 
on�gurations

A;A

n

A

n

; A

0

k

(6.1)

if A is C-redu
ible and h
 j fe

m

g j �i

C

=)A

0

1

; : : : , A

C

=)A

0

k

are all the

possible C-steps starting with A:

A;A

n

A

n

; A

(6.2)

if A is C-irredu
ible and there is j > 1 su
h that A

j

is C-redu
ible.

The state A is 
alled the state sele
ted in the [
fg℄-step.

6.4 A Distributed Model of CFLP(X ;S; C)

In Fig. 6.1 we illustrate the overall ar
hite
ture of a distributed system

based on the CFLP(X ;S; C) s
heme.

The system 
onsists of two subsystems:
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User interface

S(CS  , ..., CS  )n1

strategy 
)(

(calculus C)

... ... 
... constraint

solvers

Functional logic

component

Distributed constraint

constraint
pool

solving component

cs
CS   ,1

cs

cs

cs

cs
CS   ,

1

21

k1
cs

CS    ,1

CS   , 1

CS   ,

CS   ,

n

n

n

2

kn

Scheduler

CFLP interpreter

ask

tell

pool

CFLP

Answer

table

Fig. 6.1: CFLP(X ;S; C) : distributed ar
hite
ture
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1. a CFLP interpreter based on a 
onstrained lazy narrowing 
al
ulus C,

2. a distributed 
onstraint solving subsystem whi
h implements a s
heme

CP(X ;S) for a 
ooperation hCS

n

i

X

su
h that S(CS

n

) is a 
omponent

solver on X :

The 
onstraint solving subsystem 
onsists of:

1. a number of 
onstraint solving resour
es whi
h implement the 
on-

straint solving 
apabilities of the 
omponents of hCS

n

i

X

: Every re-

sour
e is an implementation of a 
onstraint solver, and resour
es

may be lo
ated in a distributed environment, su
h as a 
omputer

network. We denote by 
s

CS

i

;k

i

the sequen
e of available resour
es


s

CS

i

;1

; : : : ; 
s

CS

i

;k

i

whi
h implement the solving 
apability of CS

i

(1 � i � n):

2. a s
heduler, whi
h

(a) allo
ates/deallo
ates the 
onstraint solving resour
es of the system,

(b) realizes the [
s℄-steps of the CFLP interpreter by 
oordinating the


onstraint solving pro
ess of the individual 
onstraint stores in a

or-

dan
e with the strategy S:

The two 
omponents|CFLP interpreter and s
heduler|
ommuni
ate asyn-


hronously via ask/tell messages sent over a bidire
tional link 
onne
tion

denoted by lnk. The 
onne
tion lnk is a pair hlnk

1

; lnk

2

i of message queues,

where lnk

1

is used for passing messages from the CFLP interpreter to the

s
heduler, and lnk

2

is used for passing messages in the other dire
tion. We

adopt a produ
er/
onsumer 
ommuni
ation proto
ol and make use of the

following primitive operations for 
ommuni
ation:

� LinkWrite(lnk;msg) : send the message msg over lnk

3�i

;

� LinkRead(lnk) : 
onsume the message whi
h was sent �rst over lnk

i

(if any),

� LinkReadyQ(lnk) : yields True if lnk

i


ontains a message that 
an

be 
onsumed, and False otherwise

where i = 2 if the operation is performed by the CFLP interpreter, and

i = 1 if it is performed by the s
heduler.
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6.4.1 The CFLP Interpreter

The CFLP interpreter a
ts on the 
on�guration of the CFLP system whi
h

is stored in the CFLP pool. The operational semanti
s of the interpreter is

given by the 
al
ulus C:

We �rst give an informal des
ription of the operational semanti
s of the

[
s℄-steps of the CFLP interpreter in our distributed model. Upon [
s℄-steps

on a state A = h
 j fe

n

g j �i, the CFLP interpreter requires the result of


omputing CF

S(CS

n

)

(�): To get this result, the CFLP interpreter does the

following operations:

1. it sends to the s
heduler a query to solve the system of 
onstraints �

via a message ask(�;m) with m 2 N: To guarantee a safe 
ommuni
a-

tion interpreter/s
heduler, we assume that m is a message identi�er,

i.e. if ask(�

1

;m

1

) and ask(�

2

;m

2

) are distin
t messages sent by the

interpreter to the s
heduler then m

1

6= m

2

2. it suspends the evaluation of the 
orresponding goal until the dis-

tributed 
onstraint subsystem starts returning the result

3. it maintains a table Answer in whi
h it stores the messages returned

by the s
heduler. The entryAnswer(m) 
ontains the list of messages

retrieved so far as replies to the message ask(�;m):

In our model, we assume that the set CF

S(CS

n

)

(�) is 
omputed in
remen-

tally and its 
omponents are returned to the CFLP interpreter via tell

messages. The ask messages are sent to the distributed 
onstraint solving

subsystem via SendMsg 
alls (see Fig. 6.2). If the interpreter has sent a

message ask(�;m) to the s
heduler and CF

S(CS

n

)

(�) = fh�

k

; �

k

i j 1 � k �

Ng then the s
heduler is supposed to send ba
k the sequen
e of messages

ftell(�

k

; �

k

;m) j 1 � k � Ng; followed by a message done(m) to signal

that the 
omputation of CF

S(CS

n

)

(�) has �nished.

We des
ribe now the operational semanti
s of the CFLP interpreter for

the distributed model outlined above.

1. we extend the syntax domain of states with expressions of the form

h
 j fE; wait(�;m); E

0

g j ;i and h
 j false j �i.

A state of the form h
 j fE; wait(�;m); E

0

g j ;i is 
alled a wait-

state, and it is the result of applying a [
s℄-step to h
 j fEg j �i:

Its presen
e in the CFLP pool indi
ates that the CFLP interpreter

has suspended the evaluation of h
 j fE

1

g j �i until the distributed


onstraint subsystem will return (an element of) CF

S(CS

n

)

(�): The

wait-states are 
onsidered to be redu
ible states.
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pro
edure SendMsg(in ask(�;m))

Inputs � : set of 
onstraints

m : message identi�er

Globals lnk : link 
onne
tion interpreter/s
heduler

Answer : table of messages re
eived from the s
heduler

Answer(m) fg;

LinkWrite(lnk; ask(�;m));

return True

Fig. 6.2: Pro
edure: SendMsg

A state of the form h
 j false j �i is 
alled a failure state, and it

denotes a �nal state whi
h does not 
ontribute to the 
omputation of

any solution.

2. we extend the 
al
ulus C with inferen
e rules for wait-states. When-

ever a state h
 j fE; wait(�;m); E

0

g j ;i is sele
ted in a [
fg℄-step, the

CFLP interpreter 
alls the fun
tion GetMsg(m) (see Fig. 6.3) in an

attempt to retrieve the elements of CF

S(CS

n

)

(�) 
omputed so far and

generates the new 
on�guration a

ordingly.

pro
edure GetMsg(in m)

Inputs � : set of 
onstraints

m : message identi�er

Globals lnk : link 
onne
tion between interpreter and s
heduler

Answer : table of messages re
eived from the s
heduler

while LinkReadyQ(lnk)

msg LinkRead(lnk);

if msg == tell(�; �;m

0

)

Answer(m

0

) Append(Answer(m

0

);msg)

elseif msg == done(m

0

)

Answer(m

0

) Append(Answer(m

0

);msg)

res Answer(m);

Answer(m) fg;

return res

Fig. 6.3: Pro
edure: GetMsg
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Inferen
e rules

The inferen
e rule [
s℄ for our distributed model of CFLP be
omes

[
s℄ 
onstraint solve

h
 j fEg j �i

h
 j fwait(�;m); Eg j ;i

if SendMsg(lnk; ask(�;m)):

In addition, we have the following inferen
e rules for 
on�gurations:

[
fg℄

1

inferen
e rules for wait-
on�gurations

h
 j fE; wait(�;m); E

0

g j ;i; A

p

A

p

; h
�

N

j fE

1

�

N

g j �

N

i; h
 j fE; wait(�;m); E

0

g j ;i

(6.3)

if ftell(�

N

; �

N

;m)g =GetMsg(m):

h
 j fE; wait(�;m); E

0

g j ;i; A

p

A

p

; h
�

N

j fE�

N

; E

0

�

N

g j �

N

i; h
 j false j ;i

(6.4)

if ftell(�

N

; �

N

;m); done(m)g = GetMsg(m):

[
fg℄

2

inferen
e rules for other 
on�gurations

A;A

n

A

n

; A

0

k

(6.5)

if A is non-wait-state whi
h is C-redu
ible and h
 j fe

m

g j �i

C

=)A

0

1

;

: : : , A

C

=)A

0

k

are all the possible C-steps starting with A:

A;A

n

A

n

; A

(6.6)

if A is C-irredu
ible and there is j > 1 su
h that A

j

is C-redu
ible.

6.4.2 The S
heduler

The s
heduler implements a strategy S of a solver 
ooperation hCS

n

i

X

for

solving the 
onstraints re
eived from the CFLP interpreter via ask mes-

sages. It makes use of a lo
al area of memory 
alled 
onstraint pool, in

whi
h it maintains a dynami
 data stru
ture CTree, 
alled 
onstraint tree.
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CTree is a tree whose nodes are expressions of the form h
; �i

m

where


 2 Subst(F ;V), � is a set of 
onstraints, and m is a positive integer index.

Whenever an ask(�;m) message is re
eived from the CFLP interpreter,

the s
heduler adds the node h"; �i

m

as son of the root of the 
onstrained

tree. The bran
hes of the 
onstraint tree are labeled with solver identi�ers

whi
h are either from fCS

n

g or from a set Id

spe


of spe
ial solver iden-

ti�ers (e.g., Id

spe


= fAbsg). Bran
hes are labeled in su
h a way that if

h


0

; �

0

i

m




1

�! h


1

; �

1

i

m




2

�! : : :




p

�! h


p

; �

p

i

m

is a path in CTree start-

ing from a son h


0

; �

0

i

m

of the root, then h


0

; �

0

i )




1

;


2

;::: ;


p

h


p

; �

p

i is a

S(CS

n

)-subderivation.

Solving the 
onstraints re
eived from the CFLP interpreter is a
hieved

by expanding the nodes of the 
onstrained tree. The expansion of a node

P = h
; �i

m

is realized by applying to � the solver whose identi�er labels

the bran
hes of CTree starting from P . If this identi�er is 
 and 
(�) =

W

N

k=1

h�

k

; �

k

i then we 
reate the nodes h
�

1

; �

1

i

m

; : : : , h
�

N

; �

N

i

m

as sons

of P , and label the newly 
reated bran
hes with 
:

The expansion of a node h
; �i

m

stops when � is an S(CS

n

)-
anoni
al

form. In this 
ase the node is 
alled �nal, and we denote it by hh
; �ii

m

:

A 
-step with 
 = CS

i

2 fCS

n

g 
an be performed only when there is

available a resour
e 
s

CS

i

;j

: The s
heduler is required to implement a fair

s
heduling algorithm of the resour
es available, i.e. whenever the 
ontent

of node is not a S(CS

n

)-
anoni
al form and its expansion requires the ap-

pli
ation of a CS

i

-solver, then a resour
e from f
s

CS

i

;j

j 1 � j � k

i

g will

be eventually allo
ated for expanding that node.

If hh�; �ii

m

is a �nal node then h�; �i is an answer to the query re
eived

from the CFLP interpreter via the message ask with tag m. To model [
s℄-

steps in our distributed model we need a means to transmit the 
ontent of

a �nal node of CTree ba
k to the CFLP interpreter.

The pro
edure whi
h des
ribes the operations performed by the s
hed-

uler onCTree is shown in Fig. 6.4. We des
ribe it with help of the following

auxiliary fun
tions.

GetSolverId(in P ) yields the identi�er of the solver required to expand

node P .

Allo
(in id; in h
; �i

m

; inout Allo
Tbl; inout state) 
he
ks whether it

is available a resour
e 
s for id. If yes, then

1. allo
ate 
s and update Allo
Tbl a

ordingly,

2. send � to be solved by 
s,

3. state(h
; �i

m

) h"wait"; id; 
si.
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pro
edure S
hedule(in S)

Inputs S : strategy for a 
ooperation hCS

n

i

X

Globals lnk : stream of messages from the CFLP interpreter

Lo
als CTree : 
onstraint tree

f
s

CS

i

;k

i

g

1�i�n

:solving resour
es of the 
ooperation hCS

n

i

X

state : table that asso
iates to every node P of CTree

one of the following states

"idle": P waits to be expanded,

h"wait"; id; 
si: P is 
urrently being expanded by

a resour
e 
sg for the solver id 2 fCS

n

,

Allo
Tbl : allo
ation table for 
onstraint solving resour
es,

M : list of tags of ask queries to be answered

(Setup)

CTree the tree 
onsisting of the node P

0

:= h"; fgi

0

;

state(P

0

) "done";M  [ ℄;

while True do

if LinkReadyQ(lnk)

ask(


0

; �

0

;m

0

) LinkRead(lnk);

Insert h


0

; �

0

i

m

0

in CTree as son of P

0

;

M  Append(M;m

0

);M

0

 [ ℄;

if M 6= [ ℄

m First(M);M  Rest(m); IsDone True

for ea
h node P (= h
; �i

m

) of CTree with state(P ) 6= "done" do

IsDone False;

if P == hh
; �ii

m

LinkWrite(lnk; tell(
; �;m));

state(P ) "done"

elseif state(P ) == "idle"

id  GetSolverId(P );

if id 2 Id

sp

PTree Spe
ialExpand(P; id);

CTree CTree[P  PTree℄

else

Allo
(id; P;Allo
Tbl; state);

elseif state(P ) == h"wait"; id; 
si

fh�

N

; �

N

ig  GetAnswers(
s);

Add the nodes fP

i

j P

i

= h
�

i

; �

i

i

m

; 1 � i � Ng as sons of P

and label the 
orresponding bran
hes with id;

P

1

 "idle"; : : : ; P

N

 "idle";

if IsOver(
s)

Deallo
(
s;Allo
Tbl); state(P ) "done"

if IsDone LinkWrite(lnk; done(m))

else M  Append(M;m)

Fig. 6.4: Pro
edure: S
hedule
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Deallo
(in 
s; inout Allo
Tbl) deallo
ates the resour
e 
s and updates

the table Allo
Tbl a

ordingly.

Spe
ialExpand(in h
; �i

m

; in 
s; inout state) performs the following op-

erations:

1. 
ompute 
s(�) =

W

N

k=1

h�

k

; �

k

i,

2. 
onstru
t the tree T with root P := h
; �i

m

, sons P

N

:= h
�

N

; �

N

i

m

and bran
hes labeled with 
s,

3. state(P

1

) "idle"; : : : ,state(P

N

) "idle", state(P ) "done",

4. return T

GetAnswers(in 
s) returns the list of answers 
omputed so far by 
s

IsOver(
s) yields True if 
s has �nished the 
omputation and False oth-

erwise.

Note that the s
heduler generates an OR-tree whose expansion is realized

with strategy S. Upon generation, if a node P := h
; �i

m

2 CTree is not

�nal then:

� if state(P ) = "done" then P has N sons h


1

; �

1

i

m

; : : : ; h


N

; �

N

i

m

su
h that [
℄^ � �

W

N

k=1

([


k

℄^ �

k

): This means that P is an OR-node

of CTree.

� if state(P ) = h"wait"; id; 
si and P hasN sons h


1

; �

1

i

m

; : : : ; h


N

; �

N

i

m

then we only know for sure that [
℄^ � �

W

N

k=1

([


k

℄^ �

k

): P be
omes

an OR-node when its state 
hanges to "done":

Constraint solving resour
es

The 
onstraint solving resour
es are implementations of the solvers of a 
o-

operation hCS

n

i

X

: They are in 
harge of solving the systems of 
onstraints

re
eived from the s
heduler.

It may be the 
ase that the 
omputation performed by a parti
ular


onstraint solver may be 
omplex and time 
onsuming. In our distributed

model, we assume that a 
onstraint solver 
s 
omputes the elements

fh�

k

; �

k

i j 1 � k � Ng

of a disjun
tion 
s(�) one after the other, and makes them a

essible to the

s
heduler (via GetAnswer 
alls) as soon as possible.
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Chapter 7

The CFLP System

In this 
hapter we des
ribe the design and implementation of an exper-

imental system 
alled CFLP [MS98, MIS99b, MIS99a℄ whi
h is based on

an instan
e of the s
heme CFLP(X ;S; C) outlined in the previous 
hap-

ter. The system is implemented 
ompletely in Mathemati
a

TM

[Wol96℄ and

uses the MathLink proto
ol [Miy99, Wol96℄ for interpro
ess 
ommuni
a-

tion. Mathemati
a

TM

is a 
omputer algebra system whose kernel is based

on a parti
ular version of higher-order term rewriting, and therefore it is

very suitable for doing symboli
 
omputations with 
omplex stru
tures in

mathemati
s and programming. In addition, Mathemati
a

TM

is delivered

with powerful pa
kages for solving symboli
 
onstraints, su
h as methods

for solving di�erential and partial di�erential equations, Simplex algorithm

for systems of linear equations, Gr�obner basis methods for systems of poly-

nomial equations, et
.

The 
hara
teristi
 features of our experimental system are the following:

� X is a 
onstraint domain h�;A;V ;�i whose 
omputation domain �

allows to express systems of linear and polynomial equations, di�er-

ential equations, and partial di�erential equations. It is based on a

solver 
ooperation hCS

4

i

X

where

1. CS

1

is a solver whi
h 
an solve algebrai
 equations whi
h in-

volve invertible fun
tions, and represents the solutions in terms

of formal inverse fun
tions.

2. CS

2


an solve systems of equations between multivariate poly-

nomials over the domain of 
omplex numbers,

3. CS

3

is a solver for systems of di�erential equations over algebrai


extensions of C ,

165
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4. CS

4

is a solver for partial di�erential equations over algebrai


extensions of C ,

� the strategy S for solver 
ooperation is fp(Abs); fp(CS

1

; : : : ;CS

n

),

� The 
al
ulus C of the fun
tional logi
 
omponent of CFLP 
an be

sele
ted by the user from a 
olle
tion of 
onstrained lazy narrowing


al
uli whi
h are extensions of �rst- and higher-order lazy narrowing


al
uli investigated by us

� The language of terms of the system is is an extension with �-abstra
tions

of the language of terms in Mathemati
a

TM

; and thus it 
losely re-

sembles the standard mathemati
al representation.

� The user 
an adjust the distributed 
onstraint solving subsystem of

CFLP by spe
ifying the 
onstraint solving resour
es used upon the


omputations.

The rest of this 
hapter is stru
tured as follows. In Se
t. 7.1 we de�ne the

language of CFLP. In Se
t. 7.2 we des
ribe the operational semanti
s of the

CFLP interpreter. The distributed 
onstraint solving subsystem of CFLP is

des
ribed in Se
t. 7.3. Finally, in Se
t. 7.4 we des
ribe the user interfa
e

of the system.

7.1 The Language

In this se
tion we des
ribe the main syntax 
onstru
ts of CFLP.

The language of terms of CFLP 
onsists of simply-typed �-terms in long

��-normal form, built over a simply typed signature � = hS

0

;Fi with

F = F




[ F

d

[ F

e

i: We adopt the usual Mathemati
a notation for terms,

extended with the 
onstru
t �[fx

1

; : : : ; x

n

g; s℄ for the �-term �x

n

:s:

An equation is an element of the set Eq(F ;V) of expressions of the form

s � t j s B t j s

:

= t j s� t

where s; t 2 T (F ;V) are simply typed �-terms of the same type. The

semanti
al distin
tion between the equational 
onstru
ts is as follows:

� s � t is an unoriented equation. A solution of s � t is a substitution

� su
h that s� #

R

s�,

� s B t is an oriented equation. A solution of s B t is a substitution �

su
h that s� !

�

R

t�,
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� s

:

= t is an unoriented stri
t equation. A solution of s

:

= t is a

substitution � su
h that s� !

�

R

u and t� !

�

R

u for some term u 2

T (F




[ F

e

;V);

� s � t is an oriented stri
t equation. A solution of s � t is a substi-

tution � su
h that s� !

�

R

t� and t� 2 T (F




[ F

e

;V):

A goal in CFLP is an expression of the syntax domain

e j fG

1

; : : : ; G

n

g j G

1

_ : : : _G

n

j G

1

k : : : kG

n

j true j false j ~

where e 2 Eq(F ;V) and G

1

; : : : ; G

n

are goals.

� fG

1

; : : : ; G

n

g denotes a sequential-AND goal. The subgoals G

1

; : : : ,

G

n

are solved sequentially, in an order established by a parti
ular

goal sele
tion strategy S

goal

whi
h is spe
i�
 to the 
al
ulus C of the

CFLP interpreter,

� G

1

k : : : kG

n

denotes a sequential-OR goal: the subgoals G

1

; : : : ; G

n

are solved one after the other, starting with G

1

and ending with G

n

,

� G

1

_ : : :_G

n

denotes a parallel-OR goal: the subgoals G

1

; : : : ; G

n

are

solved with a fair strategy, i.e. a strategy that guarantees that every

subgoal will be eventually solved,

� true denotes the goal whose set of solutions is r,

� false denotes the goal with no solutions, i.e. [[false℄℄

A

= ;,

� the goal ~ has the same denotational semanti
s as true, but a di�er-

ent operational semanti
s: when the interpreter a
ts on ~, it simply

dis
ards it and afterwards it performs a [
s℄-step. ~ provides the

user with a means to 
ontrol the 
ooperation between interpreter and

distributed 
onstraint subsystem.

A CFLP program is a set of rewrite rules of the form f(l

n

)! r ( G where

f 2 F

d

; f(l

n

); r are CFLP terms of the same base type, and G is a CFLP

goal.

7.2 The Interpreter

The CFLP interpreter implements the 
al
ulus C of the s
heme. The CFLP

system provides the user with the liberty to 
hoose a suitable 
al
ulus from

a set of built-in ones. The right 
hoi
e depends on 
ertain properties of the

program that des
ribes the problem whi
h we want to solve.

The 
urrent implementation of CFLP has built-in the following 
on-

strained lazy narrowing 
al
uli:
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LNCP : the default 
onstrained lazy narrowing 
al
ulus used upon a CFLP

session, obtained by spe
ializing the 
al
ulusCLN

�

: The 
al
ulus is in

general in
omplete be
ause it does not perform outermost narrowing

at variable position,

LN

4

: an implementation of the 
al
ulus LN

4

with strategy S

n

outlined

in Se
t. 5.9,

LCNC, LNC

d

: implementations of the 
onstrained versions of the �rst-

order lazy narrowing 
al
uli LCNC, LNC, LNC

d

des
ribed in Se
t.

3.2.

7.2.1 Notions and Notation

In this subse
tion we introdu
e some preliminary de�nitions that are used

in des
ribing of the operational semanti
s of the CFLP interpreter by a set

of inferen
e rules.

In the design of the built in 
al
uli of the interpreter we took into a

ount

a generalization of the notion of pre
ursor introdu
ed in Def. 43, pp. 98.

Be
ause CFLP goals have a re
ursive stru
ture, we introdu
e the 
on
ept

of pre
ursor of a CFLP goal, and de�ne it as a CFLP goal. Initially, all

the subgoals of the initial goal have no pre
ursor. We keep tra
k of the

pre
ursors of equations at runtime by introdu
ing a new 
onstru
t:

pre
(G

1

; G

2

)

where G

1

; G

2

are goals. This 
onstru
t stands for the sequential-AND goal

fG

1

; G

2

g su
h that G

1

is the pre
ursor of G

2

:

A runtime goal is an expression of the syntax domain

e j pre
(G

1

; G

2

) j fG

1

; : : : ; G

N

g j G

1

_ : : : _G

N

j G

1

k : : : kG

N

j wait(�;m) j tell(
;G; �) j true j false j ~

where e 2 Eq(F ;V); � 2 2

Eq(F

e

[F




;V)

; m 2 N and G;G

1

; : : : ; G

N

are goals

in CFLP.

A state in CFLP is an expression of the form h
 j G j �i where 
 2

Subst(F ;V); G is a runtime goal, and � 2 2

Eq(F ;V)

. An equational state in

CFLP is a state of the form h
 j e j �i with e 2 Eq(F ;V): An elementary

state in CFLP is a state of the form h
 j e j �i with e 2 Eq(F ;V) [ f~g:

An 
on�guration in CFLP is either

� a state, or

� a logi
al disjun
tion of 
on�gurations. There are two 
onstru
ts for

the logi
al disjun
tion of the 
on�gurations A

1

; : : : ; A

N

:
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{ A

1

k : : : kA

N

, and

{ A

1

_ : : : _ A

N

; abbreviated

W

N

k=1

A

k

.

The �rst 
onstru
t denotes a sequential-OR disjun
tion of the 
on�g-

urations A

1

; : : : ; A

N

, whereas the se
ond one denotes a parallel-OR

disjun
tion of the 
on�gurations A

1

; : : : ; A

N

:

The 
on�gurations of a sequential-OR disjun
tion are redu
ed to �nal


on�gurations sequentially, from left to right. The 
on�gurations of

a parallel-OR disjun
tion are redu
ed simultaneously to �nal 
on�g-

urations, by means of a round-robin redu
tion strategy.

7.2.2 Constrained Lazy Narrowing Cal
uli

We de�ne a 
onstrained lazy narrowing 
al
ulus C by a system of inferen
e

rules that 
an be de�ned in a bottom-up way as follows:

1. inferen
e rules for elementary states,

2. inferen
e rules for non-elementary states,

3. inferen
e rules for 
on�gurations,

4. simpli�
ation rules for 
on�gurations,

5. simpli�
ation rules for goals.

The built-in 
al
uli of CFLP di�er only at the level of inferen
e rules for

elementary states and by the goal sele
tion fun
tions asso
iated with them.

In the rest of this subse
tion we give the inferen
e rules whi
h are 
om-

mon to all 
onstrained lazy narrowing 
al
uli.

Inferen
e rules for non-elementary states

[AND℄ sequential-AND

h
 j fG

p

; G;G

0

q

g j �i

h
� j fG

p

�;G

0

; G

0

q

�g j �

0

i

if G = sel

goal

(fG

p

; G;G

0

q

g) and h" j G j �i )

�

h� j G

0

j �

0

i is an �-step

with � 2 f[AND℄, [pre
℄

1

, [pre
℄

2

, [OTH℄g,

[pre
℄

1

pre
ursor goal

h
 j pre
(G

1

; G

2

) j �i

h
� j pre
(G

0

1

; G

2

�) j �

0

i

if sel

goal

(pre
(G

1

; G

2

)) = G

1

and h" j G

1

j �i )

�

h� j G

0

1

j �

0

i is an

�-step with � 2 f[AND℄, [pre
℄

1

, [pre
℄

2

, [OTH℄g,
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[pre
℄

2

goal with pre
ursor

h
 j pre
(G

1

; G

2

) j �i

h
� j pre
(G

1

�;G

0

2

) j �

0

i

if sel

goal

(pre
(G

1

; G

2

)) = G

2

and h" j G

2

j �i )

�

h� j G

0

2

j �

0

i is an

�-step with � 2 f[AND℄, [pre
℄

1

, [pre
℄

2

, [OTH℄g.

[OTH℄ otherwise

h
 j G j �i

G

0

if h
 j G j �i is an elementary state and h
 j G j �i )

�

G

0

is an �-step

of C for elementary states whi
h satis�es its restri
tions.

Inferen
e rules for 
on�gurations

[_℄ parallel-OR

W

M

p=1

A

p

_A _

W

N

q=1

A

0

q

W

M

q=1

A

0

q

_

W

M

p=1

A

p

_ A

0

if A

1

; : : : ; A

p

are �nal 
on�gurations, A is not a �nal 
on�guration

and A)

�

A

0

is an �-step with � 2 f[_℄, [k℄, [G℄g;

[k℄ sequential-OR

A

1

k : : : kA

M

kAkA

0

1

k : : : kA

0

N

A

0

kA

0

1

k : : : kA

0

N

kA

1

k : : : kA

N

if A

1

; : : : ; A

p

are �nal 
on�gurations, A is not a �nal 
on�guration

and A)

�

A

0

is an �-step with � 2 f[_℄, [k℄, [G℄g;

[G℄ state

h
 j G j �i

W

N

k=1

A

k

if h
 j G j �i is not a �nal state, h
 j G j �i )

�

A

1

; : : : , h
 j G j

�i )

�

A

N

are all the nondeterministi
 �-steps of C with � 2 f[AND℄,

[pre
℄

1

, [pre
℄

2

, [OTH℄g:

Simpli�
ation rules for 
on�gurations

W

1

k=1

A

k

= A

1

h
 j G

1

_ : : : _G

m

j �i =

W

m

k=1

h
 j G

k

j �i

h
 j tell(�;G; �) j ;i = h
� j G j �i

h
 j G

1

k : : : kG

m

j �i = h
 j G

1

j �ik : : : kh
 j G

m

j �i

h
 j false j �i _

W

n

k=1

A

k

=

W

n

k=1

A

k
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It is easy to see that the simpli�
ation rules for 
on�gurations de�ne a


anoni
al simpli�er. We assume that the 
on�gurations are impli
itly re-

du
ed to the 
anoni
al form de�ned by simpli�
ation rules for 
on�gura-

tions.

Simpli�
ation rules for goals

fGg = G

fG

p

; true; G

0

q

g = fG

p

; G

0

q

g

fG

p

; false; G

0

q

g = false

fG

p

; fG

0

q

g; G

00

r

g = fG

p

; G

0

q

; G

00

r

g

fG

1

_ : : : _G

N

; G

0

m

g =

W

N

k=1

fG

k

; G

0

m

g

fG

1

k : : : kG

N

; G

0

m

g = fG

1

; G

0

m

gk : : :kfG

N

; G

0

m

g

fG

1

; ask(�;G; �); G

2

g = ask(fG

1

�;G;G

2

�g; �)

pre
(true; G) = G

pre
(false; G) = false

pre
(G; false) = false

pre
(G

1

_ : : : _G

N

; G) =

W

N

k=1

pre
(G

k

; G)

pre
(G;G

1

_ : : : _G

N

) =

W

N

k=1

pre
(G;G

k

)

pre
(G

1

k : : : kG

N

; G) = pre
(G

1

; G)k : : : kpre
(G

N

; G)

pre
(G;G

1

k : : : kG

N

) = pre
(G;G

1

)k : : : kpre
(G;G

N

)

The sipli�
ation rules for goals de�ne a goal 
anoni
al simpli�er. We assume

that the redu
tion of a goal to its 
anoni
al form is an impli
it operation.

Remarks

The simpli�
ation rules for CFLP goals and 
on�gurations are designed in

su
h a way that the simpli�ed 
on�gurations 
onsist of elementary states

of the form h
 j G j �i with G a runtime goal whi
h is free of sequential-OR

and parallel-OR operators. Moreover, G does not 
ontain o

urren
es of

subgoals of the form tell(�;G

0

; �

0

): they always vanish during simpli�
ation.

7.2.3 The Cal
ulus LNCP

LNCP is the default 
al
ulus of the interpreter. In order to 
hara
terize

it, we state its inferen
e rules for elementary states, the restri
tions whi
h

limit the nondeterminism between its inferen
e rules for equational states,

and the goal sele
tion fun
tion.
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Inferen
e rules for elementary states

[f℄ failure dete
tion

h
 j �x:s� �x:f(s

n

) j �i

h
 j false j �i

if f 2 F

d

;

h
 j �x:f(s

n

)

�

=

�x:g(t

n

) j �i

h
 j false j �i

if f; g 2 F




, f 6= g, and

�

=

2 f�;B;

:

=;�g;

h
 j e j �i

h
 j false j �i

if � 62 2

Eq(F




[F

e

;V)

(that is, � 
ontains an equation e

0

62 Eq(F




[F

e

;V))

and e 2 Eq(F ;V)

[d℄ de
omposition

h
 j �x:g(s

n

)

�

=

�x:g(t

n

) j �i

h
 j f�x:s

n

�

=

�x:t

n

g j �i

if g 2 F




and

�

=

2 f�;B;

:

=;�g;

h
 j �x:f(s

n

)

�

=

�x:f(t

n

) j �i

h
 j f�x:s

n

�

=

�x:t

n

g j �i

if f 2 F

d

and

�

=

2 f�;Bg;

[del℄ deletion

h
 j �x:t � �x:t j �i

h
 j true j �i

h
 j �x:t B �x:t j �i

h
 j true j �i

[on℄ 
onstrained narrowing at nonvariable position

h
 j �x:f(s

n

)

�

=

�x:t j �i

h
 j pre
(pre
(f�x:s

n

B �x:l

n

g; G); �x:r

�

=

�x:t) j �i

if

�

=

2 f�;�

�1

;

:

=;

:

=

�1

;B;�g and f(l

n

) ! r ( G is a fresh x-lifted

variant of a rule in R,

[ov℄ 
onstrainted narrowing at variable position

h
 j �x:X(s

m

)

�

=

�x:t j �i

h
� j pre
(pre
(f�x:H

n

(s

m

�) B �x:l

n

g; G); �x:r

�

=

�x:t) j ��i

if

�

=

2 f�;�

�1

;

:

=;B;�g, �x:t is a rigid term, f(l

n

) ! r ( G is a

fresh x-lifted variant of a rule in R and � = fX 7! �x

n

:f(H

m

(x

n

))g

with H

m

fresh variables of appropriate types,
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[i℄ imitation

h
 j �x:f(s

n

)

�

=

�x:X(y) j �i

h
� j �x:s

n

�

�

=

�x:X

n

j ��i

if

�

=

2 f�;�

�1

;B;B

�1

;�;�

�1

;

:

=;

:

=

�1

g; � = fX 7! �y:f(X

n

(y))g

where f 2 F




[ F

d

and X

n

are fresh variables of appropriate types.

[p℄ proje
tion

h
 j �x:X(s

n

)

�

=

�x:t j �i

h
� j true j ��i

if

�

=

2 f�;�

�1

;

:

=;

:

=

�1

;B;B

�1

;�;�

�1

g, 1 � i � n, �x:t is rigid, � =

fX 7! �y

n

:y

i

(H

p

(y

n

))g, y

i

: �

p

! �; and H

p

: �

p

are fresh variables.

[va℄ variable abstra
tion

h
 j �x:s

�

=

�x:t j �i

h
 j �x:s[X(y)℄

q

�

=

�x:t; �y:sj

p

�

=

�y:X(y) j �i

if

�

=

2 f�;�

�1

;B;B

�1

;�;�

�1

;

:

=;

:

=

�1

g, root(�x:s) 2 F

e

; fyg =

BV(�x:s; p) and (�x:s)j

p

2 Alien(�x:s)

[�℄ 
ex/
ex equations

h
 j �x:X(y

n

)

�

=

�x:X(y

0

n

) j �i

h
� j true j ��i

where

�

=

2 f�;B;�;

:

=g, � = fX 7! �y

n

:Z(z)g with fzg = fy

i

j y

i

=

y

0

i

g and Z is a fresh variable of appropriate type.

h
 j �x:X(y

n

)

�

=

�x:Y (y

0

m

) j �i

h
� j true j ��i

where

�

=

2 f�;B;�;

:

=g, � = fX 7! �y

n

:Z(z); Y 7! �y

0

m

:Z(z)g with

fzg = fy

n

g \ fy

0

m

g and Z is a fresh variable of appropriate type.

[
p+℄ 
onstraint propagation

h
 j e j �i

h
 j true j � [ fegi

if e 2 Eq(F




[ F

e

;V) is a 
onstraint.
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[
s℄ 
onstraint solve

h
 j ~ j �i

h
 j wait(�;m) j ;i

if � 2 2

Eq(F




[F

e

;V)

and SendMsg(lnk; ask(�;m))

h
 j 2 j �i

h
 j wait(�;m) j ;i

h
 j true j �i

h
 j wait(�;m) j ;i

if � 2 2

Eq(F




[F

e

;V)

;

V

e2�

e is not a S(CS

n

)-
anoni
al form and Send-

Msg(lnk; ask(�;m)),

[wait℄ wait

h
 j wait(�;m) j ;i

h
 j

W

N

k=1

tell(�

k

; true; �

k

) _ wait(�;m) j ;i

if ftell(�

N

; �

N

;m)g =GetMsg(m)

h
 j wait(�;m) j ;i

h
 j

W

N

k=1

tell(�

k

; true; �

k

) _ false j ;i

if ftell(�

N

; �

N

;m); done(m)g = GetMsg(m):

In CFLP we eliminate the nondeterminism between [
p+℄ and the other

inferen
e rules of LNCP appli
able to a sele
ted equation s

�

=

t 2 Eq(F




[

F

e

;V) by de�ning a suitable 
riterion to de
ide whether s

�

=

t is a 
onstraint

or not. Our 
onstraint de
ision pro
edure does the following tests:

� If s

�

=

t is a rigid/rigid equation then it is not a 
onstraint,

� Otherwise s

�

=

t is a 
onstraint only if (root(s) [ root(t)) \ V is a


onstraint variable, i.e. a variable whose range of values is determined

by solving a system of 
onstraints. In CFLP we keep tra
k of the


onstraint variables in the runtime goal as follows:

{ we provide a means to de
lare the 
onstraint variables in the

initial runtime goal (see Se
t. 7.4),

{ the variable abstra
tions introdu
ed during [va℄-steps are 
on-

straint variables,

{ if X is a 
onstraint variable and X is bound to a term t then

V(t) are 
onstraint variables.
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Note that there is no nondeterminism between the inferen
e rules of

CFLP for 
on�gurations. Also, there is no nondeterminism between the

inferen
e rules of CFLP for non-elementary states. The nondeterminism of

LNCP is due to the various alternatives to realize an [OTH℄-step. These

alternatives are determined by the synta
ti
 stru
ture of the runtime goal

of the elementary state and by the restri
tions of the 
al
ulus LNCP.

Restri
tions

The restri
tions of the 
al
ulus LNCP spe
ify the inferen
e rules that are


onsidered for redu
ing an equational state and the priorities of applying

them. We des
ribe the restri
tions of LNCP in tabular form. (See Figs. 7.1,

7.2, 7.3, 7.4.)

root(s)

n

root(t)

V(t) F

d

F




[ BV(t) F

e

V(s) [f℄

1

=[�℄

2

=[
p℄

3

[f℄

1

=[on℄

2

2

[f℄

1

=([i℄

2

; [p℄

2

) [f℄

1

=([
p℄

2

; [va℄

2

)

F

d

[f℄

1

=[on℄

2

1

[f℄

1

=[on℄

2

1

[f℄

1

=[on℄

2

1

[f℄

1

=[on℄

2

1

F




[ BV(s) [f℄

1

=([i℄

2

; [p℄

2

) [f℄

1

=[on℄

2

2

[f℄

1

=[d℄

2

[f℄

1

=([
p℄

2

; [va℄

2

)

F

e

[f℄

1

=([
p℄

2

; [va℄

2

) [f℄

1

=[on℄

2

2

[f℄

1

=([
p℄

2

; [va℄

2

) [f℄

1

=([
p℄

2

; [va℄

2

)

Fig. 7.1: LNCP: inferen
e rules for equational state h
 j �x:s

:

= �x:t j �i

root(s)

n

root(t)

V(t) F

d

F




[ BV(t) F

e

V(s) [f℄

1

=[�℄

2

=[
p℄

3

[f℄ [f℄

1

=([i℄

2

; [p℄

2

) [f℄

1

=([
p℄

2

; [va℄

2

)

F

d

[f℄

1

=[on℄

2

[f℄ [f℄

1

=[on℄

2

[f℄

1

=[on℄

2

F




[ BV(s) [f℄

1

=([i℄

2

; [p℄

2

) [f℄ [f℄

1

=[d℄

2

[f℄

1

=([
p℄

2

; [va℄

2

)

F

e

[f℄

1

=([
p℄

2

; [va℄

2

) [f℄ [f℄

1

=([
p℄

2

; [va℄

2

) [f℄

1

=([
p℄

2

; [va℄

2

)

Fig. 7.2: LNCP: inferen
e rules for equational state h
 j �x:s� �x:t j �i

The supers
ripts of the labels used in the table indi
ate the priorities of

applying the 
orresponding inferen
e rules.

The inferen
e rule [f℄ is spe
i�ed with highest priority in all the entries

of the tables for equational states. This means that whenever [f℄ 
an be ap-

plied, only [f℄ is applied. Also, no outermost narrowing at variable position

is performed for solving oriented stri
t equations. This de
ision may a�e
t

the 
ompleteness of the 
omputation, but it drasti
ally redu
es the sear
h

spa
e for solutions.

Note that the right pla
e to impose the priorities depi
ted in Figs. 7.1,

7.2, 7.3, 7.4 is in the pre
ondition of the inferen
e rule [OTH℄.
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root(s)

n

root(t)

V(t) F

d

F




[ BV(t) F

e

V(s) [f℄

1

=[del℄

2

=[�℄

3

[f℄

1

=([on℄

2

[f℄

1

= [f℄

1

=

=[
p℄

4

[i℄

2

; [p℄

2

) ([i℄

2

; [p℄

2

) ([
p℄

2

; [va℄

2

)

F

d

[f℄

1

= [f℄

1

=[del℄= [f℄

1

=[on℄

2

[f℄

1

=[on℄
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The goal sele
tion fun
tion

The goal sele
tion fun
tion depends on the history of the LNCP-derivation

whi
h is 
aptured in the synta
ti
 stru
ture of the runtime goal.

First, we de�ne two subsets of the set of inferen
e rules of LNCP for ele-

mentary states: the set R

pre


of inferen
e rules for equations with pre
ur-

sors, and the set R

nopre


of inferen
e rules for equations without pre
ursors.

R

nopre


= f[f℄, [d℄, [del℄, [on℄, [i℄, [p℄, [va℄, [�℄, [
p+℄, [~℄, [wait℄g;

R

pre


= R

nopre


n f[�℄g:
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For a given runtime goal G we de�ne the partial fun
tion

F
(G;�) :=

8

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

<

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

:

F
(G

k

; �) if G = fG

1

; : : : ; G

n

g; F
(G

i

; �) = ?

for all i < k and F
(G

k

; �) 6= ?;

F
(G

1

; �) if G = pre
(G

1

; G

2

) and F
(G

1

; �) 6= ?;

F
(G

2

; pre
) if G = pre
(G

1

; G

2

), F
(G

1

�) = ?;

and F
(G

2

; pre
) 6= ?,

hG;Ri if G 2 Eq(F ;V) [ f~g

[fwait(�;m) j � 2 2

Eq(F




[F

e

;V)

;m 2 Ng

and R 6= ;, where R is the set of inferen
e

rules in R

�

with highest priority

whi
h are appli
able to u

�

=

v,

? otherwise

where � 2 fpre
; nopre
g: The result F
(G) is ? if G is a �nal goal, or a

pair of the form he;Ri where e is the equational subgoal whi
h is sele
ted,

and R is the set of inferen
e rules that are applied nondeterministi
ally

upon [OTH℄ steps.

The goal sele
tion fun
tion sel

goal

is de�ned by:

sel

goal

(G) :=

�

? if F
(G;nopre
) = ?,

e if F
(G;nopre
) = he;Ri:

From this de�nition results that the inferen
e rule [�℄ is never applied to


ex/
ex equations with pre
ursors.

7.2.4 The Cal
ulus LCN

2

LCN

2

with strategy S




is a suitable 
hoi
e for solving problems that 
an be

des
ribed with CFLP programs whi
h are left-linear 
on
uent fully-extended


onditional PRSs, and neither the program nor the goal 
ontain external

operators.

The CFLP implementation of LCN

2

performs the inferen
e rules of

LNCP[ f[rm℄g, ex
ept [va℄, [
p+℄, [
s℄ and [wait℄ whi
h are not needed in

pure fun
tional logi
 programming. Therefore we 
an 
hara
terize LCN

2

by stating its inferen
e rules for equational states. We group these inferen
e

rules into two 
ategories:

R

s

: inferen
e rules for stri
t equations,

R

ns

: inferen
e rules for nonstri
t equations.
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Restri
tions

The restri
tions of the 
al
ulus LCN

2

are the ones des
ribed in Chapter 5,

Se
t. 5.9 for PRSs, but lifted to 
onditional PRSs. We des
ribe here the

way how these restri
tions are implemented in CFLP.

For ea
h of the sets R

s

and R

ns

we 
onsider two versions, one for

equations with pre
ursors and another one for equations without pre
ursors.

The sets of inferen
e rules for equations without pre
ursors are:

� R

nopre


s

= R

s

if the sele
ted equation is stri
t,

� R

nopre


ns

= f[f℄; [d℄; [on℄; [ov℄

restr

; [i℄; [p℄; [�℄g if the sele
ted equation

is non-stri
t.

and the sets of inferen
e rules for equations with pre
ursors are:

� R

pre


s

= R

s

;

� R

pre


ns

= f[f℄; [d℄; [on℄; [ov℄; [i℄; [p℄g for the sub
al
ulus LCN

�

2

:

We express the restri
tions on the inferen
e rules appli
able on the sele
ted

equation of a runtime goal G with the partial fun
tion F
(G;nopre
): The


all F
(G;nopre
) yields ? if G is a �nal goal; otherwise, it returns the pair

he;Ri with e the sele
ted equation and R the set of inferen
e rules whi
h

are applied nondeterministi
ally during an [OTH℄-step to solve the sele
ted

equation. The fun
tion F
 is de�ned as follows:

F
(G;�) :=

8

>

>

>

>

>

>

>

>

>

>

>

>

<

>

>

>

>

>

>

>

>

>

>

>

>

:

F
(G

k

; �) if G = fG

1

; : : : ; G

n

g; F
(G

i

; �) = ?

for all i < k and F
(G

k

; �) 6= ?;

F
(G

1

; �) if G = pre
(G

1

; G

2

) and F
(G

1

; �) 6= ?;

F
(G

2

; pre
) if G = pre
(G

1

; G

2

), F
(G

1

�) = ?;

and F
(G

2

; pre
) 6= ?,

hu

�

=

v;Ri if u

�

=

v 2 Eq(F ;V) and R 6= ;, where R is

the set of inferen
e rules in R

�

�

with

highest priority whi
h are appli
able to u

�

=

v,

? otherwise

where � 2 fpre
; nopre
g:

The goal sele
tion fun
tion

The goal sele
tion fun
tion sel

goal

is de�ned by:

sel

goal

(G) :=

�

? if F
(G;nopre
) = ?,

e if F
(G;nopre
) = he;Ri:
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Note that sel

goal

2 S

n

; and thus the 
al
ulus LN

4

with sele
tion fun
tion

sel

goal

is sound and 
omplete for CFLP programs represented by left-linear


on
uent fully-extended pattern rewrite systems.

7.2.5 Other Cal
uli

The other built-in 
al
uli of the CFLP interpreter are implemented in a

similar way as the 
al
uli des
ribed before. In general, the built-in 
al
uli


orrespond to implementations of di�erent de�nitions of the fun
tion F


and use the goal sele
tion fun
tion of the 
al
ulus LNCP.

7.3 The Distributed Constraint Solving Sub-

system

In the 
urrent implementation of CFLP, the 
onstraint solving resour
es of

the system are built on top of the 
onstraint solving 
apabilities provided

by Mathemati
a. Four types solvers for solving 
onstraints over the domain

of real and 
omplex numbers have been integrated into the system:

� a solver for systems of equations between multivariate polynomials

over the domain of 
omplex numbers.

� a solver for systems of di�erential equations over algebrai
 extensions

of C ,

� a solver for partial di�erential equations over algebrai
 extensions of

C ,

� a variable elimination solver whi
h 
an solve algebrai
 equations whi
h

involve invertible fun
tions.

All solvers are implemented by separate Mathemati
a pro
esses exe-


uting in parallel and 
ommuni
ating with the 
onstraint s
heduler via

MathLink 
onne
tions. There are two types of CFLP 
onstraint solvers:

� Lo
al 
onstraint solvers. These solvers run as subsidiaryMathemati
a

kernel pro
esses of the CFLP 
onstraint s
heduler and run on the same

ma
hine with the CFLP interpreter.

� Shared 
onstraint solvers. A shared 
onstraint solver is started on

the lo
al or a remote ma
hine from outside a CFLP session and 
an be


onne
ted later to more s
hedulers, whi
h may run on possibly di�er-

ent ma
hines. This means that we may have the situation depi
ted

in Fig. 7.5.
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interpreter

shared constraint

solving resource

session 1 session 2CFLPCFLP

CFLP

Scheduler

CFLP
pool

Answer
table

Scheduler

CFLP

interpreter

CFLP
pool

Answer
table

Fig. 7.5: CFLP: shared 
onstraint solving ar
hite
ture

During a CFLP session, the distributed 
onstraint solving subsystem 
an be


on�gured by spe
ifying:

� the number and type of the lo
al 
onstraint solving resour
es,

� the remote ma
hines whi
h provide shared 
onstraint solving resour
es.

The s
heduler 
omponent of a CFLP session maintains a list of ma-


hine names whi
h are intended to provide shared 
onstraint solving

resour
es. Whenever the user modi�es this list upon the system 
on-

�guration, the CFLP s
heduler does the following operations:

1. it disables its 
onne
tions to the shared 
onstraint solving re-

sour
es running on ma
hines whi
h are not spe
i�ed in the 
ur-

rent list of ma
hine names,

2. it establishes MathLink 
onne
tions to the 
onstraint solving re-

sour
es available on the newly spe
i�ed ma
hines.

The fa
ility to use shared 
onstraint resour
es is 
urrently supported only

on Unix-like platforms.
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7.4 The User Interfa
e

CFLP is delivered as a 
olle
tion of pa
kages that 
an be loaded upon a

Mathemati
a session. By loading the pa
kage TSolve.m and exe
uting the


ommand

StartCFLP[ ℄

the user of a Mathemati
a session starts the pro
esses that implement the

CFLP system and gets a

ess to its 
onstraint solving 
apabilities.

A

ess to CFLP is provided via the fun
tion TSolve. The syntax 
all is:

TSolve[goal, opts℄

or

TSolve[goal, vars, opts℄ where

� goal is the variable annotated goal to be solved in CFLP syntax, and

� opts are Mathemati
a options spe
i�
 to the TSolve 
all,

� vars is a list of symbols whi
h are interpreted as logi
al variables in

the goal.

The following options are re
ognized by the TSolve fun
tion:

Rules the list of variable annotated rules of the CFLP program,

Constru
tor the list of 
onstru
tor symbols used in the spe
i�
ations of

goal and of the CFLP program,

De�nedSymbol the list of de�ned symbols introdu
ed by the CFLP pro-

gram. This option is now obsolete: upon a TSolve 
all, all the

symbols de�ned in the program spe
i�ed with the Rules option are

regarded as de�ned symbols,

NSolution the maximum number of solutions to be 
omputed upon a

TSolve 
all,

ConstraintVars the 
onstraint variables in the initial goal.

Upon a TSolve 
all, the variable symbols of the goal and CFLP program

are identi�ed as follows:

� the logi
al variables in goal are identi�ed by putting an overbar above

to at least one o

urren
e of ea
h variable in goal,
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� the variables in a CFLP rule are identi�ed by underlining at least one

o

urren
e of ea
h variable in that rule.

In addition, the variables, de�ned symbols, and 
onstru
tor symbols may

be type annotated. A type annotation of a symbol v is an expression of the

form v : � where � is a type expression. A type expressions 
an be:

� Basi
 type. The following basi
 types are re
ognized in CFLP: Bool

for booleans, Float for real numbers, Compl for 
omplex numbers,

Strings for strings in Mathemati
a representation, Rat for rationals,

Int for integers, Symb for symbols in Mathemati
a representation,

and 2 for the void type.

� Type variable. Type variables are denoted by unde�ned Mathemati
a

symbols.

� List type. The expression TyList(�) denotes the type of lists with

elements of type � .

� Fun
tion type. The expression �

1

� : : : � �

n

! � denotes the type

of fun
tions whi
h take arguments of types �

1

; : : : ; �

n

and return a

result of type �:

The 
onstru
tor symbols may be type annotated in the list of 
onstru
-

tors spe
i�ed with the Constru
tor option, and the de�ned symbols may

be type annotated in the list of de�ned symbols spe
i�ed with the De-

�nedSymbol option. The logi
al variables of a goal 
an type annotated

in the pla
es of their underlined o

urren
es in the goal. The variables of a

CFLP rule 
an be type annotated in the pla
es of their overlined o

urren
es

in the rule.

Type annotations are meaningful if we enable a polymorphi
 type 
he
ker

whi
h veri�es the type 
onsisten
y of the CFLP goal and program. If the

polymorphi
 type 
he
ker is disabled, then the type annotations are simply

ignored. For example, in the 
all

TSolve[f [x; x : Float℄ � fxg℄;

De�nedSymbol ! ff : Float� Float! TyList[Float℄g;

Rules ! ff[x; y : Float℄! fy

2

+ 2 xgg ℄

the CFLP goal is f[x; x℄ � x with logi
al real variable x, and the CFLP

program 
onsists of the rule

f[x; y℄! fy

2

+ 2 xgg
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where x; y are universally quanti�ed variables over the domain of reals.

In addition, it is known that f is a de�ned fun
tion symbol of two real

arguments whi
h returns as result a list of reals.

The de�ned symbols 
an also be de
lared with the CFLP 
ommand De-

�nedSymbol; instead of spe
ifying the option

De�nedSymbol! ff

1

: �

1

; : : : ; f

n

: �

n

g

inside a TSolve 
all, the user 
an �rst give the 
ommand

De�nedSymbol[f

1

: �

1

; : : : ; f

n

: �

n

℄

and next perform the TSolve 
all without the option De�nedSymbol.

In a similar way, the system CFLP provides 
ommand 
ounterparts for

the options Constru
tor and Rules.

Support for typing in expressions in CFLP syntax is provided via a palette

whi
h is displayed when the CFLP system is started. In addition, the palette


ontains 
ontrol buttons whi
h allow the user to

� 
on�gure the CFLP session,

� enable/disable type-
he
king the CFLP goal and program,

� interrupt a non-terminating TSolve 
all,

� end the CFLP session.
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Chapter 8

Examples

In this se
tion we present examples whi
h illustrate the 
onstraint solving


apabilities of the CFLP system.

8.1 Program Cal
ulation

Consider the problem of writing a program to 
he
k whether a list of num-

bers is steep [HT99℄. A list is said to be steep if ea
h element of the list is

greater than the average of the elements that follow it. A straightforward

CFLP program to solve this problem is

steep[fg℄ ! True;

steep[[n j ns℄℄ ! n > avg[ns℄ ^ steep[ns℄;

avg[ns℄ ! sum[ns℄=length[ns℄;

sum[fg℄ ! 0

sum[[n j ns℄℄ ! n+ sum[ns℄;

length[fg℄ ! 0;

length[[n j ns℄℄ ! 1 + length[ns℄

(8.1)

where

� ^ : Bool�Bool! Bool, >: Rat�Rat! Rat; = : Int� Int! Rat are

external operators,

� steep; ; avg; sum; length are the de�ned symbols whi
h are spe
i�ed

in the CFLP program.

This program is modular and easy to read. Unfortunately it is very ineÆ-


ient (of quadrati
 
omplexity) due to the repeated appli
ations of avg to

185



186 CHAPTER 8. EXAMPLES

the sublists. It 
an be shown that an eÆ
ient program with linear 
om-

plexity exists.

steepOpt[ns℄ ! sel-
1[steepAux[ns℄℄

where sel-
1; sel-
2 and sel-
3 are the sele
tors of the ternary 
onstru
-

tor 
, and

steepAux[fg℄ ! 
[True; 0; 0℄;

steepAux[[n j ns℄℄ ! 
[ (n > sel-
2[ns℄=sel-
3[ns℄) ^ sel-
1[ns℄;

n+ sel-
2[ns℄;

1 + sel-
3[ns℄℄

It is desirable to have a means to automati
ally 
ompute the eÆ
ient ver-

sion steepOpt of the steep fun
tion from its readable version. This kind

of program transformation is based on the theory of 
onstru
tive algorith-

mi
s [Bir87, Ba
95℄, and 
an be des
ribed by a series of appli
ations of


al
ulational rules that des
ribe program properties.

The 
omputation of steepOpt from steep 
an be realized with the

following fusion 
al
ulational rule [Bir89℄:

f [e℄ = e

0

f [g[a; r℄℄ = h[a; r℄

f [foldr[g; e; x℄℄ = foldr[h; e

0

; x℄

(8.2)

where foldr : (�� � ! �)� � � TyList[�℄! � is de�ned as usual:

foldr[g; e; fg℄ ! e;

foldr[g; e; [n j ns℄℄ ! g[n; foldr[g; e; ns℄℄:

The 
omputation pro
eeds as follows:

1. 
onsider steepAux[ns℄ = 
[steep[ns℄; sum[ns℄; length[ns℄℄ where 
 is

a ternary 
onstru
tor operator,

2. to make rule (8.2) appli
able, we 
hoose f = steepAux; g = Cons (the

CFLP list 
onstru
tor), e = fg and e

0

= steepAux[e℄ = 
[True; 0; 0℄;

3. 
ompute h su
h that steepAux[[n j ns℄℄ = h[n; steepAux[ns℄℄ for all

naturals n and lists of natural numbers ns: More spe
i�
ally, we look

for h2; h2; h3 su
h that

steepAux[[n j ns℄℄ = 
[ h1[n; steep[ns℄; sum[ns℄; length[ns℄℄;

h2[n; steep[ns℄; sum[ns℄; length[ns℄℄;

h3[n; steep[ns℄; sum[ns℄; length[ns℄℄℄;
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4. 
ompute steepOpt = �[fnsg; sel-
1[foldr[h; e

0

; ns℄℄℄:

Now we show how this translation 
an be a
hieved with the CFLP system.

We 
onsider the CFLP program

Prog := f steep[fg℄! True;

steep[[n j ns℄℄! n > avg[ns℄ ^ steep[ns℄;

avg[ns℄! sum[ns℄=length[ns℄;

sum[fg℄! 0

sum[[n j ns℄℄! n+ sum[ns℄;

length[fg℄! 0;

length[[n j ns℄℄! 1 + length[ns℄;

steepAux[ns℄! 
[steep[ns℄; sum[ns℄; length[ns℄℄g;

and the CFLP goal:

G := �[fn; nsg; steepAux[[n j ns℄℄℄

�

�[fn; nsg; 
[ h1[n; steep[ns℄; sum[ns℄; length[ns℄℄;

h2[n; steep[ns℄; sum[ns℄; length[ns℄℄;

h3[n; steep[ns℄; sum[ns℄; length[ns℄℄℄℄;

Note the way how the �-abstra
tion 
onstru
t is used to express an equa-

tional formula of the form 8x:(s � t) in higher-order logi
: we write

�x:s � �x:t: In parti
ular, G denotes the equational formula

9h1; h2; h3: 8n; ns:

steepAux[[n j ns℄℄ � 
[ h1[n; steep[ns℄; sum[ns℄; length[ns℄℄;

h2[n; steep[ns℄; sum[ns℄; length[ns℄℄;

h3[n; steep[ns℄; sum[ns℄; length[ns℄℄℄:

By performing the 
ommand:

TSolve[G;

Rules! Prog;

Constru
tor! f
;Plus;Greater;And;Times;Powerg℄

the system responds:

ff h1! �[fz$125; z$126; z$127; z$128g; z$125>

z$127

z$128

&& z$126℄;

h2! �[fz$409; z$410; z$411; z$412g; z$409+ z$411℄;

h3! �[fz$533; z$534; z$535; z$536g; 1+ z$536℄gg

The 
omputation of steepOpt from steepAux is now straightforward.
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Remarks

The appli
ation of the fusion rule for 
omputing the eÆ
ient version of

the steep fun
tion requires the 
apability to perform higher-order term

rewriting and uni�
ation of higher-order patterns. Both operations are

supported in CFLP.

Note that upon the TSolve 
all we de
lare the Mathemati
a operators

And, Greater, Plus, Times, and Power as 
onstru
tors. By default, these

operators are external symbols, and the 
al
ulus LNCP will generate 
or-

responding 
onstraints whi
h are submitted to the distributed 
onstraint

solver. For this parti
ular problem we wish to treat these operators as


onstru
tors, and therefore we de
lare them as su
h.

8.2 Ele
tri
al Cir
uit Modeling

Our se
ond example shows how ele
tri
 
ir
uit layouts 
an be des
ribed and


omputed with CFLP. This example illustrates the utility of simply-typed

�-terms for des
ribing

� the behaviour in time of ele
tri
al 
ir
uits,

� the re
ursive 
onstru
tion of 
omplex 
ir
uit layouts.

In addition, the 
omputation whi
h des
ribes the 
omposition of ele
tri-


al 
ir
uits is a 
omplex task whi
h requires the 
ooperation of di�erent


onstraint solvers.

We �rst de�ne the spe
 fun
tion whi
h des
ribes the behavior in time

t of an ele
tri
al 
omponent as a fun
tion of the 
urrent i[t℄ and voltage

v[t℄ in the 
ir
uit. The CFLP rules of spe
 
orrespond to a re
ursive de�ni-

tion, where we base 
ase des
ribes the behavior of elementary 
ir
uits su
h

as resistor, 
apa
itor, and indu
tor, and the indu
tive 
ase des
ribes the

behavior of serial and parallel 
onne
tions of ele
tri
al 
omponents. The

CFLP program is given below. We don't explain the underlying ele
troni


laws sin
e it should be easy to read them o� from the program.

(* de
lare the CFLP 
onstru
tors *)

Constru
tor[res, ind, 
ap, 
omp, serial, parallel℄;

(* spe
ify the CFLP program *)

Prog:= f

spe
[res[r : Float℄; v : Float! Float; i : Float! Float℄! True(

�[ftg; v[t℄℄ � �[ftg; r � i[t℄℄,

spe
[ind[l : Float℄; v : Float! Float; i : Float! Float℄! True(

�[ftg; v[t℄℄ � �[ftg; l � i

0

[t℄℄,
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spe
[
ap[
 : Float℄; v : Float! Float; i : Float! Float℄! True(

�[ftg; i[t℄℄ � �[ftg; 
 � v

0

[t℄℄,

spe
[serial[fg℄; �[ftg; 0℄; i : Float! Float℄! True,

spe
[serial[[
omp j 
omps℄℄; v; i℄! True(

fspe
[
omp; v1; i℄ � True; spe
[serial[
omps℄; v2; i℄ � True;

�[ftg; v[t℄℄ � �[ftg; v1[t℄ + v2[t℄℄g;

spe
[parallel[fg℄; v : Float! Float; �[ftg; 0℄℄! True,

spe
[parallel[[
omp j 
omps℄℄; v; i℄! True(

fspe
[
omp; v; i1℄ � True; spe
[parallel[
omps℄; v; i2℄ � True;

�[ftg; i[t℄℄ � �[ftg; i1[t℄ + i2[t℄℄gg

Note the usage of the list 
onstru
t in the re
ursive spe
i�
ation of serial and

parallel 
onne
tions of ele
tri
al 
omponents. The CFLP system re
ognizes

the following list 
onstru
tions:

� ft

1

; : : : ; t

n

g: the list 
onsisting of 
omponents t

1

; : : : ; t

n

,

� [ h j tl ℄: CFLP list in Prolog-style notation; it denotes the list with

head h and tail tl:

8.2.1 RLC Cir
uit

Consider the problem of �nding the behavior in time of the 
urrent in an

ele
tri
al 
ir
uit 
onsisting of a serial 
onne
tion of a resistor with R = 2,

an indu
tor with L = 1 and a 
apa
itor with C = 1=2 (see Fig. 8.1), under

the additional 
onditions that the voltage is a 
onstant in time and the


urrent was 0 at time 0.

L=1

V=50

R=2 C=1/2

Fig. 8.1: RLC 
ir
uit

In this 
ase, the goal whi
h we want to solve is

G := fspe
[serial[fres[2℄; ind[1℄; 
ap[1=2℄g℄; �[ftg; 50℄; i℄ � True; i[0℄ � 0g

The logi
al variable (that is, the existentially quanti�ed variable) of the

goal is i: Note the usage of the expression �[ftg; 50℄ for spe
ifying that the

voltage is 
onstant (50 
) in time.
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Now we 
an ask the CFLP system to solve the problem by 
omputing

the solutions of G :

TSolve[G;Rules! Prog;ConstrVariables! fig℄

The system responds:

ffi! �[ftg;�
1$5 e

�t

Sin[t℄gg

Note that the 
omputed answer is a parametri
 solution, sin
e 
4 is a vari-

able.

The CFLP system allows the user to tra
e the 
omputation steps per-

formed by the interpreter and by the distributed 
onstraint solving subsys-

tem. The tra
e of the exe
ution of the interpreter shows how the initial


on�guration h" j G j fgi is redu
ed by the CFLP interpreter to a state of

the form h" j ~ j �i where

� = fv$348 � �[ftg; i

0

[t℄℄; i � �[ftg; v$381

0

[t℄=2℄;

�[ftg; V ℄ � �[ftg; 2 i[t℄ + v$348[t℄ + v$381[t℄℄; i[0℄ � 0g

The system of 
onstraints � is sent to the 
onstraint s
heduler whi
h 
oor-

dinates the instan
es of the 
onstraint solvers CS

1

;CS

2

;CS

3

;CS

4

to solve

it. A tra
e of the 
omputation performed by the distributed 
onstraint

subsystem reveals how the answer is 
omputed.

1. An instan
e of CS

1

a
ts on h" j �i and yields h�

1

j �

1

i where

� �

1

= fv$348! �[ftg; v$381

00

[t℄=2℄; i! �[ftg; v$381

0

[t℄=2℄g;

� �

1

= f�[ftg; V � v$381[t℄� v$381

0

[t℄� v$381

00

[t℄=2℄ � �[ftg; 0℄;

v$381

0

[0℄ � 0g;

� v$348; v$381 are fresh variables introdu
ed upon LNCP steps.

2. An instan
e of CS

3

is applied to h�

1

; �

1

i (note that CS

2

is not appli-


able to �

2

) and yields h�

1

�

2

; �

2

i where

� �

2

= fv$381! �[ftg; V + 
1$5 e

�t

Cos[t℄� 
1$4 e

�t

Sin[t℄℄g;

� �

2

= f
1$5� 
1$4 � 0g

3. An instan
e of CS

1

is applied to h�

2

; �

2

i and yields h�

1

�

2

�

3

; fgi where

�

3

= f
1$4! �
1$5g;

4. The CFLP s
heduler returns the result to the CFLP interpreter, su
h

that the following [G℄-step is performed:

h" j ~ j �i ) h�

1

�

2

�

3

j 2 j ;i:
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In this way the system rea
hes a �nal 
on�guration, from whi
h is gen-

erated the answer (�

1

�

2

�

3

)�

V(G)

; that is fi! �[ftg;�
1$5 e

�t

Sin[t℄g:

If we supply more information, su
h as the value of the 
urrent at time

t = 1:

TSolve[fG; i[1℄ � 1g;Rules! Prog;ConstrVariables! fig℄

then the system is able to uniquely determine the 
urrent as a fun
tion of

time:

ffi! �[ftg;

1

2

e

1�t

Cs
[1℄ Sin[t℄gg:

8.2.2 A Problem of Cir
uit Design

The following example illustrates how OR-parallelism is treated in CFLP.

Let an ele
tri
 
ir
uit be given with a resistor R1 of 0:1M
 
onne
ted in

parallel with a resistor R2 of 0:4M
, and a 
apa
itorK in serial 
onne
tion

with the two resistors. Also, there is a kit of ele
tri
al 
omponents in whi
h


apa
itors of 1�F; 3�F; 5�F; 20�F and 50�F are available. We want to

know whi
h 
apa
itor to use in our 
ir
uit su
h that the time until the

voltage of the 
apa
itor rea
hes 98% of the �nal voltage is less than 1s. To

V

R1

R2
K

solve this problem, we employ a slightly 
hanged version of the program

Prog used in solving the previous problem. In order to make the voltage of

a 
apa
itor expli
it, we spe
ify it in the following way:

spe
[
ap[
; v℄; v; i℄! True(

�[ftg; i[t℄℄ � �[ftg; 
 � v

0

[t℄℄

Let Prog1 be the program 
orresponding to this slight 
hange. Now, the

CFLP goal 
orresponding to our problem is:

G := fk � 10

�6

_ k � 3 � 10

�6

_ k � 2 � 10

�5

_ k � 5 � 10

�5

;

spe
[serial[

f
ap[k; V 1℄; parallel[fres[10

5

℄; res[4 � 10

5

℄g℄g℄;
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�[ftg;V℄; i℄

:

= True;

~; V 1[0℄ � 0;

~; (V 1[1℄ > 0:98 �V) � Trueg

Note the usage of ~ to expli
itly invoke the distributed 
onstraint solving

subsystem to solve the 
onstraints a

umulated so far, and the use of the

parallel-OR 
onstru
t to spe
ify the 
omponents of our ele
tri
al kit. The

logi
al variable used in the spe
i�
ation of G are:

i: i[t℄ denotes the 
urrent at time t in the 
ir
uit,

k: the 
hara
teristi
 value of the 
apa
itor,

V 1: V 1[t℄ denotes the voltage of the 
apa
itor at time t.

The 
all

TSolve[G; fV 1; ig;

Rules! Prog1;

ConstrVariables! fig;

Constru
tor! fVg℄

yields the answer:

��

k !

1

1000000

�

;

�

k 7!

3

1000000

��

Note that CFLP yields answers only for the variables whi
h are annotated

in G, whi
h in this 
ase is k only. In this 
ase, the initial 
on�guration

is A = h" j G j ;i; whi
h is simpli�ed immediately to

W

4

i=1

A

i

where A

i

are states of the form h" j G

i

j ;i witth G1, G2, G3, G4 sequential-AND

goals whi
h di�er only by the �rst equation. Assume that the distributed


onstraint solving subsystem of CFLP makes use of 3 instan
es of CS

1

and

2 instan
es of CS

3

: A possible s
enario of the evolution in time of the


omputation performed by CFLP upon solving the goal G is as shown in

Fig. 8.2. Note that in the time interval [t

1

; t

2

℄ there is no resour
e available

to pro
ess the state whi
h des
ended from A

4

, and in the time interval

[t

2

; t

4

℄ there is no resour
e available to pro
ess the states whi
h des
ended

from A

3

and A

4

: The 
omputation performed in the time interval [t

5

; t

6

℄

dete
ts the in
onsisten
y of the 
onstraints represented in the des
endants

of A

3

and A

4

:

The solving e�ort 
an be redu
ed if we take into a

ount the operational

semanti
s of CFLP. For instan
e, we 
an solve our problem by 
onsidering

the goal
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cs

cs

cs

cs

cs

1

3

1

1CS    ,

CS    ,

CS    ,

CS    ,
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1

2

3

1

2
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A1 A4

A1

A2 A4

A3

A1

A2
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A1
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A2

A3
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Time
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A4
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interpreter

tt t t
1 2

3

3 4

Fig. 8.2: CFLP: time 
omplexity of overall 
omputation

G1 := fspe
[serial[

f
ap[k; V 1℄; parallel[fres[10

5

℄; res[4 � 10

5

℄g℄g℄;

�[ftg; V ℄; i℄

:

= True;

~; V 1[0℄ � 0;

k � 10

�6

_ k � 3 � 10

�6

_ k � 2 � 10

�5

_ k � 5 � 10

�5

;

~; (V 1[1℄ > 0:98 � V ) � Trueg

The 
all

TSolve[G1; fV 1; ig;

Rules! Prog;

ConstrVariables! fig;

Constru
tor! fVg℄

yields the same answer, but the 
omputation 
onsumes fewer resour
es. The

reason is that CFLP �rst 
omputes a solution for V 1 whi
h is generi
 for
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any 
hara
teristi
 value k of the 
apa
itor. This 
omputation requires only

2 
onstraint solving resour
es instead of 8. Next, k is bound to 4 possible

values (parallel-OR nondeterminism) and CFLP �lters out the inadmissible

values of k:

8.2.3 Computation of Cir
uit Spe
i�
ations

Consider the problem of �nding the spe
i�
ations of all the ele
tri
al 
ir
uits

that 
an be built with a kit of given ele
tri
al 
omponents. We en
ode the

spe
i�
ation of an ele
tri
al 
ir
uit as a list with 3 elements

f
omp; i[t℄; v[t℄g

where

� 
omp is a 
onstru
tor term that des
ribes the geometri
 stru
ture of

the ele
tri
al 
ir
uit. For example, the 
onstru
tor term

serial[res[R1℄; parallel[f
ap[C1℄; res[R2℄; ind[L℄g℄℄

des
ribes a serial 
onne
tion of 3 ele
tri
al 
omponents: a resistor

R1, a parallel 
onne
tion of a 
apa
itor C1 with a resistor R2, and an

indu
tor L,

� i[t℄ des
ribes the behaviour in time of the 
urrent in the ele
tri
al


ir
uit,

� v[t℄ des
ribes the behaviour in time of the voltage in the ele
tri
al


ir
uit.

We represent the kit of available 
ir
uit 
omponents with a list, e.g.

fres[10

5

℄; res[4 � 10

5

℄; 
ap[10

�6

℄g

des
ribes a kit 
onsisting of two resistors with resistan
es of 0.1M
 and

0.4M
 and a 
apa
itor with 
apa
ity of 1�F.

First we provide a predi
ate MkComp[kit; 
omp℄ whi
h holds if 
omp is

a 
ir
uit made of the 
omponents of the kit of ele
tri
al 
omponents kit.

MkComp is de�ned in terms of two predi
ates whi
h are mutually re
ursive:

MkSerialComp and MkParallelComp. The meaning of these predi
ates 
an

be easily read o� from the CFLP rewrite rules given below. The auxiliary

fun
tion split is provided for partitioning the ele
tri
al 
omponents of the

kit into two subsets, whi
h are used for 
onstru
ting two ele
tri
al 
ir
uits

whi
h are 
onne
ted in serial or in parallel.
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MkComp[kit; 
omp℄! MkSerialComp[kit; 
omp℄;

MkComp[kit; 
omp℄! MkParallelComp[kit; 
omp℄;

MkSerialComp[
omp; 
omp℄! True;

MkParallelComp[
omp; 
omp℄! True;

MkSerialComp[L; 
omp℄! True( f

split[L;L1; [H j T ℄℄ � True

fMkSerialComp[L1; 
omp1℄ � True;

MkParallelComp[[H j T ℄; 
omp2℄ � Truegk

fMkParallelComp[L1; 
omp1℄ � True;

MkParallelComp[[H j T ℄; 
omp2℄ � Truegk

fMkParallelComp[L1; 
omp1℄ � True;

MkSerialComp[[H j T ℄; 
omp2℄ � Trueg;


omp � serial[
omp1; 
omp2℄g;

MkParallelComp[L; 
omp℄! True( f

split[L;L1; [H j T ℄℄ � True

fMkSerialComp[L1; 
omp1℄ � True;

MkParallelComp[[H j T ℄; 
omp2℄ � Truegk

fMkSerialComp[L1; 
omp1℄ � True;

MkSerialComp[[H j T ℄; 
omp2℄ � Truegk

fMkParallelComp[L1; 
omp1℄ � True;

MkSerialComp[[H j T ℄; 
omp2℄ � Trueg;


omp � parallel[
omp1; 
omp2℄g; split[f
ompg; 
omp; fg℄! True;

split[f
ompg; fg; 
omp℄! True;

split[[
omp1; 
omp2 j T ℄; l1; l2℄! True(

fsplit[[
omp1 j T ℄; L1; L2℄ � True;

fl1 � [
omp2 j L1℄; l2 � L

2

gkfl1 � L1; l2 � [
omp2 j L

2

℄gg

A 
ir
uit 
onsisting of only one 
omponent 
an be regarded either as a serial


onne
tion of one 
omponent, or as a parallel 
onne
tion of one 
omponent.

Note that any ele
tri
al 
ir
uit 
an be des
ribed either as a serial 
onne
tion

of two sub-
ir
uits where one of them is a parallel 
onne
tion, or as a parallel


onne
tion of two sub-
ir
uits where one of them is a serial 
onne
tion. This

is the reason why we do not generate

� serial 
onne
tions of serial 
onne
tions, or

� parallel 
onne
tions of parallel 
onne
tions.

The predi
ate MkSerialComp[L; 
omp℄ des
ribes the following pro
ess of


onstru
ting a non-trivial serial 
onne
tion of ele
tri
 
ir
uits with 
ompo-

nents from L:

1. First, L is split into nonempty two sublists L1 and L2,
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2. L1 is used for 
onstru
ting a 
omponent 
omp1, and +2 is used for


onstru
ting a 
omponent L2, su
h that at least one of the 
om-

ponents 
omp1 and 
omp2 is a parallel 
omponent. Note how the

sequential-OR 
onstru
t is used in the 
ondition part of MkSerialComp

to spe
ify this 
ondition. Note that we 
ould have used the parallel-

OR 
onstru
t instead,

3. the 
omponent 
omp is built up by 
onne
ting 
omp1 and 
omp2 in

serial.

In a similar way is de�ned the 
onstru
tion of a non-trivial serial 
onne
tion

of ele
tri
 
ir
uits.

Let Prog1 be the program obtained by extending Prog with the de�ning

rules of the predi
ates MkComp, MkSerialComp, MkParallelComp and split.

This program 
an be used to generate all the possible 
on�gurations of


ir
uits built with a given set of ele
tri
al 
omponents. For instan
e, the


all

TSolve[fkit � fres[R1℄; res[R2℄; res[R3℄g;

MkComp[kit; 
omp℄ � Trueg;

fkitg;

Rules! Prog1;Constru
tor! fR1; R2; R3g℄

yields as result a list of bindings of 
omp to all possible ele
tri
al 
ir
uit


on�gurations built with 3 resistors R1; R2, R3:

ff
omp! serial[fserial[fres[R3℄; res[R2℄g℄; res[R1℄g℄g;


omp! parallel[fserial[fres[R3℄; res[R2℄g℄; res[R1℄g℄g;


omp! serial[fserial[fres[R2℄; res[R3℄g℄; res[R1℄g℄g;


omp! parallel[fserial[fres[R2℄; res[R3℄g℄; res[R1℄g℄g;

: : : g

To 
ompute the spe
i�
ations of the ele
tri
al 
ir
uits 
onsisting of two

resistors R1 and R2, one indu
tor L1, and one 
apa
itor C1, we 
an 
all

TSolve[fkit � fres[R1℄; res[R2℄; ind[L1℄; texttt
ap[C1℄g;

MkComp[kit; 
omp℄ � True;

spe
[
omp; �[ftg; V ℄; �[ftg; i[t℄℄℄ � True;


ompspe
 � f
omp; �[ftg; V ℄; �[ftg; i[t℄℄gg;

fkit; 
omp; ig;

Rules! Prog1;Constru
tor! fR1; R2; L1; C1; V g℄
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Upon the 
all we assume that the voltage is a 
onstant in time. We express

this fa
t by des
ribing the voltage fun
tion with the �-term �[ftg; V ℄ where

V is an arbitrary value. By de
laring V as a 
onstru
tor, the CFLP system

will treat it as a symboli
 
onstant. The 
all resumes with a list of bindings

of 
omplist to the spe
i�
ations of 
ir
uits built with resistors R1, R2;

indu
tor L1 and 
apa
itor C1. At page 199 we illustrate the �rst 3 answers

returned by CFLP.

8.3 A Ballisti
 Problem

This problem from [MR94℄ 
onsists in �nding the falling point of an obje
t.

α
Xf

x

y
V0

The obje
t is laun
hed with initial speed V 0 and in
iden
e angle � with

the ground. The problem is to determine the falling point on the earth of

an obje
t, knowing its initial speed V 0 = 500m/s and the initial in
iden
e

� = 45

o

:

We denote by Tf the falling time, by Vx the horizontal proje
tion of

V 0, and by Vy the verti
al proje
tion of V 0. Then the movement of the

obje
t 
an be des
ribed in terms of its 
oordinates (x[t℄; y[t℄) at moment t

as follows:

Vx = V 0 � 
os(�);

Vy = V 0 � sin(�);

x[t℄ = Vx � t;

y[t℄ = Vy � t� 981 � t

2

=200:

To solve this problem, we spe
ify the following CFLP program:

Prog := fballisti
 [V; �℄! f�[ftg; x[t℄℄; �[ftg; y[t℄℄g ( f

Vx � V � Cos[�℄;Vy � V � Sin[�℄;

�[ftg; x[t℄℄ � �[ftg:Vx � t℄;

�[ftgy[t℄℄ � �[ftg;Vy � t� 981 � t

2

=200℄g;

falling [V0; �℄! Xf( f

ballisti
[V0; �;Tf℄ � f�[ftg; x[t℄℄; �[ftg; y[t℄℄g;

x[Tf℄ � Xf; y[Tf℄ � 0gg

and the goal
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G := falling[500;Pi=4℄ � Xf

The 
all

TSolve[G;Rules! Prog;ConstrVariables! fXfg℄

will yield, apart form the degenerated solution fXf ! 0g, the solution

�

Xf!

25000000

981

�

: In this 
ase, the initial problem is redu
ed to solving

a system of equations that is solved with the solvers CS

1

and CS

2

:
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Chapter 9

Con
lusion

This thesis introdu
es a s
heme for 
on
urrent 
onstraint fun
tional logi


programming and des
ribes an instan
e whi
h is a distributed implemen-

tation in a network of 
omputers. The s
heme is based on an operational

semanti
s whi
h 
ombines the prin
iples of 
ooperative 
onstraint solving

over a 
onstraint domain with the prin
iple of higher-order lazy narrowing

for 
onditional pattern rewrite systems.

Higher-order 
onstru
ts are a desirable feature in fun
tional logi
 pro-

gramming and, by extension, in 
onstraint fun
tional logi
 programming

too. Therefore, a large part of the thesis was 
on
erned with the design of

a powerful higher-order lazy narrowing 
al
ulus. For the needs of fun
tional

logi
 programming, we addressed two extensions:

� lazy narrowing with ATRSs in appli
ative term algebras, and

� lazy narrowing with PRSs and 
onditional PRSs in simply-typed term

algebras

and proposed various re�nements to make them more eÆ
ient.

In the design of our 
ooperative 
onstraint fun
tional logi
 program-

ming s
heme we took into 
onsideration the se
ond extension of the fun
-

tional logi
 programming style, i.e. lazy narrowing with 
onditional PRSs

in simply-typed term algebras.

We want to emphasize that the s
heme outlined in this thesis is, by

no means, the end of the story. A 
areful analysis of the properties inte-

grated 
al
ulus is still missing, but it is very likely that theoreti
al results

obtained in pure fun
tional logi
 programming 
an be generalized to our

CFLP model. A very interesting dire
tion of resear
h is to �nd a good


hara
terization of the notion of pre
ursor in CFLP. Keeping tra
k of the

201
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pre
ursors of a subgoal is more diÆ
ult be
ause of the possibility to transfer

pre
ursors in the 
onstraint store during [
p+℄-steps.

The intention of our experimental system CFLP is to prove the suitability

of the distributed model for 
ooperative 
onstraint solving des
ribed in

Se
t. 6.4. We didn't fo
us on the design of an eÆ
ient implementation,

whi
h is another promising dire
tion of future resear
h.
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