Polya theory of counting

Problem 1

How many distinct dices can be manufactured if one uses 3 different colours to color the faces of the
dice and each colour is used to color two faces of the dice?

Answer

Consider the following colours: red (r), green (g) and blue (b) that are used to color the faces of the
dice

We have to calculate the number of colourings of the dice in which there are 2 red faces, 2 green faces
and 2 blue faces. This number can be obtained by computing the pattern inventory polynomial for 3
colours: Fg(r,g,b) of the group G of symmetries of the faces of the dice.

m First we determine the group of symmetries of the faces of the dice.

We use Mathematica for drawing the dice with faces numbered from 1 to 6
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1= Graphics3D[ {Green, Opacity[.3], Cuboid[{-1, -1, -1}, {1, 1, 1}], Black, Opacity[1],

out[1]=

Text["1", {O, -1, 0}], Text["2", {O, 1, 0}], Text["4", {-1, 0, 0}],
Text["3", {1, 0, 0}], Text["5", {0, O, -1}], Text["6", {0, O, 1}], Thick,
Line[

{{-.15, - .15, 1}, {- .15, .15, 1}, {.15, .15, 1}, {.15, -.15, 1}, {-.15, -.15, 1}}1,
Line[{{- .15, -.15, -1}, {-.15, .15, -1}, {.15, .15, -1},

{.15, - .15, -1}, {-.15, -.15, -1}}1,
Line[{{- .15, -1, - .15}, {-.15, -1, .15}, {.15, -1, .15},

{.15, -1, -.15}, {-.15, -1, -.15}}]1,
Line[{{-.15,1, -.15}, {-.15,1, .15}, {.15, 1, .15},

{.15, 1, -.15}, {-.15, 1, -.15}}1,
Line[{{1, -.15, - .15}, {1, - .15, .15}, {1, .15, .15},

{1, .15, -.15}, {1, -.15, -.15}}1,
Line[{{-1, -.15, -.15}, {-1, -.15, .15}, {-1, .15, .15},

{-1, .15, -.15}, {-1, -.15, -.15}}]}, Boxed » False]

(Reflection symmetries and Rotational symmetries)  https://www.youtube.com/watch?v=xVYaQorJv08

(Reflections, Rotations, Translations)  https://www.youtube.com/watch?v=VJTxv-tRKjO

(Rotating a cube-- indentifying the axes) https://www.youtube.com/watch?v=7GkuqcoGCU4

Step by step:
https://www.youtube.com/watch?v=-PYDcHKPMKk
https://www.youtube.com/watch?v=TggbcOrALMQ
https://www.youtube.com/watch?v=X3eOGQGntEs

Other:  https://www.youtube.com/watch?v=vbfjA4AFedM
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The group G of symmetries of the faces of the dice consists of the following 6-permutations:
= The identity permutation (1)(2)(3)(4)(5)(6) --> the monomial x+°

= Multiple rotations of 90° or 270° around the dashed axes (the axes through the middle of the
opposite faces). E.g., the permutations for these rotations around axis 1-2 are: (1)(2)(3,6,4,5) and
(1)(2)(3,5,4,6), and each one of them contributes with monomial x12 xs. There are 3 axis through the
middle of the opposite faces = the sum of the monomials for rotations of 90° or 270° is 6 x12 x.

= Multiple rotations of 180° around the dashed axes. E.g., the permutation for this rotation around axis

1-2 is (1)(2)(3,4)(5,6), and contributes with the monomial x12 x,2. There are 3 axis through the middle

of the opposite faces = the sum of the monomials for rotations of 180° is 3 x42 x»°.

= Multiple rotations of 120%r 240° through opposite corners of the dice: (1,6,4)(3,2,5), (1,4,6)(2,3,5), ...

There are 8 permutations for this kind of rotations, and the sum of monomials for these is 8 x3°.

= Multiple rotations of 180° through the midpoints of opposite edges: (1,3)(2,4)(5,6),... There are 6
such axis, and the sum of monomials for these permutations is 6 x5.

In the end, we get a group G with 24 permutations, and the cycle index of G is
1
Pe[x1l_, x2_, x3_, x4_, x5_, x6_] := — (x16+6x12 x4 + 3 x1? x22+8x32+6x23)
24
We apply the Polya’s counting formula to compute the pattern inventory polynomial for three colours
r,g,b:
FG=Pg[r+g+b, r?+g?+b?, r’+g*>+b?, r' +g* +b*, r’°+g°> +b>, rf+g® + b
— ((b+g+r)6+3 (b+g+1)2 (b2+g2+r2>2+
24
6 (p?+92+1?)°+8 (b*+g3+13)?+6 (b+g+r)? (b4+g4+r4)>
FG = Expand|[Pc[r+g+b, r?+g?+b?, r’+g*+b?, r* + g’ +b*, r’ + g +b°, r® + g° + b®]|
b +b°g+2b?g?2+2b3g3+2b2gt+bg®+gf+br+2bigr+3b3gr+
3b2gir+2bgtr+g°r+2b?r2+3b3gr?+6b2gfr2+3bgiri+2giri+
2b3r3+3b2gri+3bg?r3i+2giri+2b?ri+2bgri+2g?rt+bro+grd+rb

or

Expand[FG]

b +b°g+2b?g?2+2b3g3+2b2gt+bg®+gf+br+2b*gr+3b3g2r+
3p°gir+2bg*r+g°r+2b?r?2+3b3gr?+6b?g°r?+3bg3ri+2giri+
2b3r3+3b2gri+3bg?ri+2g3ri+2b2ri+2bgrt+2g2ri+br®+grd+rt

Length[FG]
28

= The number of distinct colourings of the dice with 2 red faces, 2 green faces and 2 blue faces is the
coefficient of the monomial r? g2 b%, namely 6.



4 | Polya_Theory.nb

iner= Coefficient[FG, r*2g*2b*2]

out[g]= ©

Problem 2

Use Polya’s enumeration formula to determine the number of six-sided dices that can be manufac-
tures if we use 6 colours. Assume that each colour is used exactly once.

Answer

Consider the following colours: y1, y2, y3, y4, y5, y6 that are used to color the faces of the dice

We have to calculate the number of colourings of the dice where each colour is used once. This number
can be obtained by computing the pattern inventory polynomial for 6 colours: Fg(y1,y2,y3,y4,y5,y6) of
the group G of symmetries of the faces of the dice.

The group G with 24 permutations, and the cycle index of G is the one obtained at Problem 1

1
o= Pe[x1_, x2_, x3_, x4_, x5_, x6_] := — (xl6 +6x12x4+3x1%2x2%2+8x3%2+6 x23)
24

For a colouring of 6 sides with six colours y1, y2, y3, y4, y5, y6 we have the pattern inventory
polynomial:

o= FG2 = Pg[yl +y2+y3+y4+y5+y6, y12 +y22 + y32 + y42 + y52 + y62,
y13 + y23 + y33 + y43 + y53 + y63 , y14 + y24 + y34 + y44 + y54 + y64 ,
y1% 4+ y25 + y35 4+ ya5 4 y5° + y65, y16 4+ y26 4+ y3° + y4© 4+ y5° 4+ y66]

Out[10]=

x
24
((yl+y2+y3+y4+y5+y6)6+3 (v1+y2+y3+y4+y5+y6)? (y12+y22+y32+y42+y52+y62>2+
6 (y12+y22+y32+y42+y52+y62>3+8 <y13+y23+y33+y43+y53+y63>2+

6 (yl+y2+y3+yd+y5+y6)2 (yl4+y24+y34+y44+y54+y64))

2= Expand [FG2]

oufizl= Y10+ y19y2 + 2 y14y22 +2y13y23+2y12y2% + yl y2° +y20 + y15y3 +2yldy2 y3 +3yl3y22y3+
3yl2y23y3+2yly24y3+y2°2y3+2y18y32+3yl3y2y32+6yl2y22y324+3yly23y32+
2y24y32+2y13y33+3y12y2y33+3yly22y33+2y23y33+2y12y34+2yly2y3%+
2y22y34+yly32+y2y3°+y3°+yloyd+2ylty2ya+3yl3y22yd+3yl2y23vyd+
2yly24yd+y25yd+2yl8y3y4+5y13y2y3yd+8yl2y22y3y4+5yly23y3yd+
2y24y3y4+3yl3y32y4+8yl2y2y32y4+8yly22y32vy4+3y23y32y4+3yl2y33yd+
5yly2y33yd+3y22y33yd+2yly34yd+2y2y3%yd+y3°yd+2yldyd?+3y13y2ya?+
6 y12 y22 y42 + 3yl y23 y42 + 2 y24 y42 + 3y13 y3y42 + 8 yl?2 y2 y3 y42 + 8yl y22 y3 y4? +
3y23y3y4?+6yl? y32y4? + 8yl y2 y32y4?+6y22y32y4?+3yly33ya?+3y2y33yd?y
2y34y42 +2y13y43 +3y12y2y43 + 3yl y22y43 +2y23y43 +3vy12y3vy4a3+5yly2y3vy4d+
3y22y3y43+3yly32y4a3+3y2vy32vy4a3+2vy33ya3+2y12yat+2yly2yat+2y22yaty
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2yv1ly3ya?+2y2y3ya?+2y32yat+yl ya® +y2 yv4® + y3 y4° + y46 + y15 y5 + 2 y1% y2 y5 +
3y13y22y5+3y12y23y5+2yly28y5+y2°y5+2y1l4y3y5+5y13y2y3y5+8yl?y22y3y5+
5yly23y3y5+2y24y3y5+3yl3y32y5+8yl2y2vy32y5+8vyly22y32y5+3y23y32y5+
3yl2y33y5+5yly2y33y5+3y22y33y5+2yly3%y5+2y2y3%y5+y3°y5+2yldydy5+
5y13y2y4y5+8vyl2y22y4y5+5yly23ydy5+2y24ydy5+5yl3y3ydy5+15y12y2vy3ydy5+
15y1 y22 y3y4y5+5y23y3ydy5+8vyl2y32y4y5+15yly2y32ydy5+8y22y32ydy5+
5yly33ydy5+5y2y33ydy5+2y3tyay5+3y13y42y5+8yl2y2vy4a?y5+8yly22y42y5s +
3y23y4?2 y5+8vyl2y3y42y5+15yly2y3y4?y5+8vy22y3vy4a2y5+8yly32ya?ys+

8 y2y32y42y5+3y33y42y5+3vyl12ya3y5+5yly2y43y5+3y22vya3y5+5yly3yadys+
5y2y3y43y5+3y32y43y5+2ylydty5+2y2ya4dy5+2y3yaty5+yady5+2yldy5?+
3y13y2y52+6yl2y22y524+3yly23y52+2vy24y52+3y13y3y52+8yl2y2y3y52+

8yl y22y3y52+3y23y3y52+6yl12y32y52+8yly2y32y52+6y22y32y52+3yly33y52+
3y2y33y52+2y34y52+3yl13y4dvy52+8yl2y2vyay52+8yly22ydvy52+3y23ydy52+
8vyl2y3vy4y52+15yly2y3ydy52+8y22y3y4dy52+8yly32ydy52+8y2y32ydy52+
3y33y4y52+6yl2y42 y52 + 8yl y2 y42 y52 + 6 y22 y42 y52 + 8yl y3 y42 y52 + 8 y2 y3 y4? y52 +
6 y32y42y52+3ylyd3y52+3y2y4a3y52+3y3y43y52+2y4aty52+2y13y53+3yl12y2y53+
3yly22y53+2vy23y53+3y12y3y53+5yly2y3y53+3y22y3y53+3yly32y53+
3y2y32y53+2y33y53+3y12yay53+5yly2yay53+3y22y4ay53+5yly3ydy53+
5vy2y3y4y53+3y32y4vy53+3ylyd?y53+3y2y4a2y53+3y3y4a2y53+2y4a3y53+
2y12y54+2yly2y54+2y22y54+2yly3y54+2y2y3y5t+2y32y54+2ylydy5d+
2y2y4y5t+2y3yay54+2y42 y5%+yl y52+y2y5°+y3y5°+ydy5o+y50+yldy6+
2y1l4y2y6+3yl13y22y6+3yl12y23y6+2yly24y6+y22y6+2yl8y3y6+5y13y2y3y6+
8vyl2y22y3y6+5yly23y3y6+2y2%y3y6+3yl3y32y6+8vyl2y2vy32y6+8yly22y32y6+
3y23y32y6+3yl2y33y6+5yly2y33y6+3y22y33y6+2yly3ty6+2y2y3%y6+y3°y6+
2yliydy6+5y13y2ydy6+8yl2y22ydy6+5yly23ydy6+2y24ydy6+5yl3y3vydy6+
15y12y2y3ydy6+15y1l y22 y3ydy6+5y23y3ydy6+8yl?2y32ydy6+15yly2y32ydy6+
8vy22y32y4y6+5yly33yvay6+5y2y33yay6+2y3iydy6+3yl3ya?y6+8yl?y2ya? ye +
8yl y22y4?y6+3y23y4a?2y6+8yl?y3ya?y6+15yl y2y3y4a?y6+8y22y3ya?y6+

8yl y32vy42y6+8y2vy32yva42y6+3y33y42y6+3yl2ya3y6+5yly2vyd3y6+3y22y4a3ye6+
5yly3y43y6+5y2y3vya3y6+3y32ya3y6+2ylyddy6+2y2yaty6+2y3yatye+

ya4S y6 +2 y14y5y6 +5y1l3y2y5y6+8yl2y22y5y6+5yly23y5y6+2y2%y5y6+
5y13y3y5y6+15y12y2y3y5y6+15yly22y3y5y6+5y23y3y5y6+8yl?y32y5y6+
15yl y2y32y5y6+8y22y32y5y6+5yly33y5y6+5y2y33y5y6+2vy3%y5y6+
5y13ydy5y6+15y12y2ydy5y6+15yly22ydyby6+5y23ydy5y6+15y12y3ydy5y6+
30 yly2 y3y4y5y6+15y22y3ydy5y6+15yly32y4y5y6+15vy2y32vyady5y6+
5y33y4y5y6+8yl?2yd2y5y6+15yly2vy4? y5y6+8y22y42y5y6+15yl y3y4?y5y6 +
15y2 y3y42 y5y6+8y32y42y5y6+5ylya3 y5y6+5y2vy43y5y6+5y3y4ady5y6+
2y4ty5y6+3yl13y52y6+8yl2y2y52y6+8yly22y52y6+3y23y52y6+8yl?y3y52y6+
15yl y2 y3y52y6+8y22y3y52y6+8yly32y52y6+8y2vy32y52y6+3y33y52vy6+
8vyl2y4y52y6+ 15yl y2ydy52y6+8y22ydy52y6+15yly3ydy52y6+15y2y3ysy5?2y6+
8 vy32y4y52y6+8ylyd?y52y6+8y2vya2y52y6+8y3ya?y52y6+3y4a3y52ye +
3yl2y53y6+5yly2y53y6+3y22y53y6+5yly3y53y6+5y2y3y53y6+3y32y53y6+
5ylydy53y6+5y2y4y53y6+5y3yay53y6+3y42y53y6+2vyly5ty6+2vy2y5ey6+
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2y3y54y6+2yay5ty6+y52y6+2yliye?+3yl3y2y62+6vyl2y22y62+3yly23y6e?+
2y24y62+3yl13y3y62+8yl2y2y3y62+8yly22y3y6l+3y23y3y62+6yl?y32y6?+

8yl y2y32y62+6vy22y32y62+3yly33y62+3y2y33y62+2y3%y62+3yldydy6e?+
8yl?y2ydy62+8yly22ydy6®+3y23ydy6?+8yl?2y3yay6?+15yly2y3ydy6?+
8vy22y3vy4y62+8yly32yvay62+8y2y32y4ay62+3y33ydy62+6yl2yd?y6e?+8yly2 ya? y6e? +
6 y22 y42 y62 + 8yl y3 y42 y62 + 8 y2 y3y42 y62 + 6 y32 y42 y62 + 3yl y43 y62 + 3 y2 y43 y6° +
3y3y43y62+2yaty62+3yl3y5y62+8yl2y2y5y62+8yly22y5y62+3y23y5y6?+
8yl2y3y5y62+15yly2y3y5y62+8y22y3y5y62+8yly32y5y62+8y2y32y5y6?+
3y33y5y62+8yl2ydy5y62+15yly2vy4y5y62+8y22vyay5y62+15yly3ydy5y6?+

15y2 y3 y4y5y62+8y32y4y5y6?+8ylyd?y5y6?+8y2ya?y5y62+8y3yd?ydy6e?+

3y43 y5y62+6vy1l2y52y62+ 8yl y2y52y62+6y22y52y62+8yly3y52y6?+8y2y3y5?y6e?+
6 y32 y52 y62 + 8yl y4d y52 y62 + 8 y2 y4 y52 y62 + 8 y3 y4 y52 y62 + 6 y42 y52 y62 + 3yl y53 y62 +
3y2y53y62+3y3y53y62+3y4ay53y62+2y5ty62+2y13y63+3yl2y2y63+3yly22y6es+
2y23y63+3yl?2y3y63+5yly2y3y63+3y22y3y63+3yly32y6d+3y2y32y63+
2y33y63+3y1l2yay63+5yly2ydy63+3y22y4y63+5yly3vyay6d+5y2y3ydy6d+
3y32y4y63+3ylyd?y63+3y2ya2y63+3y3ya2yed+2y43y63+3y12y5y6d+
5yly2y5y63+3y22y5y63+5yly3y5y63+5y2y3y5y63+3y32y5y63+5ylydy5yes+
5y2y4y5y63+5y3y4y5y63+3y42y5y63+3yly52y63+3y2y52y63+3y3y5?2y6d+
3y4y52y63+2y53y63+2y12y6t+2yly2y6i+2y22y6i+2yly3yet+2y2y3y6eds
2y32y6t+2ylydy6t+2y2yay6t+2y3yay6t+2ya?y6t+2ylyby6d+2y2y5y6t+
2y3y5y6?+2vy4ay5y6?+2y52y6t+ylye®+y2y6d+y3y6°+ydy6ed+y5y6d+y6o

ni13= Length[Expand [FG2] ]
out[13]= 462

4= Coefficient[FG2, yly2y3y4y5y6]

outf14]= 30

In[15]:= Coefficient[FGZ, y4? y64]

ou[15]= 2

Problem 3

Suppose a medical relief agency plans to design a symbol for their organization in the shape of a
regular cross, as in the figure below. To symbolize the purpose of the organization and emphasize its
international constituency, its board of directors decides that the cross should be white in color, with
each of the twelve line segments outlining the cross colored red, green, blue, or yellow, with an equal
number of lines of each colour. If we discount rotations and flips, how many different ways are there
to design the symbol?

We use Mathematica for drawing the cross
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Answer

= See pdf file.

Obtain the cycle index polynomial:

nfe= PG3[x1_, x2_, x3_, x4_, x5_, x6_, x7_, x8_, x9_, x10_, x11_, x12_] :=
(x1712+2x4%3+2x1°2x2"5+3x2°6) /8

For a colouring of 12 edges with four colours r, g, b, y we have the pattern inventory polynomial:

7= FG3 = Expand[PG3[r+g+b+y, r*2+g”*2+b*2+y*2, r*3+g*3+b”*3+y”"3,
r*4+g*4+b*4+y*4, r*5+g*5+b*5+y*5, r*6+g*6+b*6+y*6,
r*7+g*7+b*7+y*7, r*8+g*8+b”*8+y”*8, r*9+g”*9+b*9+y*9,
r~10+g~10 +b~10 +y~10, r 11 +g*11 +b 11 +y~1l, r 12 +g~12+b" 12 +y~12]]
oufi7= b2 + 2 bl g+12b19g2+30b?g3+72b8%g?+104b7g>+128b%gb+104b°>g’+72b%*g®+30Db3g?+
12b2gl04+2bgtl +g2+ 20 r+17b%gr+85b2g2r+250b8g3r+500b7g*r+698b°gor+
698b°gfr+500b? g’ r+250b3 g8 r+85b?2g°r+17bgl®r+2gllr+12bl0r? + 85b% gr?+
390b8 g2 r2+1000b7 g3 r2+ 1770 b6 g% 2+ 2094 b5 g% r2 + 1770 b4 g r2 + 1000 b g7 r2 +
390b2 g8 r?2+85bg?r2+12g9r?2+30b°r3+250b8 grd3+1000b7 g2 r3+2320b8g3r3+
3480b° g% r3+3480b%*g®r3 +2320b3g®r3+1000b2g’ r3+250b g8 r3+30g2r3+72b8 r* +
5007 gr*+1770b% g2 r* +3480b° g3 r?+4389b%g?r*+3480b3g°r?+1770b2gb r* +
500bg” r4+72g8 r4+104b7 r5+698b°gr5+2094Db°g? r5+3480Db% g3 r5+3480b3 gt rd+
2094 b2 g°r>+698bg®r>+104g7 r>+128b°r®+698b°gré+1770b? g2 r®+2320b3 g3 r+
177002 g*r®+698bg°r®+128g°r®+104b°r” +500b?*gr’ +1000b3g2r7+1000b2 g3’ +



8 | Polya_Theory.nb

500bg?r’+104g°r7+72b%r8+2500b3gr8+3900b2g2r8+250bg3r®+72g%r®+30b3 %+
85b°2gr?+85bg?r?+30g3r?+12b%2r%+17bgr9+12g2r%+2brt+2grtt+

r12 1 2pbly+17b0gy+850b2g2y+250b8 g3 y+500b7g?y+698blgdy+698b3>géy+
500b% g’ y+250b3 g8 y+8502g°y+17bglly+2glly+17b0%ry+165b°gry+
74508 g2 ry+1980b7 g3 ry+3470b°glry+4158b5g5ry+3470b%g®ry+1980b3g’ry+
74502 g8 ry+165bg?ry+17gl0ry+85b°r2y+745b8 gr2y+2980b7 g2 r?y+
6940b°g3r2y+10410b°g?r2y+10410b*g°r?2y+6940b3g®r2y+2980b2g’ r2y+
745bg®r?2y+85g2r2y+250b8r3y+1980b7gr3y+6940bfg?2r3y+13860b>g3rdy+
17340b%* g% r3y+13860b3g°r3y+6940b2gfr3y+1980bg’ r3y+250g8r3y+500b’ rfy+
347006 griy+104100b° g2 rdy+17340b% g3 réy+17340b3 g% réy+10410b2 g° ré y +
3470b g r*y+500g’ r*y+698b° r°y+4158b°gr°y+10410b? g2 r°y+13860b3g3rdy+
10410b%2 g r>y+4158b g r>y+698g°r>y+698b°rfy+3470b%gréy+6940b3g°réy+
6940b2 g3 r®y+3470bg?r®y+698g°réy+500b%r’y+1980b3gr’ y+2980b2g2r’y+
1980b g3 r’ y+500g%r’ y+250b3r® y+7450b%2gr®y+745bg?r®y+250g3réy+
85b2r9y+165bgriy+85g2roy+17bri0y+17gri0y+2rily+12b0y2+85b°%gy?+
390 b8 g2 y?+1000b7 g3 y?2+1770b® g% y2+2094b°>g°y2+1770b% gb y2 +1000 b3 g’ y? +
390b2 g8 y2+85bg?y2+12gt0y2+850%2ry2+7450b8 gry2+2980b7 g2 ry2+6940b°g3ry?+
10410b%g%ry?+10410b% g r y> +6940b3 g r y2 +2980b%2 g’ r y? + 745b g r y? +85g° r y° +
390b8 r2 y2+2980b7 gr?2y2+10470b°g2r?2y2+20820b°g3r?2y2+26100b%g?r?y?+
20820b3g°r?2y?2+10470b2g®r? y2+2980b g’ r? y2+390g® r2 y?2 + 100007 r3 y? +
6940b®gr3y2+20820b°g2r3y2+34680b*g3r3y2+34680b3g?r3y?2+20820b2g°rdy?+
6940b g®r3y?+1000g7 r3y?+1770b% r* y?> +10410b%>gr? y>+26100b% g% r* y? +
34680b3g3rty2+26100b2g®r*y?2+10410bg°r®y2+1770g°r?y2+2094Db°rd>y?+
10410b%*gr>y?+20820b3 g2 r>y?+20820b% g3 r>y?+10410bg*® r®y?+2094 g°r®y?+
177004 r® y2 + 6940 b3 gr®y2+10470b2 g2 rfy2+6940b g3 réy2+1770g* réy2+

100003 r7 y2+2980b2gr’ y2+2980bg?r’ y2+1000g3r” y2+390b%2r8y2+745bgrdy?+
39092 r8y2+85br?y2+85gr®y2+12ri0y24+30b°%y3+250b8 gy +1000b7 g2 y3+

2320b6 g3 y3 +3480b°g? y3+3480b%g°y3+2320b3g®y3+1000b2g’ y>+250bgd y3+
30g°y2 +250b8 ry3+1980b’ gry3+6940b°g2ry3+13860b°g3ry3+17340b%*gry3+
13860b3g°ry3+6940b2gfry3+1980bg’ ry3+250g8 ry3+1000b’ r?2 y3+6940bl gr?y3+
20820b°g2r?2y3+34680b%g3r2y>+34680b3gr2y3+20820b2g°r?2y3+6940bg®r2y3+
1000 g7 r2 y3 + 232016 r3 y3+ 1386015 g r3 y® + 34 680 bt g2 r3 y3 + 46 200 b3 g r3 y? +
34680b2g?r3y3+13860bg®r3y3+2320g°r3y3+3480b°r?y3+17340b%grfy3+
34680b3g2rfy>+34680b2g3rty3+17340bg?r®y3+3480g°rty3+3480b4rdy3+
13860b3gr°y3+20820b2g2r>y3+13860bg3r®y3+3480g¢r®y3+2320b3rfy3+
6940b2gr®y3+6940bg?r®y3+2320g3r®y3+1000b%2r’y3+1980bgr’y3+1000g2r’ y3+
250br8y3+250gr8y3+30r2y3+72b8 y?+500b7 gy?+1770b° g2 y? + 348005 g3 y?+
4389b% g4y + 348003 g y* +1770b2g® y* +500b g’ y*+72 g8 y* +500b7 r y* + 3470 bl gr y* +
10410b%°g2ry?+17340b% g3 ry*+17340b3gry*+10410b2g°ry*+3470b g ry*+

500 g7 ry*+1770 b6 r2 y4 + 10410 b5 g r2 yv4 + 26100 b g2 r2 y4 + 34 680 b3 g3 r2 y4 +
26100b2g?r?2y?+10410bg®r2y* +1770g°r?2 y* +3480b° r3y?*+17340b* g3 y*+
34680b3g2r3y?+34680b2g3r3y*+17340bg?rd3y?+3480g°r3y®+4389b4riyt+
1734003 gr?y?+26100b2g2rfy*+17340bg3r® y*+4389g%r?y*+3480b3r>y*+
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10410b2gr°y*+10410b g2 r>y*+3480 g3 r>y?+1770b2 ré y*+3470b grby*+1770 g2 ré y*+
500br’ y*+500gr’y*+72r8y?*+104b7 y°>+698bf gy°+2094Db>g2y®+3480b4g3y°+
348003 gt y9+2094 b2 g°y>+698bgb y>+104g7 y>+698b6 ry>+4158b°gryd+

10410b4 g2 ry5+ 1386013 g3 ry5+104100b2 g% r y5+ 4158 b g5 r y5 + 698 g6 r y5 +

2094 b°r2y>+10410b?*gr2y®>+208200b3g2r2y®+20820b2g3r2y®>+10410bg?r2y®+

2094 g5 12 y5 + 3480 b% r3 y5+ 13860 b3 g r3 y5+ 2082002 g2 r3 y5 + 13860 b g3 r3 y5 +

3480 g r3y®>+3480b3 rt y5+10410b2gr?y>+10410b g2 r? y®+3480 g3 r?y°+2094Db2 r5yd°+
4158b groy®+2094g2r>y°+698br®y>+698gréy>+104r’ y>+128bf y® +698b° gy’ +
1770b% g2 y6 +2320b3 g3 y®+1770b2g? y®+698b g® y6 + 128 g0 y° + 698 b° r y6 + 3470 b4 gr y® +
6940b3 g2 ry®+6940b2g3ry®+3470bglry®+698g°ry®+1770b% r2 y® + 6940 b3 g r? y° +
1047002 g2 r2y®+6940b g3 r2y®+1770 g% r2 y® + 232003 r3 y® + 6940 b2 g3 yb +

6940b g? r3y®+232093r3y®+1770b%r*y®+3470bgrfy®+1770g% r® y® + 698 b r> y°® +

698 groyo+128réyo+104b5y7 +500b? gy’ +1000b3 g2y’ +1000b2g3y7+500bg?y’+
104g°y’+500b%ry’ +1980b3gry’+2980b2g2ry’+1980bg3ry’ +500gry’+

100003 r?2y7+2980b2gr?2y’+2980bg2r?2y’ +1000g3r2y’ +1000b2 3y’ +1980bgrdy’ +
100092 r3y" +500br?y’ +500gr?y’ +104 >y’ +72b% y® +250b3 gy®+390b2g2y8+

250b g3 y®+ 7294 y8+2500b3ry®+7450b2gry®+745b g2 ry® +25093 ry® +390Db2 r2y8 +
745bgr?2y®+390g2r?2y®+250brd3y®+250gr3y®+72rfty®+30b3y?+85b2qgy?+
85bg?y®+30g3y®+85b2ry?+165bgry?+85g2ry?+85br2y?+85gr2y®+30rdyd+
122y +17bgyl®+12g2y0+17bry0+17gryl®+12r2yl0+2byt+2gyt +2 ryltt +y??

infie}= Length[FG3]
out[18]= 455

o= Coefficient[FG3, r*3g*3b*3y~3]
outi19)= 46 200



