
T
e
m
p
o
r
a
l

p
r
o
b
a
b
il

it
y

m
o
d
e
l
s

C
h
a
p
t
e
r

1
5
,
S
e
c
t
io

n
s

1
–
5

C
h
a
p
te

r
1
5
,
S
e
c
tio

n
s

1
–
5

1

O
u
tlin

e

♦
T

im
e

and
uncertainty

♦
Inference:

fi
ltering,

prediction,
sm

oothing

♦
H

idden
M

arkov
m

odels

♦
K

alm
an

fi
lters

(a
brief

m
ention)

♦
D

ynam
ic

B
ayesian

netw
orks

♦
P
article

fi
ltering

C
h
a
p
te

r
1
5
,
S
e
c
tio

n
s

1
–
5

2

T
im

e
a
n
d

u
n
c
e
rta

in
ty

T
he

w
orld

changes;
w
e

need
to

track
and

predict
it

D
iab

etes
m

anagem
ent

vs
vehicle

diagnosis

B
asic

idea:
copy

state
and

evidence
variables

for
each

tim
e

step

X
t
=

set
of

unobservable
state

variables
at

tim
e

t
e.g.,

B
lood

S
u
g
a
r
t ,

S
tom

a
ch

C
on

ten
ts

t ,
etc.

E
t
=

set
of

observable
evidence

variables
at

tim
e

t
e.g.,

M
ea

su
red

B
lood

S
u
g
a
r
t ,

P
u
lseR

a
te

t ,
F

ood
E

a
ten

t

T
his

assum
es

d
isc

r
e
te

tim
e
;
step

size
dep

ends
on

problem

N
otation:

X
a
:b

=
X

a ,X
a
+

1 ,...,X
b−

1 ,X
b

C
h
a
p
te

r
1
5
,
S
e
c
tio

n
s

1
–
5

3

M
a
rk

o
v

p
ro

c
e
sse

s
(M

a
rk

o
v

ch
a
in

s)

C
onstruct

a
B

ayes
net

from
these

variables:
parents?

M
arkov

assum
ption:

X
t
dep

ends
on

b
o
u
n
d
e
d

subset
of

X
0
:t−

1

F
irst-order

M
arkov

process:
P

(X
t |X

0
:t−

1 )
=

P
(X

t |X
t−

1 )
S
econd-order

M
arkov

process:
P

(X
t |X

0
:t−

1 )
=

P
(X

t |X
t−

2 ,X
t−

1 )

X
t−

1
X

t
X

t−
2

X
t+

1
X

t+
2

X
t−

1
X

t
X

t−
2

X
t+

1
X

t+
2

F
irst−

order

S
econd−

order

S
ensor

M
arkov

assum
ption:

P
(E

t |X
0
:t ,E

0
:t−

1 )
=

P
(E

t |X
t )

S
tationary

process:
transition

m
odel

P
(X

t |X
t−

1 )
and

sensor
m

odel
P

(E
t |X

t )
fi
xed

for
all

t

C
h
a
p
te

r
1
5
,
S
e
c
tio

n
s

1
–
5

4

E
x
a
m

p
le

t
R

ain

t
U

m
brella

R
ain

t−
1

U
m

brella
t−

1

R
ain

t+
1

U
m

brella
t+

1

R
t−

1
t

P
(R

  )

0.3
f

0.7
t

t
R

t
P

(U
  )

0.9
t

0.2
f

F
irst-order

M
arkov

assum
ption

not
exactly

true
in

real
w
orld!

P
ossible

fi
xes:

1.
In

c
r
e
a
se

o
r
d
e
r

of
M

arkov
process

2.
A

u
g
m

e
n
t

sta
te

,
e.g.,

add
T

em
p

t ,
P

ressu
re

t

E
xam

ple:
rob

ot
m

otion.
A

ugm
ent

p
osition

and
velocity

w
ith

B
a
ttery

t

C
h
a
p
te

r
1
5
,
S
e
c
tio

n
s

1
–
5

5

In
fe

re
n
c
e

ta
sk

s

F
iltering:

P
(X

t |e
1
:t )

b
elief

state—
input

to
the

decision
process

of
a

rational
agent

P
rediction:

P
(X

t+
k |e

1
:t )

for
k

>
0

evaluation
of

p
ossible

action
sequences;

like
fi
ltering

w
ithout

the
evidence

S
m

oothing:
P

(X
k |e

1
:t )

for
0
≤

k
<

t
b
etter

estim
ate

of
past

states,
essential

for
learning

M
ost

likely
explanation:

arg
m

ax
x

1
:t P

(x
1
:t |e

1
:t )

sp
eech

recognition,
decoding

w
ith

a
noisy

channel

C
h
a
p
te

r
1
5
,
S
e
c
tio

n
s

1
–
5

6



F
ilte

rin
g

A
im

:
devise

a
r
e
c
u
r
siv

e
state

estim
ation

algorithm
:

P
(X

t+
1 |e

1
:t+

1 )
=

f
(e

t+
1 ,P

(X
t |e

1
:t ))

P
(X

t+
1 |e

1
:t+

1 )
=

P
(X

t+
1 |e

1
:t ,e

t+
1 )

=
α
P

(e
t+

1 |X
t+

1 ,e
1
:t )P

(X
t+

1 |e
1
:t )

=
α
P

(e
t+

1 |X
t+

1 )P
(X

t+
1 |e

1
:t )

I.e.,
prediction

+
estim

ation.
P
rediction

by
sum

m
ing

out
X

t :

P
(X

t+
1 |e

1
:t+

1 )
=

α
P

(e
t+

1 |X
t+

1 )Σ
x

t P
(X

t+
1 |x

t ,e
1
:t )P

(x
t |e

1
:t )

=
α
P

(e
t+

1 |X
t+

1 )Σ
x

t P
(X

t+
1 |x

t )P
(x

t |e
1
:t )

f
1
:t+

1
=

F
o
r
w
a
r
d

(f
1
:t ,e

t+
1 )

w
here

f
1
:t =

P
(X

t |e
1
:t )

T
im

e
and

space
c
o
n
sta

n
t

(indep
endent

of
t)

C
h
a
p
te

r
1
5
,
S
e
c
tio

n
s

1
–
5

7

F
ilte

rin
g

e
x
a
m

p
le

R
ain

1

U
m

brella
1

R
ain

2

U
m

brella
2

R
ain

0

0.818
0.182

0.627
0.373

0.883
0.117

T
rue

F
alse

0.500
0.500

0.500
0.500

C
h
a
p
te

r
1
5
,
S
e
c
tio

n
s

1
–
5

8

S
m

o
o
th

in
g

X
0

X
11

E
E

k
t

E

t
X

X
k

D
ivide

evidence
e

1
:t

into
e

1
:k ,

e
k
+

1
:t :

P
(X

k |e
1
:t )

=
P

(X
k |e

1
:k ,e

k
+

1
:t )

=
α
P

(X
k |e

1
:k )P

(e
k
+

1
:t |X

k ,e
1
:k )

=
α
P

(X
k |e

1
:k )P

(e
k
+

1
:t |X

k )

=
α
f
1
:k b

k
+

1
:t

B
ackw

ard
m

essage
com

puted
by

a
backw

ards
recursion:

P
(e

k
+

1
:t |X

k )
=

Σ
x

k
+

1 P
(e

k
+

1
:t |X

k ,x
k
+

1 )P
(x

k
+

1 |X
k )

=
Σ

x
k
+

1 P
(e

k
+

1
:t |x

k
+

1 )P
(x

k
+

1 |X
k )

=
Σ

x
k
+

1 P
(e

k
+

1 |x
k
+

1 )P
(e

k
+

2
:t |x

k
+

1 )P
(x

k
+

1 |X
k )

C
h
a
p
te

r
1
5
,
S
e
c
tio

n
s

1
–
5
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S
m

o
o
th

in
g

e
x
a
m

p
le

R
ain

1

U
m

brella
1

R
ain

2

U
m

brella
2

R
ain

0

T
rue

F
alse

0.818
0.182

0.627
0.373

0.883
0.117

0.500
0.500

0.500
0.500

1.000
1.000

0.690
0.410

0.883
0.117

forw
ard

backw
ard

sm
oothed

0.883
0.117

F
orw

ard–backw
ard

algorithm
:

cache
forw

ard
m

essages
along

the
w
ay

T
im

e
linear

in
t

(p
olytree

inference),
space

O
(t|f|)

C
h
a
p
te

r
1
5
,
S
e
c
tio

n
s

1
–
5

1
0

M
o
st

lik
e
ly

e
x
p
la

n
a
tio

n

M
ost

likely
sequence

6=
sequence

of
m

ost
likely

states!!!!

M
ost

likely
path

to
each

x
t+

1

=
m

ost
likely

path
to

so
m

e
x

t
plus

one
m

ore
step

m
ax

x
1 ...x

t P
(x

1 ,...,x
t ,X

t+
1 |e

1
:t+

1 )

=
P

(e
t+

1 |X
t+

1 )
m

ax
x

t

P
(X

t+
1 |x

t )
m

ax
x

1 ...x
t−

1 P
(x

1 ,...,x
t−

1 ,x
t |e

1
:t )



Identical
to

fi
ltering,

except
f
1
:t

replaced
by

m
1
:t

=
m

ax
x

1 ...x
t−

1

P
(x

1 ,...,x
t−

1 ,X
t |e

1
:t ),

I.e.,
m

1
:t (i)

gives
the

probability
of

the
m

ost
likely

path
to

state
i.

U
p
date

has
sum

replaced
by

m
ax,

giving
the

V
iterbi

algorithm
:

m
1
:t+

1
=

P
(e

t+
1 |X

t+
1 )

m
ax
x

t
(P

(X
t+

1 |x
t )m

1
:t )

C
h
a
p
te

r
1
5
,
S
e
c
tio

n
s

1
–
5

1
1

V
ite

rb
i
e
x
a
m

p
le

R
ain

1
R

ain
2

R
ain

3
R

ain
4

R
ain

5

true

false

true

false

true

false

true

false

true

false

.8182
.5155

.0361
.0334

.0210

.1818
.0491

.1237
.0173

.0024

m
1:1

m
1:5

m
1:4

m
1:3

m
1:2

state
space
paths

m
ost

likely
paths

um
brella

true
true

true
false

true

C
h
a
p
te

r
1
5
,
S
e
c
tio

n
s

1
–
5

1
2



H
id

d
e
n

M
a
rk

o
v

m
o
d
e
ls

X
t
is

a
single,

discrete
variable

(usually
E

t
is

too)
D

om
ain

of
X

t
is
{1,...,S

}

T
ransition

m
atrix

T
ij

=
P

(X
t =

j|X
t−

1
=

i),
e.g.,



0.7
0.3

0.3
0.7



S
ensor

m
atrix

O
t
for

each
tim

e
step,

diagonal
elem

ents
P

(e
t |X

t =
i)

e.g.,
w

ith
U

1
=

tru
e,

O
1

=



0.9
0

0
0.2



F
orw

ard
and

backw
ard

m
essages

as
colum

n
vectors:

f
1
:t+

1
=

α
O

t+
1 T

>
f
1
:t

b
k
+

1
:t

=
T

O
k
+

1 b
k
+

2
:t

F
orw

ard-backw
ard

algorithm
needs

tim
e

O
(S

2t)
and

space
O

(S
t)

C
h
a
p
te

r
1
5
,
S
e
c
tio

n
s

1
–
5

1
3

C
o
u
n
try

d
a
n
c
e

a
lg

o
rith

m

C
an

avoid
storing

all
forw

ard
m

essages
in

sm
oothing

by
running

forw
ard

algorithm
backw

ards:

f
1
:t+

1
=

α
O

t+
1 T

>
f
1
:t

O
−

1

t+
1 f

1
:t+

1
=

α
T

>
f
1
:t

α
′(T

>
)
−

1O
−

1

t+
1 f

1
:t+

1
=

f
1
:t

A
lgorithm

:
forw

ard
pass

com
putes

f
t ,

backw
ard

pass
does

f
i ,

b
i

C
h
a
p
te

r
1
5
,
S
e
c
tio

n
s

1
–
5

1
4

C
o
u
n
try

d
a
n
c
e

a
lg

o
rith

m

C
an

avoid
storing

all
forw

ard
m

essages
in

sm
oothing

by
running

forw
ard

algorithm
backw

ards:

f
1
:t+

1
=

α
O

t+
1 T

>
f
1
:t

O
−

1

t+
1 f

1
:t+

1
=

α
T

>
f
1
:t

α
′(T

>
)
−

1O
−

1

t+
1 f

1
:t+

1
=

f
1
:t

A
lgorithm

:
forw

ard
pass

com
putes

f
t ,

backw
ard

pass
does

f
i ,

b
i

C
h
a
p
te

r
1
5
,
S
e
c
tio

n
s

1
–
5

1
5

C
o
u
n
try

d
a
n
c
e

a
lg

o
rith

m

C
an

avoid
storing

all
forw

ard
m

essages
in

sm
oothing

by
running

forw
ard

algorithm
backw

ards:

f
1
:t+

1
=

α
O

t+
1 T

>
f
1
:t

O
−

1

t+
1 f

1
:t+

1
=

α
T

>
f
1
:t

α
′(T

>
)
−

1O
−

1

t+
1 f

1
:t+

1
=

f
1
:t

A
lgorithm

:
forw

ard
pass

com
putes

f
t ,

backw
ard

pass
does

f
i ,

b
i

C
h
a
p
te

r
1
5
,
S
e
c
tio

n
s

1
–
5

1
6

C
o
u
n
try

d
a
n
c
e

a
lg

o
rith

m

C
an

avoid
storing

all
forw

ard
m

essages
in

sm
oothing

by
running

forw
ard

algorithm
backw

ards:

f
1
:t+

1
=

α
O

t+
1 T

>
f
1
:t

O
−

1

t+
1 f

1
:t+

1
=

α
T

>
f
1
:t

α
′(T

>
)
−

1O
−

1

t+
1 f

1
:t+

1
=

f
1
:t

A
lgorithm

:
forw

ard
pass

com
putes

f
t ,

backw
ard

pass
does

f
i ,

b
i

C
h
a
p
te

r
1
5
,
S
e
c
tio

n
s

1
–
5

1
7

C
o
u
n
try

d
a
n
c
e

a
lg

o
rith

m

C
an

avoid
storing

all
forw

ard
m

essages
in

sm
oothing

by
running

forw
ard

algorithm
backw

ards:

f
1
:t+

1
=

α
O

t+
1 T

>
f
1
:t

O
−

1

t+
1 f

1
:t+

1
=

α
T

>
f
1
:t

α
′(T

>
)
−

1O
−

1

t+
1 f

1
:t+

1
=

f
1
:t

A
lgorithm

:
forw

ard
pass

com
putes

f
t ,

backw
ard

pass
does

f
i ,

b
i

C
h
a
p
te

r
1
5
,
S
e
c
tio

n
s

1
–
5

1
8



C
o
u
n
try

d
a
n
c
e

a
lg

o
rith

m

C
an

avoid
storing

all
forw

ard
m

essages
in

sm
oothing

by
running

forw
ard

algorithm
backw

ards:

f
1
:t+

1
=

α
O

t+
1 T

>
f
1
:t

O
−

1

t+
1 f

1
:t+

1
=

α
T

>
f
1
:t

α
′(T

>
)
−

1O
−

1

t+
1 f

1
:t+

1
=

f
1
:t

A
lgorithm

:
forw

ard
pass

com
putes

f
t ,

backw
ard

pass
does

f
i ,

b
i

C
h
a
p
te

r
1
5
,
S
e
c
tio

n
s

1
–
5

1
9

C
o
u
n
try

d
a
n
c
e

a
lg

o
rith

m

C
an

avoid
storing

all
forw

ard
m

essages
in

sm
oothing

by
running

forw
ard

algorithm
backw

ards:

f
1
:t+

1
=

α
O

t+
1 T

>
f
1
:t

O
−

1

t+
1 f

1
:t+

1
=

α
T

>
f
1
:t

α
′(T

>
)
−

1O
−

1

t+
1 f

1
:t+

1
=

f
1
:t

A
lgorithm

:
forw

ard
pass

com
putes

f
t ,

backw
ard

pass
does

f
i ,

b
i

C
h
a
p
te

r
1
5
,
S
e
c
tio

n
s

1
–
5

2
0

C
o
u
n
try

d
a
n
c
e

a
lg

o
rith

m

C
an

avoid
storing

all
forw

ard
m

essages
in

sm
oothing

by
running

forw
ard

algorithm
backw

ards:

f
1
:t+

1
=

α
O

t+
1 T

>
f
1
:t

O
−

1

t+
1 f

1
:t+

1
=

α
T

>
f
1
:t

α
′(T

>
)
−

1O
−

1

t+
1 f

1
:t+

1
=

f
1
:t

A
lgorithm

:
forw

ard
pass

com
putes

f
t ,

backw
ard

pass
does

f
i ,

b
i

C
h
a
p
te

r
1
5
,
S
e
c
tio

n
s

1
–
5

2
1

C
o
u
n
try

d
a
n
c
e

a
lg

o
rith

m

C
an

avoid
storing

all
forw

ard
m

essages
in

sm
oothing

by
running

forw
ard

algorithm
backw

ards:

f
1
:t+

1
=

α
O

t+
1 T

>
f
1
:t

O
−

1

t+
1 f

1
:t+

1
=

α
T

>
f
1
:t

α
′(T

>
)
−

1O
−

1

t+
1 f

1
:t+

1
=

f
1
:t

A
lgorithm

:
forw

ard
pass

com
putes

f
t ,

backw
ard

pass
does

f
i ,

b
i

C
h
a
p
te

r
1
5
,
S
e
c
tio

n
s

1
–
5

2
2

C
o
u
n
try

d
a
n
c
e

a
lg

o
rith

m

C
an

avoid
storing

all
forw

ard
m

essages
in

sm
oothing

by
running

forw
ard

algorithm
backw

ards:

f
1
:t+

1
=

α
O

t+
1 T

>
f
1
:t

O
−

1

t+
1 f

1
:t+

1
=

α
T

>
f
1
:t

α
′(T

>
)
−

1O
−

1

t+
1 f

1
:t+

1
=

f
1
:t

A
lgorithm

:
forw

ard
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=
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