Exercises related to lecture 12

This lecture is about planar graphs, Euler Theorem, graph colourings, and
chromatic polynomials.

You are expected to know the statement and the proof of Euler Theorem,
and some if its consequences that can be used to check if a graph is planar or

not.

1.

Draw the graphs K5 and K3 3.
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. What is a subdivision of a graph?

What does Kuratowski’s Theorem say?

Which of the following graphs is planar and which is not? Which one is a
subdivision of K33 and why?
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ANSWER:

e (51 is not planar because it obviously contains a subdivision of K3 3.

e (G5 contains no subdivision of K5 because it has only 2 nodes with
degree > 4. It can also be argued that G5 contains no subdivision
of K3 3. The following is a planar representation of Gy (note that I
swapped the positions of nodes 3 and 6):



e (3 is not planar because it contains a subdivision of K33 : We can
reposition the nodes of G, such that it looks as follows:

e

5. Prove that every planar graph is 5-colorable.
6. What is the statement of the 4-colour map colouring problem?
You should be able to compute the chromatic polynomial of some simple graphs.
1. Find a general formula for the chromatic polynomial c¢¢, (2) when C,, is a
cycle with n nodes. What is the chromatic number of C,,?
ANSWER: Let a,, = c¢, (2).
If n =3 then C, = K3 and a3 = ck,(2) = 2(z — 1)(z — 2).

If n > 3, let e be some edge of C),. It is obvious that C,, — e = P, and
Cp/e = Cy_1. Therefore

an = cc,(2) = xp,(2) = X0 1 (2) = 2- (2 = 1)" " —ap
=(z-1)"4+(z-1)""1—a,
Thus a, — (z — 1)" = (=1) (ap_1 — (z = 1)" 1) Let b, = a, — (z — 1)™.

————
bn, bn—1

From b, = —b,_1 we learn that b, = (—1)"~ 1b1 = (-1, 1 = ... =
(1) P by = (=1)""(az — (2= 1)?) = (=1)"3(2(2 = 1)( 2) ( -
1)) = (=1)"3(z-1)(2(2-2) = (2 = 1)?) = (-=1)"*(z — 1). Thus
co,(2)=apn=(z—1)"+b,=(z—1)"+ (-1)"2(z - 1)
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The chromatic number x(C,,) is the least k£ > 0 such that x¢, (k) > 0.
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o If n =3 then ¢, (2) = 2(z — 1)(# — 2) and x(C3) =
e If n > 3 is even (n = 2-m with m > 2) then x(C ) = 2 because
cc,(1)=1-1)((1=1>""" 4+ (-1)*"?) =
o, (2) = (2= 1) (2= 1™ 4 (—1)2m2)



e If n>3isodd (n=2-m+ 1 with m > 2) then x(C,) = 3 because
cc,(1)=(1-1)(1-1)*"+(-1)*""1) =0
cc,2)=2-1)(2-1*"+(-1)*"""H=1-(1-1)=0
cc,(3)=03B-1)(3-1"+(-1)*""1) =2-(2>"-1)>0

2. How many 2-colorings has a tree with n nodes?
ANSWER

From the lecture notes, we know that cr, (z) = z- (z — 1)"~! for any tree
T,, with n nodes. The number of 2-colorings of T}, is

er,(2)=2-2-1)""t=2.1""1 =2

3. Let G be the graph depicted below

Yy—a—c

T—z—
(a) Draw the graphs G — (a, z) and G/(a, 2).
(b) Compute the chromatic polynomial of G.

)

)

(¢) How many 2-colourings has G

(d) How many 3-colourings has G?
)

(e) What is the chromatic number of G?

ANSWER
Yy—a—=c Yy——a C
(a) G, =6- (a,z): /‘ G2 =G/(a,z) ‘/ \‘
r—z b x b
(b) ca(2) = ¢, (2) = ¢a(2) = cay(2) — ca, (2) — (€6, (2) — iy (2)), where
Gy =G - (a,z), Go = G/(a,z), and
Yy ——a C Yy——a—c¢
Ga =G~ (w,2); | /\ Ga=Gi/(x, 2) \ /\
T z b z b
Yy—a——c¢ Yy—a——c¢
Gs = G — (a,b) ‘/ \ Gs = Ga/(a,b) ‘/
€T b €T

w



€G3 (2) = cay—(b,0)(2) = €G3/ (b,0) (2) = cpe(2) — cpys(2)
=2(z—1)% = 2(z - 1)*

cG,(2) = ca,—(a,e)(2) = cay(a,e) (2)

a

G5(2) = ca; ()

where G7 = G4/(a,c):

\\\

|
b
G5 (2) = cay—(a,2)(2) = €Gs/(am) (2) = cps(2) — cpy(2)
2(z— 1) —2(z—1)°

€66 (2) = Cag—(a,0) (2) = Cag/(a) (2) = cpy(2) = cpy(2)
2(z—1)% — 2(z — 1)?

€7 (2) = €Gr—(a,2)(2) = CGr/(a,2) (2) = cae(2) — CKy(2)

=2(z-1P3 —2(z =12 —2(z = 1)(2 — 2)

z

Finally, we obtain

ca(z) =2(z —1)° — 2(z = 1)* = (2(z — 1)*
—2(z =12 -2z =1+ 2(z = 1) + 2(z — 1)(2 — 2))
— 2z =D =2(z =12 —2(z = 1)} + 2(z — 1)?)

z—=1)(z* =723 +192% — 242 4+ 12)
— 82542621 — 4323 +362% - 122

z

(
2z-D)((z-1D*=3(z-1)+4(z-1)?-2(z - 1) — 2 +2)
(

6

(c) The number of 2 colorings of G is cg(2) =2(2 - 1)(2* —7-23 +19-
22 —24.2412) = 0.

(d) The number of 3 colorings of G is cg(3) =3(3 —1)(3* - 7-33+19-
32 -24.3+12) = 18.

(e) The chromatic number x(G) of G is 3 because 3 is the smallest num-
ber k for which cq(k) > 0.

4. Prove that z* — 423 4+ 322 can not be the chromatic polynomial of any
graph.

ANSWER. If this is c¢g(2) for some graph G then cq(k) > 0 for all k£ > 1
because cg(k) is the number is number of colorings of G with k colors.
But cq(2) =2* —4-23 +3-22 = —4 < 0. Therefore, 2* — 423 + 322 can
not be the chromatic polynomial of any graph.

5. Indicate some important properties of the chromatic polynomial.

2(z—1° =3z2(z— D) +42(z— 1) =22(2 = 1)? —2(z — 1)(z —

2)



